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IN THE FORM OF THE SUM OF A PRIME
NUMBER AND A POWER OF A GIVEN IN-
TEGER

(Presented by Academician I. M. Vinogradov on 7 III 1957)

§ 1. The present paper is devoted to the study of the question of the number
of representations of natural numbers n in the form

n=p+a,
where p is a prime number; a > 2 is a given integer; ¢ > 0 is an integer.
ox
Theorem 1. In the interval (0,x) there are more than oa numbers repre-

a
sentable in one and only one way in the form of the sum of a prime number and

a power of the given integer a > a,, where a is an absolute positive constant.
Without a restriction on the number a, Theorem 2 is valid.

Theorem 2. There exists a constant number k, independent of x and a, such
that the number of numbers n < x for which the equation n = p+ a’, where p is
prime, a > 2 is a given integer, ¢ > 0 is an integer, has 1,2, ..., k solutions, will

x
be more than 17—, where v > 0 is a constant.
ga

Theorems 1 and 2 refine known results of N. P. Romanov (1), E. Landau (3),
and are obtained from a more general theorem.

Theorem 3. Let 1(n,x) be the number of solutions of the equation
n=p+a,
where p < x is a prime number, a > 2 is a given integer, i > 0 is an integer,

a® < x. PFurther, let F, (z) be the number of numbers n < 2x for which
Y(n,x) =m, m > 0 an integer; let k be any odd positive number. Put also

by (z) = Fy(2) + - + Fi(2).
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Then

4dkx c lg3lg2a c
) > |1-21=>2="_ 2
@) > i, ( klga lgx)’

where cq, ¢y are positive absolute constants.

We outline the proof of Theorem 3. We have

k 2x 2z
Z mFm<x) = Zw(n,x) - Z w(mf)
m " o)k

Next, we note that the subtracted term in equality (1) does not exceed

2x k—1

Yo a)e(n,x) =K+ Y mk—m)F,(z).

n=1 m=1

From (1) and (2) it follows that

2x
maxk{m(k —m+1)}P,(x) > Z P(n,x)[k+1—19(n,x)].

1<m< =1

Now we shall use the identity of N. P. Romanov !

2x 2 T

ZwQ(n’x) = 21/’("7@ + 2ZA1<H"T)A2<”’$>7

n=1 n=1 =1

(4)

where A;(n,z) and A,(n,z) are, respectively, the numbers of solutions of the

equations:

pi—p;=n, P;»pj < T —prime numbers;

—al =n, a“,al <z, u,t > 0 —integers.

It is not difficult to see that
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> W(n,z) = m(z)N(x), (6)

where 7(x) is the number of primes < z; N(z) is the number of numbers a* < z.

On the basis of the investigations of Viggo Brun, L. G. Schnirelmann 2, N. P.
Romanov !, and E. Landau,

=z 1g° 1g 2a
Z Ay(n,x)Ay(n, x) < cx——5—, (7)
n=1 lg a

where ¢ > 0 is an absolute constant.
Combining the estimates (5)—(7), we obtain Theorem 3.
§ 2. The following two propositions are a supplement to Theorems 1 and 2.

Theorem 4. There exists an infinite set of numbers n for which (in the notation
of Theorem 3), as  — 0o, we have

Y(n,x) > dlglgn,

where 6 > 0 is some constant.

Theorem 5. If y(z) is any positive function, increasing without bound as
x — 0o, and M (x) is the number of numbers n < x for which

d(n, x) > ~y(x),

then
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