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Abstract
Full Text

Physics
L. M. Lyamshev

Diffraction of Sound by a Thin Finite Elastic
Cylindrical Shell
(Presented by Academician N. N. Andreev on 28 II 1957)

1. We study the diffraction of a plane sound wave

𝑝𝑖 = exp[𝑖𝑘 cos 𝜃 cos𝜑 + 𝑖𝑘 sin 𝜃𝑧]

(𝜃 is the angle of incidence) by a thin* finite cylindrical shell of circular cross
section, using the method of an integro-differential equation (1,2) and under
more general assumptions than in the recently published works (3,4), where
only the special case of normal incidence of a plane wave on an infinite shell was
considered. It is assumed that the shell, whose axis coincides with the 𝑧-axis
of the cylindrical coordinate system 𝑟, 𝜑, 𝑧, is hinged at the points 𝑧 = 0, 𝑑 into
a cylindrical absolutely rigid and immovable screen, and that the vibrations of
the shell are described by equations (5).

2. Using Green’s theorem (6), the radiation condition (7), and the condition
of equality of the normal velocities at the boundary of the shell with the
surrounding medium, the solution of the wave equation (Δ+𝑘2)𝑝 = 0 can
be represented in the form

𝑝(𝑟, 𝜑, 𝑧) = 𝑝𝑖(𝑟, 𝜑, 𝑧) + 𝑝𝑟(𝑟, 𝜑, 𝑧)−

−𝑖𝜔𝜌 ∫
𝑠

𝐺(𝑟, 𝑎, 𝜑 − 𝜑′, 𝑧 − 𝑧′)𝑤(𝜑′, 𝑧′) 𝑑𝑠′. (1)

Here 𝑠 is the surface of the shell; 𝑝𝑟(𝑟, 𝜑, 𝑧) is the known part of the solution,
describing the scattering field of an absolutely rigid infinite cylinder (8), and
𝐺(𝑟, 𝑎, 𝜑 − 𝜑′, 𝑧 − 𝑧′), 𝑟 > 𝑟′ = 𝑎, is the Green’s function which is a solution of
the equation

(Δ + 𝑘2)𝐺(𝑟, 𝑟′, 𝜑 − 𝜑′, 𝑧 − 𝑧′) = −𝛿(𝑟 − 𝑟′)
𝑟 𝛿(𝜑 − 𝜑′)𝛿(𝑧 − 𝑧′)
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for Im 𝑘 > 0, bounded everywhere except at the point 𝑟′, 𝜑′, 𝑧′, and satisfying
on the surface of the cylinder the condition 𝜕𝐺/𝜕𝑛 = 0;

𝐺(𝑟, 𝑎, 𝜑 − 𝜑′, 𝑧 − 𝑧′) = 1
4𝜋2𝑎 ∫

+∞

−∞

∞
∑
𝑚=0

𝜀𝑚
𝐻(1)

𝑚 (𝑟√𝑘2 − 𝜉2)
√𝑘2 − 𝜉2𝐻(1)

𝑚 (𝑎√𝑘2 − 𝜉2)
×

× cos𝑚(𝜑 − 𝜑′) exp[𝑖𝜉(𝑧 − 𝑧′)] 𝑑𝜉; 𝑟 > 𝑎. (2)

By substituting (1) into equations (5), the problem is reduced to solving a system
of integro-differential equations for 𝑤(𝜑, 𝑧)

𝜔2𝜌1𝑢 + 𝐸1 [𝜕2𝑢
𝜕𝑧2 + 1

2𝑎(1 − 𝜈) 𝜕2𝑢
𝜕𝜑2 + 1

2𝑎(1 + 𝜈) 𝜕2𝑣
𝜕𝜑𝜕𝑧 + 𝜈

𝑎
𝜕𝑤
𝜕𝑧 ] =

= 𝑖𝜔
2

𝜈
1 − 𝜈

𝜕𝑝(𝑎, 𝜑, 𝑧)
𝜕𝑧 ; (3)

* A shell is meant whose thickness is much smaller than the length of the longi-
tudinal wave in the material of the shell.

𝜔2𝜌1𝑣 + 𝐸1 [ 1
𝑎2

𝜕2𝑣
𝜕𝜑2 + 1

2(1 − 𝜈)𝜕2𝑣
𝜕𝑧2 + 1

2𝑎(1 + 𝜈) 𝜕2𝑢
𝜕𝜑 𝜕𝑧 + 1

𝑎2
𝜕𝑤
𝜕𝜑 ] +

+1
8ℎ2𝐸1

𝜈
1 − 𝜈 ( 1

𝑎4
𝜕3𝑤
𝜕𝜑3 + 1

𝑎4
𝜕𝑤
𝜕𝜑 ) = 𝑖𝜔

2𝑎
𝜈

1 − 𝜈
𝜕𝑝(𝑎, 𝜑, 𝑧)

𝜕𝜑 ; (4)

𝜔2𝜌1𝑤 − 𝐸1 (𝜈
𝑎

𝜕𝑢
𝜕𝑧 + 1

𝑎2
𝜕𝑣
𝜕𝜑 + 𝑤

𝑎2 ) −

−ℎ2

24
𝐸1

1 − 𝜈 [2(1 − 𝜈) (𝜕4𝑤
𝜕𝑧4 + 2

𝑎2
𝜕4𝑤

𝜕𝑧2𝜕𝜑2 + 1
𝑎4

𝜕4𝑤
𝜕𝜑4 ) +

+(4 − 𝜈) 1
𝑎4

𝜕2𝑤
𝜕𝜑2 + (2 + 𝜈) 𝑤

𝑎4 ] = 𝑖𝜔 [ 1
ℎ + 1 − 2𝜈

2(1 − 𝜈)𝑎] 𝑝(𝑎, 𝜑, 𝑧), (5)

where

𝑝(𝑎, 𝜑, 𝑧) = 𝑝𝑖(𝑎, 𝜑, 𝑧) + 𝑝𝑟(𝑎, 𝜑, 𝑧)−

−𝑖𝜔𝜌
4𝜋2 ∫

2𝜋

0
∫

𝑑

0
∫

+∞

−∞

∞
∑
𝑚=0

𝜀𝑚𝑤(𝜑′, 𝑧′)
𝐻(1)

𝑚 (𝑎√𝑘2 − 𝜉2)
√𝑘2 − 𝜉2 𝐻′(1)

𝑚 (𝑎√𝑘2 − 𝜉2)
×

× cos𝑚(𝜑 − 𝜑′) exp[𝑖𝜉(𝑧 − 𝑧′)] 𝑑𝜑′ 𝑑𝑧′ 𝑑𝜉. (5a)
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After determining 𝑤(𝜑, 𝑧) from equations (3), (4), (5) and substituting the value
𝑤(𝜑, 𝑧) into (1), we obtain the required solution 𝑝(𝑟, 𝜑, 𝑧). In expressions (1)—
(5): 𝑝 is the sound pressure; 𝑐 is the speed of sound in the medium; 𝜌 is the
density of the medium; 𝑎 is the radius; ℎ is the shell thickness; 𝐸1 = 𝐸

1 − 𝜈2 is
Young’s modulus; 𝜈 is Poisson’s ratio; 𝜌1 is the density of the shell material; 𝑛 is
the inward normal to the shell surface; 𝑢, 𝑣, 𝑤 are the velocities of displacement
of the shell surface in the axial, circumferential, and radial directions; 𝐻(1)

𝑛 (𝛼) is
a Hankel function of the first kind. A prime denotes differentiation with respect
to the argument; 𝜀0 = 1, 𝜀𝑚 = 2 for 𝑚 = 1, 2, 3, ….

3. The solution of the system of integro-differential equations (3), (4), (5) can
be reduced to the solution of linear algebraic equations if the displacement
velocities 𝑢(𝜑, 𝑧), 𝑣(𝜑, 𝑧), 𝑤(𝜑, 𝑧) and the pressures 𝑝𝑖(𝑎, 𝜑, 𝑧) + 𝑝𝑟(𝑎, 𝜑, 𝑧)
are expanded in series in eigenfunctions satisfying the homogeneous dif-
ferential equations of the shell and the boundary conditions at the points
𝑧 = 0, 𝑑 (9). In particular,

𝑤(𝜑, 𝑧) =
∞

∑
𝑚=0

∞
∑
𝑛=0

𝑎𝑚𝑛 cos𝑚𝜑 sin 𝜋𝑛𝑧
𝑑 . (6)

Determining approximately* the coefficients 𝑎𝑚𝑛 from the solution of the alge-
braic equations, substituting the values 𝑎𝑚𝑛 into (6), and then into (1), and
using the method of steepest descent in the integration, we finally obtain

𝑝(𝑟, 𝜑, 𝑧) ≃ 𝑝𝑖(𝑟, 𝜑, 𝑧) + 𝑝𝑟(𝑟, 𝜑, 𝑧) + 𝜌𝑐2𝑑
2𝜋2𝜔𝑎 cos 𝜃 cos 𝜃′

exp[𝑖𝑘𝑅]
𝑅 ×

×
∞

∑
𝑚=0

∞
∑
𝑛=1

𝜀2
𝑚 exp [−𝑖𝑚 − 3

4 𝜋] cos𝑚𝜑
𝐻′(1)

𝑚 (𝑘𝑎 cos 𝜃) 𝐻′(1)
𝑚 (𝑘𝑎 cos 𝜃′) (𝑍𝑚𝑛 + 𝑍𝑚𝑛𝑚𝑛)

×

× [exp[𝑖(𝑘 sin 𝜃 𝑑 + 𝜋𝑛)] − 1
𝑘 sin 𝜃 𝑑 + 𝜋𝑛 − exp[𝑖(𝑘 sin 𝜃 𝑑 − 𝜋𝑛)] − 1

𝑘 sin 𝜃 𝑑 − 𝜋𝑛 ] [exp[𝑖(𝑘 sin 𝜃′ 𝑑 + 𝜋𝑛)] − 1
𝑘 sin 𝜃′ 𝑑 + 𝜋𝑛 −

−exp[𝑖(𝑘 sin 𝜃′ 𝑑 − 𝜋𝑛)] − 1
𝑘 sin 𝜃′ 𝑑 − 𝜋𝑛 ] . (7)

* The approximation consists, in essence, in the assumption that the system
of orthogonal eigenfunctions satisfying the homogeneous differential equations
of the shell and the chosen boundary conditions satisfies the inhomogeneous
differential (integro-differential) equations of the shell.

Calculations show that in a number of important cases this assumption is justi-
fied and is confirmed experimentally. For details, see, for example, (1,2,10).
Here 𝑅 =

√
𝑟2 + 𝑧2; 𝜃′ is the scattering angle;
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𝑍𝑚𝑛𝑚𝑛 = 𝑖𝜔𝜌
2𝜋𝑑 ∫

𝑑

0
∫

𝑑

0
∫

+∞

−∞
𝜀𝑚

𝐻(1)
𝑚 (𝑎√𝑘2 − 𝜉2)

√𝑘2 − 𝜉2 𝐻′(1)
𝑚 (𝑎√𝑘2 − 𝜉2)

sin 𝜋𝑛𝑧
𝑑 ×

× sin 𝜋𝑛𝑧′

𝑑 exp[𝑖𝜉(𝑧 − 𝑧′)] 𝑑𝑧 𝑑𝑧′ 𝑑𝜉; (8)

𝑍𝑚𝑛 = + 𝑖 𝐸1ℎ
𝜔𝑎2

𝐷
𝐷1

; (9)

𝐷1 =

∣
∣
∣
∣
∣
∣
∣

−𝜋𝑛ℎ
2𝑑

𝜈
1 − 𝜈 ; 1 + 𝜈

2 𝑚 𝜋𝑛𝑎
𝑑 ; 𝜌1𝜔2𝑎2

𝐸1
− 𝜋2𝑛2𝑎2

𝑑2 − 1 − 𝜈
2 𝑚2

𝑚ℎ
2𝑎

𝜈
1 − 𝜈 ; 𝜌1𝜔2𝑎2

𝐸1
− 𝑚2 + 1 − 𝜈

2
𝜋2𝑛2𝑎2

𝑑2 ; 1 + 𝜈
2 𝑚 𝜋𝑛𝑎

𝑑

− [1 + 1 − 2𝜈
2(1 − 𝜈)

ℎ
𝑎 ] ; −𝑚; 𝜈 𝜋𝑛𝑎

𝑑

∣
∣
∣
∣
∣
∣
∣

;

(10)

𝐷 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

𝜈 𝜋𝑛
𝑑 𝑎; 1 + 𝜈

2 𝑚𝜋𝑛 𝑎
𝑑 ; 𝜌1𝜔2𝑎2

𝐸1
− 𝜋2𝑛2𝑎2

𝑑2 − 1 − 𝜈
2 𝑚2

−𝑚 + 1
8

ℎ2

𝑎2
𝜈

1 − 𝜈 𝑚(𝑚2 − 1); 𝜌1𝜔2𝑎2

𝐸1
− 𝑚2 + 1 − 𝜈

2
𝜋2𝑛2𝑎2

𝑑2 ; 1 + 𝜈
2 𝑚 𝜋𝑛𝑎

𝑑
𝜌1𝜔2𝑎2

𝐸1
− 1 − ℎ2𝑎2

24
1

1 − 𝜈 [2(1 − 𝜈)× −𝑚; 𝜈 𝜋𝑛𝑎
𝑑

× (𝜋4𝑛4

𝑑4 + 2𝑚2

𝑑2
𝜋2𝑛2

𝑎2 + 𝑚4

𝑎4 ) − (4 − 𝜈)𝑚2

𝑎4 + 2 + 𝜈
𝑎4 ] ;

∣
∣
∣
∣
∣
∣
∣
∣
∣

.

(11)

𝑍𝑚𝑛𝑚𝑛 and 𝑍𝑚𝑛 are, respectively, the radiation impedance and the mechan-
ical impedance of the natural mode of oscillation of the shell with number
𝑚𝑛. If the frequency of the incident wave coincides with one of the natu-
ral frequencies of the shell, 𝑍𝑚𝑛 + Im𝑍𝑚𝑛𝑚𝑛 = 0, and under the condition
|𝜋𝑛| = |𝑘 sin 𝜃 𝑑| = |𝑘 sin 𝜃′ 𝑑| significant scattering is observed not only in the
specular direction, but also in the direction opposite to that of the incident wave
(nonspecular reflection) (1,11). It can be shown that nonspecular reflection is
observed whenever the phase velocity of the incident wave along the shell coin-
cides with the velocity of one of the normal—free—waves in the shell propagating
along its axis (11).
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