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1. The curvature tensor B;;; = a; R of a space of symmetric almost
symplectic connection®, along with the properties

B+ Bjiw =0, (1)

Bij i+ Bjga + B =0, (2)

which follow directly from the general properties of the tensor R, possesses
a number of special properties, among which one should first of all mention the

property
Blj,ik + le7ki + Bki7jl + Bik,lj =0. (3)
Indeed, from the identity

Oy, Ty | 0Ty, 9Ty ~0 (@)
Ox! Oxt OxJ Oxk ’

which is verified directly by substituting

T = (aa“ T mk?) : (5)

itk = 3\ gk ozt oxJ

it follows that

ViTije = Vil + VT — Vi = 0. (6)

Hence, in view of the fact that
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Vkaij = Tijka (7)
we obtain
ViV, — V;Viay, = ViVia; — ViV, (8)
But, on the other hand,
ViVja = Rijaa + Rifak6 = Bij i — Bij ke 9)

Relation (9), in view of the validity of (8), proves identity (3). If we denote

Hlj,ki = (Blj,ik - Blj,ki) ) (10)

DO =

then, by virtue of (9) and (7), we have

(VT — Vi) - (11)

N | =

Hlj,ki =

* For the definition of the space under consideration, see (1).

or
VT = 210 4 + VT = 2105 4 + 215 5 + Vi T3 =
= 2Hlj,ki + 2ij,il + 2Hk‘l,j’i + VZTW (12)
Hence
VlTjki = Hl(j,ki)' (13)

The last relation, by virtue of (10), (1), and (2), takes the form

1
Vil =5 (Bjkii + Brigj + Bijar) - (14)
2. Let us now consider those spaces of symmetric almost symplectic connection
for which the elements of the Lie algebra of the holonomy group associated with

elementary cycles belong to the Lie algebra of the symplectic group, i.e., for
which

vlvjaki - Vjvlaki = 0 (15)
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Hence, by virtue of (7), (11), and (13), we have

Vlvjaki =0. (16)
Obviously, conversely as well, (16) implies (15). We note that from (10) and (11)

it follows that spaces of the indicated type are characterized by the symmetry
of the curvature tensor in the last two indices

Bij,kl = Bij,lkv (17)

and consequently (14) gives

B i+ Bjiki + Biigj = 0. (18)

Condition (16) is satisfied by spaces of symmetric symplectic connection (7}, =
0), and also by locally flat almost symplectic spaces (B;; ;;, = 0).

Let us give an example of a space satisfying relation (16), but different from the
spaces indicated above. Put

— k
a;; = i px” + Byj, (19)
where a,;;, = const, 3;; = const, o, = —a;;, = @y, Bi; = —B;;. Suppose, in

addition, that the following conditions hold: 1) a;; # 0 if and only if at least
one of the indices i, j, k is equal to one; 2) v;;; # 0, the remaining 7, ;, = 0.

We have

i i ((Oaye 9y
ij:al<3xj—a;k+%jk ; (20)

hence, by virtue of (19) and condition 2), it is clear that nonzero F;k can occur
only among

iy =a'my (122). (21)
Consequently, nonzero V,T; ;. can occur only among

Vllek = _Oémjkrﬁ (I#FjFk+#1). (22)

But they too, by virtue of condition 1), are equal to zero. Thus, VT, =0,
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Thus, the example constructed is not a space of a symplectic connection, but,
naturally, |a,;| # 0, since the choice of 3;; is at our disposal. Further, from the
formula

B.. _ 1 62ajl o 82ail + 1 a’ylik B 6’7ljk: "
Ukl = 3\ drkdxi  Oxkoxi 3\ Oxi Ozt
Tag (ngrlﬁj o ngrlﬁ;) - TlajF?k + Tlm'F?ka (23)

by virtue of (19) and conditions 1) and 2), it follows that

10vi11

1211 = 3752 + a213a’817111a (24)

i.e. Bip 1y # 0 and, consequently, the example constructed is not a flat almost
symplectic space.

3. Let us now consider spaces of symmetric almost symplectic connection
characterized by the property

1
b = S Ty, = 0. (25)

7

These are spaces with covariantly constant volume \/ det ||a; || det | X (kl)||

il
Let us note that, for T} # 0, condition (25) will be stronger than the condition
of equiaffinity. Indeed, the condition of equiaffinity

o ar;’xa 8F?a

e : — = 2
Rija OxJ Oxt ’ (26)
by virtue of (20), takes the form
o (q082%8) g [ gen 2%
oz> ) oz ) 0 (27)
7 B ox’ -
but from b; = %aqupqi we obtain
Oag; 01
a8 2201 _ 3y + nya (28)

O™ g Oxt '

where a = det [|la;;|, and, consequently, (27) gives
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ob, b

?

dxi oz

(29)

i.e. b, = grad p. Obviously, conversely, if the vector b, is a gradient, then the
space is equiaffine. Finally, we note that the condition b, = 0 entails (29) and,
consequently, equiaffinity, but not conversely. Examples of equiaffine spaces
that are not spaces with invariant volume are flat almost symplectic spaces, as
well as curved spaces obtained from flat ones by the choice of the object v, .

Let us show that, in the case of 2 and 4 dimensions, spaces satisfying condition
(25) coincide with spaces of symmetric symplectic connection. For 2 dimensions
we obtain at once T;;,; = 0. We begin the consideration of the case of 4 dimen-
sions with a locally flat space, which can be given by a tensor a,; satisfying the

relations (19) and Fék = 0. Since V,v/a = v/ab,, in the case under consideration
the condition b, = 0 is equivalent to the condition da/dz" = 0, i.e.

det |a, | = const # 0. (30)

We have

det a;;| = (aypa43 + agzayy + agra4)® (5,5 =1,2,3,4). (31)

Substituting here the values of a;; from (19), we obtain the square of a polyno-
mial linear with respect to z?, since the remaining terms vanish.

In order to satisfy condition (30), it is necessary and sufficient to require that
the coefficients of the unknowns z? of this polynomial be equal to zero and that
the determinant of the matrix |3;;]| be nonzero. But it is easy to see that these
conditions can be satisfied only in the case a;;;, = 0, since setting equal to zero
the coefficients of =’ leads to the system

0+ Bra(—aqsq) + Biz(aiag) + Bra(—aa3) =0,
Ba1(atag) + 0+ Bag(ayg4) + Bag(—aya3) =0,
Ba1(ag4) + Baa(—v34) + 04 Bs(—ay93) =0,
Bar(Qa34) + Baa(—v34) + Byg(@ya4) +0=0.

Thus, flat spaces of 4 dimensions with invariant volume are symplectic.

Further, a curved space of 4 dimensions with invariant volume will be a space
of symplectic connection, since otherwise the flat space tangent to this space at
some point would not be symplectic.

Let now the dimension of the space be 2n > 4. Consider again a locally flat
space. In this case condition (30) can be satisfied if one sets: 1) a;;;, = 0, if at
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least one of the indices i, j, k is greater than n; 2) B;; = 0, if both indices are
greater than n.

Since for n > 2 not all o, = 0, we directly obtain a locally flat space with
invariant volume, distinct from a symplectic one, for the condition |Bij\ + 0,
and consequently |a;;| # 0, can always be fulfilled.

The existence of curved spaces with b, = 0, distinct from spaces of symplectic
connection in the case n > 2, follows directly from this, since the components
of the object 7,;; do not enter into the components b; and, consequently, may
be chosen arbitrarily.
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