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Abstract
Full Text

V. I. LEBEDEV
THE METHOD OF GRIDS FOR EQUATIONS OF S. L.
SOBOLEV TYPE
(Presented by Academician S. L. Sobolev on 16 I 1957)

Let the function 𝑢(𝑥, 𝑡) be a solution in the domain 𝑄 = Ω×[Ω, 𝑙] of the equation

𝐿𝑢 ≡ 𝜕2

𝜕𝑡2 𝐿0𝑢 + 𝜕
𝜕𝑡𝐿1𝑢 + 𝐿2𝑢 = 𝑓(𝑥, 𝑡), (1)

satisfying the conditions

𝑢∣𝑡=0 = 𝜑(𝑥), 𝜕𝑢
𝜕𝑡 ∣

𝑡=0
= 𝜓(𝑥), (2)

𝑢∣𝑆 = 0, (3)

where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛); 𝑆 is the boundary of the domain Ω;

𝐿0𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝐴𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

) + 𝑎0𝑢,

𝐿𝑠𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝐵𝑠
𝑖𝑗

𝜕𝑢
𝜕𝑥𝑗

) +
𝑛

∑
𝑖=1

𝑏𝑠
𝑖

𝜕𝑢
𝜕𝑥𝑖

+ 𝑏𝑠
0𝑢, 𝑠 = 1, 2.

For simplicity of exposition we shall restrict ourselves to the case when the
coefficients of equation (1) depend only on 𝑥, are bounded and, in addition,

−
𝑛

∑
𝑖,𝑗=1

𝐴𝑖𝑗𝜉𝑖𝜉𝑗 ≥ 𝛼
𝑛

∑
𝑖=1

𝜉2
𝑖 , 𝛼 = const > 0, 𝑎0 ≥ 0.

The existence and uniqueness of a generalized solution of the problem posed
have been proved in papers (1,2); therefore we shall dwell on the convergence
of solutions of the finite-difference analogue of equation (1) to the generalized
solution and on the differential properties of the generalized solution in a closed
domain. In what follows we shall adhere to the notation of paper (3).
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We shall call a function 𝑢, belonging together with 𝜕𝑢/𝜕𝑡 to the class
0
𝐷1(𝑄)

and satisfying the identity

∬
𝑄

[
𝑛

∑
𝑖,𝑗=1

(𝐴𝑖𝑗
𝜕3𝑢

𝜕𝑥𝑗𝜕𝑡2 + 𝐵1
𝑖𝑗

𝜕2𝑢
𝜕𝑥𝑗𝜕𝑡 + 𝐵2

𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

) 𝜕Φ
𝜕𝑥𝑗

+

+ (
𝑛

∑
𝑖=1

𝑏1
𝑖 ( 𝜕2𝑢

𝜕𝑥𝑖𝜕𝑡 + 𝑏2
𝑖

𝜕𝑢
𝜕𝑥𝑖

) + 𝑎0
𝜕2𝑢
𝜕𝑡2 + 𝑏1

0
𝜕𝑢
𝜕𝑡 + 𝑏2

0𝑢 − 𝑓) Φ] 𝑑𝑄 = 0 (4)

for any Φ from
0
𝐿1(𝑄), if, moreover,

∫
Ω

(𝜕𝑢(𝑥, Δ𝑡)
𝜕𝑡 − 𝜓)

2
+ (𝑢(𝑥, Δ𝑡) − 𝜑)2 𝑑Ω → 0 as Δ𝑡 → 0.

Construct a finite-difference analogue of equation (1). Partition the space
𝑅𝑛+1(𝑥1, 𝑥2, … , 𝑥𝑛, 𝑡) by the planes 𝑥𝑖 = 𝑘𝑖ℎ, 𝑡 = 𝑘0Δ𝑡, ℎ > 0, Δ𝑡 >
0, 𝑖 = 1, 2, … , 𝑛, where 𝑘𝑖 are integers, into parallelepipeds 𝑄𝑘1…𝑘𝑛𝑘0

, the
coordinates of whose points satisfy the inequalities 𝑘𝑖ℎ ≤ 𝑥𝑖 ≤ (𝑘𝑖 + 1)ℎ, 𝑖 =
1, 2, … , 𝑛, 𝑘0Δ𝑡 ≤ 𝑡 ≤ (𝑘0 + 1)Δ𝑡. Points with coordinates (𝑘1ℎ, … , 𝑘𝑛ℎ, 𝑘0Δ𝑡)
shall be called vertices or mesh points. Denote by Ωℎ the domain composed
of those cubes Ω𝑘1…𝑘𝑛

(𝑘𝑖ℎ ≤ 𝑥𝑖 ≤ (𝑘𝑖 + 1)ℎ, 𝑖 = 1, 2, … , 𝑛) which belong to
the domain Ω, and by 𝑄ℎ the prism Ωℎ × [0, 𝑚Δ𝑡], where 𝑚 = [𝑙/Δ𝑡]. The
boundary surface of Ωℎ will be denoted by 𝑆ℎ, and 𝑆ℎ × [0, 𝑚Δ𝑡] = 𝐹ℎ.

Replace equation (1) at the mesh points 𝑄ℎ by the difference equations

𝐿ℎ𝑢 ≡ [𝐿0ℎ𝑢] ̄𝑡𝑡 + [𝐿1ℎ𝑢]0𝑡 + 𝐿2ℎ𝑢 = 𝑓(𝑥, 𝑡), (5)

where

𝐿0ℎ𝑢 ≡
𝑛

∑
𝑖,𝑗=1

(𝐴𝑖𝑗𝑢𝑥𝑗
)𝑥̄𝑖

+ 𝑎0𝑢,

𝐿𝑠ℎ𝑢 ≡
𝑛

∑
𝑖,𝑗=1

(𝐵𝑠
𝑖𝑗𝑢𝑠

𝑥𝑗
)𝑥̄𝑖

+
𝑛

∑
𝑖=1

𝑏𝑠
𝑖 𝑢𝑠

𝑥𝑖
+ 𝑏𝑠

0𝑢, 𝑠 = 1, 2,

𝑢0
𝑡 = 1

2(𝑢𝑡 + 𝑢 ̄𝑡).

Define at the points 𝑄 a function 𝑢ℎ satisfying inside 𝑄ℎ equations (5), and for
𝑡 = 0 and 𝑡 = Δ𝑡 the initial conditions
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𝑢ℎ(𝑘1ℎ, … , 𝑘𝑛ℎ, 0) = 𝜑(𝑘1ℎ, … , 𝑘𝑛ℎ),

𝑢ℎ(𝑘1ℎ, … , 𝑘𝑛ℎ, Δ𝑡) = 𝜑(𝑘1ℎ, … , 𝑘𝑛ℎ) + Δ𝑡 𝜓(𝑘1ℎ, … , 𝑘𝑛ℎ),

and equal to zero at the points of 𝐹ℎ and outside 𝑄ℎ. The solvability of the
system obtained is a consequence of the fundamental inequalities derived below.
In what follows, the passage from the functions 𝑓, 𝜑, 𝜓 to the averaged functions
𝑓ℎ, 𝜑ℎ, 𝜓ℎ, needed in certain limiting passages, is omitted; the functions 𝑢ℎ are
denoted by 𝑢.

Sum the equality 𝑢0
𝑡 (𝐿ℎ𝑢 − 𝑓) = 0, valid for all mesh points when Δ𝑡 ≤ 𝑡 ≤

(𝑚 − 1)Δ𝑡, over all points of the prism Ωℎ × [Δ𝑡, (𝑝 − 1)Δ𝑡] (𝑝 < 𝑚). Then,
omitting the summation sign over 𝑖, 𝑗, we obtain

Δ𝑡
(𝑝−1)Δ𝑡

∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

𝑢0
𝑡 (𝐿ℎ𝑢 − 𝑓) = 0; (6)

but

Δ𝑡
(𝑝−1)Δ𝑡

∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

𝑢0
𝑡 [𝐿0ℎ𝑢] ̄𝑡𝑡 = {ℎ𝑛 ∑

Ωℎ

−𝐴𝑖𝑗𝑢𝑥𝑗 ̄𝑡𝑢𝑥𝑖 ̄𝑡 + 𝑎0
2 𝑢2

̄𝑡 }
𝑝Δ𝑡

Δ𝑡

,

and from (6), for sufficiently small Δ𝑡, we obtain the inequality

ℎ𝑛 ∑
Ωℎ

(𝑢𝑥𝑖 ̄𝑡)2∣
𝑝Δ𝑡

≤ 𝐶1𝑒𝐶2𝑝Δ𝑡 [ℎ𝑛 ∑
Ωℎ

(𝜑2
𝑥𝑖

+ 𝜓2
𝑥𝑖

) + Δ𝑡
𝑝Δ𝑡
∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

𝑓2] . (7)

Considering now the equality

Δ𝑡
(𝑝−1)Δ𝑡

∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

𝑢 ̄𝑡𝑡(𝐿ℎ𝑢 − 𝑓) = 0,

we obtain from it, using inequality (7), the inequality

Δ𝑡
(𝑝−1)(Δ𝑡)

∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

(𝑢 ̄𝑡𝑡𝑥𝑖
)2∣

𝑝Δ𝑡
≤
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≤ 𝐶3𝑒𝐶4𝑝Δ𝑡 [ℎ𝑛 ∑
Ωℎ

(𝜑2
𝑥𝑖

+ 𝜓2
𝑥𝑖

) + Δ𝑡
𝑝Δ𝑡
∑
Δ𝑡

ℎ𝑛 ∑
Ωℎ

𝑓2] . (8)

Carrying out further arguments coinciding with those given in Chapter III of
[3], we establish that the sequence {𝑢ℎ}, together with the sequences {𝑢ℎ𝑡}, as
Δ𝑡, ℎ → 0, converges weakly in 𝑊 (1)

2 (𝑄) to functions 𝑢, 𝜕𝑢/𝜕𝑡, from
∘
𝐷1(𝑄);

𝑢(𝑥, 𝑡) is a generalized solution of our problem; moreover, {𝑢 ̄𝑡} and {𝑢ℎ𝑡} con-
verge, respectively, to 𝑢 and 𝜕𝑢/𝜕𝑡 on each plane 𝑡 = const in the norm 𝐿2(Ω),
uniformly with respect to 𝑡 ∈ [0, 𝑙]; for the limiting function 𝑢 the inequality

∫
𝑡

0
∫

Ω

𝑛
∑
𝑖=1

[( 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑡)

2
+ ( 𝜕3𝑢

𝜕𝑥𝑖𝜕𝑡2 )
2
] 𝑑Ω 𝑑𝑡 ≤

≤ 𝐶5𝑒𝐶6𝑡 {∫
Ω

𝑛
∑
𝑖=1

[( 𝜕𝜓
𝜕𝑥𝑖

)
2

+ ( 𝜕𝜓
𝜕𝑥𝑖

)
2
] 𝑑Ω + ∫

𝑡

0
∫

Ω
𝑓2 𝑑Ω 𝑑𝑡} . (9)

Let us investigate the differential properties of the solution obtained and deter-
mine under what conditions, imposed on the data functions in the problem and
on the smoothness of the boundary 𝑆 of the domain Ω, the generalized solution
found belongs to 𝑊 (𝑘)

2 (𝑄). We assume that the domain Ω can be covered by a
finite number of overlapping canonical domains Ω1, … , Ω𝑁 [3] in such a way that
the sum Ω1, … , Ω𝑁 gives all of Ω. Introduce in Ω new coordinates 𝑦1, 𝑦2, … , 𝑦𝑛
by means of functions 𝑦𝑖 = 𝑦𝑖(𝑥1, 𝑥2, … , 𝑥𝑛) (𝑖 = 1, 2, … , 𝑛), 𝑘 + 1 times contin-
uously differentiable in Ω. Let the canonical domain Ω1 be mapped onto the
cube 𝐷1, and the whole domain Ω onto a domain 𝐷; let

𝐽 = 𝐷(𝑥1, 𝑥2, … , 𝑥𝑛)
𝐷(𝑦1, 𝑦2, … , 𝑦𝑛) > 0 in Ω.

Since 𝐿0𝑢 is a self-adjoint operator, in the new coordinates 𝑦1, 𝑦2, … , 𝑦𝑛 the
self-adjoint operator will be 𝐿′

0𝑢 = 𝐽𝐿0𝑢. Taking this into account, instead of
equation (1) we consider in the new coordinates the equation

𝐽𝐿𝑢 = 𝐽𝑓. (10)

This equation is of the same form as equation (1), and therefore we shall retain
for it the former notation of coefficients and independent variables. For the
solutions of the difference analogue of equation (10), the estimates (7), (8) will be
valid. Suppose that the coefficients of equation (1) have continuous derivatives
up to order 𝑘−1 in the cylinder 𝑄; 𝑓 ∈ 𝑊 (𝑘−1)

2 (𝑄); 𝜑, 𝜓 ∈ 𝑊 (𝑘)
2 (Ω); the boundary

functions 𝑧𝑛 = 𝜔(𝑧1, 𝑧2, … , 𝑧𝑛−1) are assumed continuously differentiable with
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respect to 𝑧1, 𝑧2, … , 𝑧𝑛−1 up to order 𝑘 + 1. Then the difference quotients with
respect to 𝑡 of the solution of (10) are easily estimated, since the function 𝑢𝑡
satisfies the equation

𝐿𝑛𝑢𝑡 = 𝑓𝑡

and the conditions

𝑢𝑡∣𝐹ℎ
= 0, 𝑢𝑡∣𝑡=0 = 𝜓, 𝑢 ̄𝑡𝑡∣𝑡=0 = 𝜓1.

Having estimated 𝑢𝑡, we estimate 𝑢𝑡𝑡, 𝑢𝑡𝑡𝑡, etc., up to order 𝑘 + 1.

We now estimate the other difference quotients. For this purpose we intro-
duce into consideration, as in § 3 of Ch. III of the work (3), the domains
𝐷′, 𝐷″, 𝐷‴, 𝐷1 and the function 𝜁, and also, as in the derivation of inequalities
(7), (8), by the method developed in (3), from the equalities

(𝐿ℎ𝑢)𝑥𝑘
= 𝑓𝑥𝑘

, (𝐿ℎ𝑢)𝑥̄𝑘
= 𝑓𝑥̄𝑘

we obtain that

Δ𝑡
(𝑝−1)Δ𝑡

∑
Δ𝑡

ℎ𝑛 ∑
𝐷′

𝑛
∑
𝑖,𝑗=1

(𝑢𝑥𝑗𝑥𝑖𝑡
)2 + (𝑢𝑥𝑗𝑥̄𝑖𝑡𝑡)

2 < 𝐶7.

By the same method one proves the boundedness of sums of the form

Δ𝑡
(𝑝−1)Δ𝑡

∑
Δ𝑡

ℎ𝑛 ∑
𝐷1

⎧{
⎨{⎩

𝑢ℎ𝑡 +
𝑚

∑
𝑠=1

𝑛
∑

𝛼0,…,𝛼𝑠=0
( Δ𝑠𝑢ℎ𝑡

Δ𝑡𝛼0Δ𝑥𝛼1
⋯ Δ𝑥𝛼𝑠

)
2⎫}
⎬}⎭

, 𝑚 = 3, … , 𝑘.

As Δ𝑡, ℎ → 0, 𝑢ℎ𝑡 → 𝜕𝑢/𝜕𝑡 weakly in 𝑊 (𝑘)
2 (𝑄), and for the function 𝑢 we obtain

the theorem:

Theorem. Suppose that the coefficients of equation (1) have continuous deriva-
tives up to order 𝑘 − 1 in the cylinder 𝑄̄; 𝑓 ∈ 𝑊 (𝑘−1)

2 (𝑄); 𝜑, 𝜓 ∈ 𝑊 (𝑘)
2 (Ω); the

boundary 𝑆 of the domain Ω is continuously differentiable 𝑘 + 1 times and
𝑢|𝑆 = 0.

Then the generalized solution 𝑢 of the mixed problem for equation (1) exists
and, together with 𝜕𝑢/𝜕𝑡, belongs to the space 𝑊 (𝑘)

2 (𝑄). For it the inequality

∥𝜕𝑢
𝜕𝑡 ∥

𝑊 (𝑘)
2 (𝑄)

≤ 𝐶8 (‖𝜑‖𝑊 (𝑘)
2 (Ω) + ‖𝜓‖𝑊 (𝑘)

2 (Ω) + ‖𝑓‖𝑊 (𝑘−1)
2 (𝑄))
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holds.

This theorem makes it possible to establish differential properties of the solutions
of the system

𝜕 ̄𝑈
𝜕𝑡 = 𝐴 ̄𝑈 − grad 𝑝 + ̄𝐹 , div ̄𝑈 = 0,

which was considered by the author in (4), for the case when the matrix 𝐴 is
constant and 𝑝|𝑆 = 0 (for notation see (4)), since in this case the function 𝑝
satisfies an equation of type (1), while

∥𝜕 ̄𝑈
𝜕𝑡 ∥

𝑊 (𝑘)
2 (𝑄)

≤ 𝐶9 (‖ ̄𝑈0‖𝑊 (𝑘)
2 (Ω) + ‖ ̄𝐹 ‖𝑊 (𝑘)

2 (𝑄) + ‖ grad 𝑝‖𝑊 (𝑘)
2 (𝑄)) .

Moscow State University
named after M. V. Lomonosov

Received
11 I 1957
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