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Abstract
Full Text
MATHEMATICS
Corresponding Member of the Academy of Sciences of the USSR A. A.
MARKOV

ON THE INVERSION COMPLEXITY OF SYS-
TEMS OF FUNCTIONS

1. Let 𝑛 be a natural number different from zero. By the alphabet of formulas
in 𝑛 variables we shall mean the alphabet {0, 1, 𝑥1, … , 𝑥𝑛, &, ∨, ¬, (, )}. We
shall denote this alphabet by Φ𝑛. The letters 𝑥1, … , 𝑥𝑛 of the alphabet
Φ𝑛 will be called variables, and the letters 0 and 1—constants.

By formulas in 𝑛 variables we shall mean words in the alphabet Φ𝑛 defined by
the following generating rules.

F1. The one-letter words

0, 1, 𝑥1, … , 𝑥𝑛

are formulas in 𝑛 variables.

F2. If the words 𝑃 and 𝑄 are formulas in 𝑛 variables, then the words (𝑃&𝑄)
and (𝑃 ∨ 𝑄) are formulas in 𝑛 variables.

F3. If the word 𝑃 is a formula in 𝑛 variables, then the word ¬𝑃 is a formula in
𝑛 variables.

Formulas beginning with the letter ¬ will be called negative formulas. Every
formula occurring in a formula 𝑃 will be called a subformula of the formula
𝑃 . Every subformula of at least one of the formulas 𝑃1, … , 𝑃𝑚 will be called a
subformula of the system of formulas 𝑃1, … , 𝑃𝑚.

The number of distinct negative subformulas of the system of formulas 𝑃1, … , 𝑃𝑚
will be called the inversion complexity of this system of formulas.

2. Every formula in 𝑛 variables defines, in the known way, a Boolean function
of 𝑛 arguments, i.e., a function taking only the values 0 and 1 on 𝑛 argu-
ments that take only these same two values. Every system of 𝑚 formulas
in 𝑛 variables defines a system of 𝑚 Boolean functions of 𝑛 arguments (𝑚
is a positive integer).

It is known that, conversely, every Boolean function of 𝑛 arguments can be
defined by a formula in 𝑛 variables. Therefore every system of 𝑚 Boolean
functions of 𝑛 arguments can be defined by a system of 𝑚 formulas in 𝑛 variables.
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Suppose we have a system of 𝑚 Boolean functions 𝑓1, … , 𝑓𝑚 of 𝑛 arguments.
It can be defined by various systems of formulas in 𝑛 variables. Each such
system of formulas has a definite inversion complexity. The least of the inversion
complexities of systems of formulas defining the system of functions 𝑓1, … , 𝑓𝑚
will be called the inversion complexity of the system of functions 𝑓1, … , 𝑓𝑚.
In particular, the least of the inversion complexities of formulas defining the
function 𝑓 will be called the inversion complexity of the function 𝑓 . We shall
denote the inversion complexity of the system of functions 𝑓1, … , 𝑓𝑚 by the
symbol Inv(𝑓1, … , 𝑓𝑚). A special case of this notation is the notation Inv(𝑓) for
the inversion complexity of the function 𝑓 .

3. A system of 𝑛 constants (𝑎1, … , 𝑎𝑛) will be called an 𝑛-dimensional
Boolean vector. Every Boolean function of 𝑛 argu-

can be regarded as a function of an 𝑛-dimensional Boolean vector, taking the
values 0 and 1.

Let 𝐴 and 𝐵 be 𝑛-dimensional Boolean vectors. Let 𝐴 = (𝑎1, … , 𝑎𝑛), 𝐵 =
(𝑏1, … , 𝑏𝑛). We shall say that 𝐴 precedes 𝐵 if 𝑎𝑖 ≤ 𝑏𝑖 (𝑖 = 1, … , 𝑛) and 𝑎𝑗 < 𝑏𝑗
for some 𝑗. In what follows, the notation 𝐴 < 𝐵 will mean that the Boolean
vector 𝐴 precedes the Boolean vector 𝐵.

Let 𝑓 be a Boolean function of 𝑛 arguments; 𝐴1, … , 𝐴𝑟 a sequence of
𝑛-dimensional Boolean vectors. We shall say that this sequence is an
alternating chain of the function 𝑓 , if

𝐴𝑖 < 𝐴𝑖+1 (1 ≤ 𝑖 < 𝑟),

𝑓(𝐴𝑖) = {1 for odd 𝑖,
0 for even 𝑖 (1 ≤ 𝑖 ≤ 𝑟).

The number 𝑟 will then be called the length of the alternating chain 𝐴1, … , 𝐴𝑟.

If the function 𝑓 is not identically equal to zero, then by the alternation of the
function 𝑓 we shall mean the greatest of the lengths of the alternating chains of
this function. To the function identically equal to zero we assign alternation 0.

We shall denote the alternation of the function 𝑓 by the symbol Alt(𝑓). It is
clear that

0 ≤ Alt(𝑓) ≤ 𝑛 + 1

for every Boolean function 𝑓 of 𝑛 arguments.

4. Let 𝑟 be a natural number. By the binary size of the number 𝑟 we shall
mean the least of the natural numbers 𝑦 such that
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𝑟 < 2𝑦.

We shall denote the binary size of the number 𝑟 by the symbol 𝐷(𝑟). It is clear
that 𝐷(0) = 0, while 𝐷(𝑟) = [lg2 𝑟] + 1 for 𝑟 > 0. It is also clear that for 𝑟 > 0,
𝐷(𝑟) is the number of digits in the binary representation of the number 𝑟.

The symbol pd(𝑟) will henceforth denote the natural number immediately pre-
ceding 𝑟, for 𝑟 > 0, and the number 0 for 𝑟 = 0 (cf. (1), p. 200).

5. The following theorem holds, giving an expression for the inversion com-
plexity of a Boolean function 𝑓 in terms of the alternation of this function.

5.1. For every Boolean function 𝑓 the equality holds

Inv(𝑓) = pd(𝐷(Alt(𝑓))).
6. Let 𝑚 be a positive integer. There are exactly 2𝑚2𝑛 distinct systems of 𝑚

Boolean functions of 𝑛 arguments. We shall denote the greatest of their
inversion complexities by 𝐼(𝑛, 𝑚). The following theorems give a simple
way of computing the thus defined arithmetic function 𝐼 of two arguments.

6.1. 𝐼(𝑛, 1) = pd(𝐷(𝑛 + 1)).
6.2. 𝐼(𝑛, 𝑚) = 𝐷(𝑛) for 𝑚 > 1.

7. The following lemma plays an essential role in the proof of these results.

7.1. Let 𝑘 be a positive integer and 𝑛 = 2𝑘 − 1. Define Boolean functions
𝑠𝑡 (𝑡 = 0, … , 𝑛) of 𝑛 arguments by the equalities

𝑠0(𝑥1, … , 𝑥𝑛) = 1,

𝑠𝑡(𝑥1, … , 𝑥𝑛) = ⋁
1≤𝑖1<⋯<𝑖𝑡≤𝑛

𝑥𝑖1
& ⋯ &𝑥𝑖𝑡

(1 ≤ 𝑡 ≤ 𝑛).

For every 𝑘-tuple 𝜀1, … , 𝜀𝑘 (𝜀𝑖 = 0, 1 for 𝑖 = 1, … , 𝑘) define the Boolean function
𝑆𝜀1,…,𝜀𝑘

of 𝑛 arguments by the equality

𝑆𝜀1,…,𝜀𝑘
(𝑥1, … , 𝑥𝑛) = 𝑆𝑡(𝑥1, … , 𝑥𝑛),

where

𝑡 =
𝑘

∑
𝑖=1

𝜀𝑖2𝑘−𝑖.

Define the Boolean function 𝑔1 of 𝑛 arguments by the equality
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𝑔1(𝑥1, … , 𝑥𝑛) = 𝑆1,0,…,0(𝑥1, … , 𝑥𝑛);

for 𝑗 = 2, … , 𝑘 define the Boolean function 𝑔𝑗 of 𝑛 + 𝑗 − 1 arguments by the
equality

𝑔𝑗(𝑥𝑖, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑗−1) =
= ⋁

𝜀1,…,𝜀𝑗−1

𝑆𝜀1,…,𝜀𝑗−1,1,0,…,0(𝑥1, … , 𝑥𝑛)&𝑦1−𝜀1
1 & … &𝑦1−𝜀𝑗−1

𝑗−1 ,

where 𝑦0 denotes 1, and 𝑦1 denotes 𝑦. Define the Boolean function 𝑔 of 𝑛 + 𝑘
arguments by the equality

𝑔(𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑘) = ⋁
𝜀1,…,𝜀𝑘

𝑆𝜀1,…,𝜀𝑘
(𝑥1, … , 𝑥𝑛)&𝑦1−𝜀1

1 & … &𝑦1−𝜀𝑘
𝑘 .

Define successively the functions ℎ𝑗 (𝑗 = 1, … , 𝑘) of 𝑛 arguments by the equali-
ties

ℎ1(𝑥1, … , 𝑥𝑛) = ¬𝑔1(𝑥1, … , 𝑥𝑛),

ℎ𝑗(𝑥1, … , 𝑥𝑛) = ¬𝑔𝑗(𝑥1, … , 𝑥𝑛, ℎ1(𝑥1, … , 𝑥𝑛), … , ℎ𝑗−1(𝑥1, … , 𝑥𝑛))

(1 < 𝑗 ≤ 𝑘).

Then the identities

𝑔(𝑥1, … , 𝑥𝑖−1, 0, 𝑥𝑖+1, … , 𝑥𝑛, ℎ1(𝑥1, … , 𝑥𝑛), … , ℎ𝑘(𝑥1, … , 𝑥𝑛)) = ¬𝑥𝑖

(1 ≤ 𝑖 ≤ 𝑛),

𝑔𝑘(𝑥1, … , 𝑥𝑛, ℎ1(𝑥1, … , 𝑥𝑛), … , ℎ𝑘−1(𝑥1, … , 𝑥𝑛)) =
𝑛

∑
𝑖=1

𝑥𝑖,

hold, where the summation sign denotes summation modulo 2.
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8. The question of the inversion complexity of a single Boolean function
was studied by E. N. Gilbert (2). However, he did not obtain result 5.1,
although he was apparently close to obtaining it. To the best of our
knowledge, this author did not study the inversion complexity of systems
of Boolean functions.
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