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Abstract

Full Text
PHYSICS
G. A. SOKOLIK

ON THE QUESTION OF THE CONNECTION
BETWEEN ORDINARY AND ISOTOPIC
SPACES

(Presented by Academician N. N. Bogolyubov, February 13, 1957)

1. Let us develop a mathematical apparatus suitable for establishing a
connection between ordinary and isotopic spaces. We proceed from the
premise that isotopic spin and other invariants of the charge group may
be interpreted as internal degrees of freedom of a particle. In this case
the particle may be described by Pauli equations (!) or (?), as well as
by more general equations (3), describing particles of arbitrary spatial
and isotopic spins. One of the shortcomings of such equations is that
they decompose into independent parts acting on the spatial and charge
variables. It appears natural to develop a theory of equations generalizing
the equations of works (173) and having the form:

ox;

(3

(ria+x)¢=0 (i=1,2,...,n) (1)

(x, will always be regarded as imaginary and identified with time). x;, zq, 25,2,
will be regarded as coordinates of Minkowski space. The remaining n — 4 coor-
dinates specify the isotopic space.

2. Let us solve the general problem of finding all equations (1) invariant with
respect to rotations and reflections in n-dimensional space. The invariance
conditions will take the form

[Fz‘]jk] = gijrk - gikl—‘p (2)

gnn _ 7911 — e = gnfl’nfl = 1, ik = Oa { 7& k’

where I;; are infinitesimal operators of the representation of the n-dimensional
orthogonal group found in (4). The problem we have posed of classifying equa-
tions according to representations of a continuous (in the present case orthog-
onal) group reduces (°) to finding the irreducible representations of the group
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into which the direct product of an arbitrary representation by the identical
one (the n-dimensional vector) 9, /0x; decomposes, where 1; transforms ac-
cording to an arbitrary representation, and the gradient d/Jz; according to the
identical one.

3. According to (%), the basis vector of the representation is specified by
arrays of numbers satisfying the inequalities:

Mopi1,iv1 = Map < Moy — Moy S Moy gy < My, 3)

Moy i1 < Mop_1; <My, (0=1,2,...,p).

Let us derive from this the dimensions of the representations.
For the case of a (2k + 2)-dimensional group we have
(p;i +p;)(P; —pj)

52k+2 = a s
1<j#i<k+1 k

i =Mopr,; th—it+1l (k=12,..); (4)

in the case of the (2k + 1)-dimensional group

k

2p; +1 . ,

Soky1 = H (p; —p;)(p; +p;+1) H 3 (p; = mop,; +k—1i), (4)
1<j#i<k i=1 k

where o, and (; have the form:

k—1 kfljfl
)(j—1)
= E+1+1)(k—1 5
a, g(++ +jl:[1H 2k+2 7 (5)
k—2 k—2 k—27-1
Bp=[J@i+D[[ke+1+D)E-D][T[G+i+10G—1).
i=0 =0 J=11=0

Using the fact that in the case of the (2k + 2)-dimensional group the highest
vector of the representation

Mogt+1,1 -+ Mopy1k
¢ myy Myo
mgzy M3o
Moy
myy
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is an eigenvector of the commuting operators of the representation
Ljio ok41 -+ L1, with the weights given by the relations
I2k+2,2k+2€(a) = m2k+1,k+1£(a> Ay é(a) = m2k+1,1f(a)a (6)

we obtain the decomposition of the direct product of two representations of the
(2k + 2)-dimensional group into irreducibles. In the particular case when one of
the representations 7, is the identity representation, we have:

[(m2k+1,1 ~~~m2k+1,k+1) X To] = (m2k+1,1 +1.. m2k+1,k+1) + ..

et (Mgg g oMoy, £1); 79 = (1,0...0). (7)

For the (2k + 1)-dimensional case we have analogously:

[(Mog 1 - Map ) X To] = (Mg g £ 1.comgy ) + ..

ot (Mgp g oMoy £1) + Am%k(mzm e My 1)

L mgy #0;
Amzk,k = {

0, mzkﬁk == 0

We shall say that representations 7 and 7" are linked if 7’ is contained among the
irreducible representations into which the product [r x (1,0...0)] decomposes.
We thus obtain the following general rule: in the case of the (2k+2)-dimensional
group a representation cannot be linked with itself; in the case of the (2k + 1)-
dimensional group this occurs if all my,, ; are different from zero.

4. To determine the matrices I'; in the (2k + 2)-dimensional case it suffices
to find the matrix Iy, 5. The remaining matrices are expressed through
it by the formulas following from (2):
(Cokras Logroki1) = Doyt oo [Dogias Logr1 1] = Ty
The matrix 'y, , has the form:
F2k+2§(a)‘r = Z C;:’g(a/)ﬂ? (8)

and satisfies the invariance condition following from (2):
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(Coki2 Loki2, ok411 okr2, 2601] = Dopra- 9)

Using the relations 0 = [Tgy 19, Iog,1,9x) = =+ = [[ap 12, I21], also following from
(2), we write (8), according to Schur’ s lemma, in the form

Lopsobla), = D O 5 ¢(a) 0 (10)

Substituting formula (10) and the matrix coefficients of the infinitesimal repre-
sentation from (4) into (9), we obtain a system of homogeneous equations for
CIZR R The system consists of kl/(k — 2)!2! subsystems, each of which
corresponds to a pair of numbers my,, ; and my,, ; and is formed with respect to
the different

szk,iilamzk,j szk,imzk,jil szk,iiLmzk,jil Cm2k,im2k,j

77/ ’ 77/ ’ 77/ ’ 77/

As was shown above, the solutions of the system can be different from zero
only in the case when 7 and 7" are linked representations, since if an irreducible
representation 7 is contained in the representation according to which v is
transformed, then 7" must enter the representation according to which 9/ Oz
is transformed.

Substituting the linkage conditions (7), we have, for the (2k + 2)-dimensional
space, the general formula

ClopreE = O x (11)

TT TT

X H \/(ka,j + Mopiq;+ 2k — i —j+2) (Mg j — Moyyy; +i— 75— 1),
1<j<k
/ _ . / _ N .
Moji1,i = Magyr,; T 15 Mopi1; = Magsr,;  (EF J)s
where C_ ., are arbitrary complex constants.

In the case of the (2k + 1)-dimensional group, arguing analogously, one can
obtain the general formula for the matrix coefficients I'y;, ;:

Cas i € (12)

1%4%

H x\/(m%ﬂ‘ + Mgy T2k — =i+ 1) (Mg — Mgy ; —J+i—1),
1<j<k
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if

/ pr— . / jr— y Yo
Moy 3 = Moy ; + 15 Moy, ;= Moy iy F Ji
Mop-1,1""M2k-1,k __ )
Cyl/ - Cl/l// H Mop_1, (12 )
1<j<k

if

/ _
Mok s = Mag,i»

where v are irreducible representations of the (2k + 1)-dimensional group.*

5. In conclusion, let us find the conditions of invariance of equation (1) with
respect to the inversions @’ = —z, =, =z, or ¢’ =z, z, = —=x,,, where x
denotes the remaining n — 1 coordinates. The operators T', for 2k +2 = n,
satisfy the relations

[TI2k+2,2k+1}+ = 0; [T12k+1,2k] == [TI2,1] =0. (13)
It can be shown that in the case of the (2k + 2)-dimensional group
T = (Mgp 11,1 Mag i1 k1) under inversion passes into 7(Magy 11— Mok 1 gr1)-
If

* The computed formulas give the Clebsch-Gordan coefficients describing the de-
compositions of the product of an arbitrary representation of the n-dimensional
orthogonal group by an n-dimensional vector and coinciding with T;.

Mop41 k41 = 0, 7 and 7 coincide. In the first case the operator 7" has the form

—1)XN
T ((1(;2)\1 ( 1()) ) 5 )‘z = Moy ; + {(1) (l =1,2, ,k‘) (14)

gl

gl )
In the second case we have T' = (—1)2*i. Expanding the condition of invariance
under inversions [TT'y; o] = 0, we obtain conditions on C, ., coinciding with the

invariance conditions in the case n = 4, given in (6). In the case of a (2k + 1)-
dimensional group, 7 and 7 coincide, and

The matrix acts on the vector
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T = (—1)2**

6. Thus, the matrices I'y;, 5 and I'y;,; consist of boxes numbered by irre-
ducible representations of (2k + 2)- and (2k + 1)-dimensional groups, spec-
ified by the numbers mgy g 1 ... Mog 1 1 and Mgy 1 ... Moy 1, respectively:

HCZ%k,l-NWQk,kH « Iszrl; Hcsz/kil’lmmZkil,kH X I2k;' (15)
Iy, and I, are identity matrices of dimension S,y ., or Sy, (4), (4'). In
the case when I'; is reducible to diagonal form with eigenvalues different from
zero, and, as is easily seen from (15), each eigenvalue has multiplicity Sy, ; or
Sy, this gives us the right to interpret moy 1 ... Mgy j OF Mgg_q 1 ... Mgy_q j aS a
generalization of spatial spin. The numbers may be identified with the values
of spin, isotopic spin, and other invariants of an isotopic group of dimension
higher than three. In the case of an 8-dimensional group, CTT‘?lm”m“ will be
specified by three numbers, which may be associated with spin, isotopic spin,
and Gell-Mann strangeness (the isotopic space in this case is 4-dimensional).
As an application of the unified description of ordinary and isotopic spaces, one
may point to the possibility of interpreting the well-known paradox connected
with nonconservation of parity of K mesons (8). Using (14) and changing the
value A, by one (the case n = 8 is considered), one can compensate the change
of parity in Minkowski space by a change of parity in isotopic space. Thus,
from this point of view, the paradox is explained by the fact that the parity of
K mesons refers to inversion in a space uniting Minkowski space and isotopic
space.

In conclusion I express my gratitude to Academician N. N. Bogolyubov, Prof. D.
D. Ivanenko, and M. L. Tsetlin for their interest in the work and for fruitful
discussions.
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commutes with Iy 5 or -
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