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Abstract
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MATHEMATICS
A. F. LAVRIK

ON THE REPRESENTATION OF NUMBERS
IN THE FORM OF THE SUM OF A PRIME
NUMBER AND A POWER OF A GIVEN IN-
TEGER
(Presented by Academician I. M. Vinogradov on 7 III 1957)

§ 1. The present paper is devoted to the study of the question of the number
of representations of natural numbers 𝑛 in the form

𝑛 = 𝑝 + 𝑎𝑖,

where 𝑝 is a prime number; 𝑎 ⩾ 2 is a given integer; 𝑖 ⩾ 0 is an integer.

Theorem 1. In the interval (0, 𝑥) there are more than 𝛼𝑥
lg 𝑎 numbers repre-

sentable in one and only one way in the form of the sum of a prime number and
a power of the given integer 𝑎 > 𝑎0, where 𝛼 is an absolute positive constant.

Without a restriction on the number 𝑎, Theorem 2 is valid.

Theorem 2. There exists a constant number 𝑘, independent of 𝑥 and 𝑎, such
that the number of numbers 𝑛 ⩽ 𝑥 for which the equation 𝑛 = 𝑝 + 𝑎𝑖, where 𝑝 is
prime, 𝑎 ⩾ 2 is a given integer, 𝑖 ⩾ 0 is an integer, has 1, 2, … , 𝑘 solutions, will
be more than 𝛾𝑥

lg 𝑎 , where 𝛾 > 0 is a constant.

Theorems 1 and 2 refine known results of N. P. Romanov (1), E. Landau (3),
and are obtained from a more general theorem.

Theorem 3. Let 𝜓(𝑛, 𝑥) be the number of solutions of the equation

𝑛 = 𝑝 + 𝑎𝑖,

where 𝑝 ⩽ 𝑥 is a prime number, 𝑎 ⩾ 2 is a given integer, 𝑖 ⩾ 0 is an integer,
𝑎𝑖 ⩽ 𝑥. Further, let 𝐹𝑚(𝑥) be the number of numbers 𝑛 ⩽ 2𝑥 for which
𝜓(𝑛, 𝑥) = 𝑚, 𝑚 > 0 an integer; let 𝑘 be any odd positive number. Put also

Φ𝑘(𝑥) = 𝐹1(𝑥) + ⋯ + 𝐹𝑘(𝑥).
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Then

Φ𝑘(𝑥) ⩾ 4𝑘𝑥
(𝑘 + 1)2 lg 𝑎 (1 − 𝑐1 lg3 lg 2𝑎

𝑘 lg 𝑎 − 𝑐2
lg 𝑥) ,

where 𝑐1, 𝑐2 are positive absolute constants.

We outline the proof of Theorem 3. We have

𝑘
∑
𝑚=1

𝑚𝐹𝑚(𝑥) =
2𝑥

∑
𝑛=1

𝜓(𝑛, 𝑥) −
2𝑥

∑
𝑛=1

𝜓(𝑛,𝑥)>𝑘

𝜓(𝑛, 𝑥). (1)

Next, we note that the subtracted term in equality (1) does not exceed

2𝑥
∑
𝑛=1

𝜓(𝑛, 𝑥)[𝜓(𝑛, 𝑥) − 𝑘] +
𝑘−1
∑
𝑚=1

𝑚(𝑘 − 𝑚)𝐹𝑚(𝑥). (2)

From (1) and (2) it follows that

max
1≤𝑚<𝑘

{𝑚(𝑘 − 𝑚 + 1)}Φ𝑘(𝑥) ≥
2𝑥

∑
𝑛=1

𝜓(𝑛, 𝑥)[𝑘 + 1 − 𝜓(𝑛, 𝑥)]. (3)

Now we shall use the identity of N. P. Romanov 1

2𝑥
∑
𝑛=1

𝜓2(𝑛, 𝑥) =
2𝑥

∑
𝑛=1

𝜓(𝑛, 𝑥) + 2
𝑥

∑
𝑛=1

𝐴1(𝑛, 𝑥)𝐴2(𝑛, 𝑥), (4)

where 𝐴1(𝑛, 𝑥) and 𝐴2(𝑛, 𝑥) are, respectively, the numbers of solutions of the
equations:

𝑝𝑖 − 𝑝𝑗 = 𝑛, 𝑝𝑖, 𝑝𝑗 ≤ 𝑥 —prime numbers;

𝑎𝑢 − 𝑎𝑡 = 𝑛, 𝑎𝑢, 𝑎𝑡 ≤ 𝑥, 𝑢, 𝑡 ≥ 0 —integers.

From (3) and (4) we obtain

Φ𝑘(𝑥) ≥ 4𝑘
(𝑘 + 1)2

2𝑥
∑
𝑛=1

𝜓(𝑛, 𝑥) − 8
(𝑘 + 1)2

𝑥
∑
𝑛=1

𝐴1(𝑛, 𝑥)𝐴2(𝑛, 𝑥). (5)

It is not difficult to see that
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2𝑥
∑
𝑛=1

𝜓(𝑛, 𝑥) = 𝜋(𝑥)𝑁(𝑥), (6)

where 𝜋(𝑥) is the number of primes ≤ 𝑥; 𝑁(𝑥) is the number of numbers 𝑎𝑖 ≤ 𝑥.

On the basis of the investigations of Viggo Brun, L. G. Schnirelmann 2, N. P.
Romanov 1, and E. Landau,

𝑥
∑
𝑛=1

𝐴1(𝑛, 𝑥)𝐴2(𝑛, 𝑥) < 𝑐𝑥 lg3 lg 2𝑎
lg2 𝑎

, (7)

where 𝑐 > 0 is an absolute constant.

Combining the estimates (5)—(7), we obtain Theorem 3.

§ 2. The following two propositions are a supplement to Theorems 1 and 2.

Theorem 4. There exists an infinite set of numbers 𝑛 for which (in the notation
of Theorem 3), as 𝑥 → ∞, we have

𝜓(𝑛, 𝑥) > 𝛿 lg lg 𝑛,

where 𝛿 > 0 is some constant.

Theorem 5. If 𝛾(𝑥) is any positive function, increasing without bound as
𝑥 → ∞, and 𝑀(𝑥) is the number of numbers 𝑛 ≤ 𝑥 for which

𝜓(𝑛, 𝑥) > 𝛾(𝑥),

then

𝑀(𝑥) = 𝑜(𝑥).
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Note: Figure translations are in progress. See original paper for figures.
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