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SUFFICIENT CONDITIONS FOR NONOSCIL-
LATION AND OSCILLATION OF SOLU-

TIONS OF THE EQUATION y’ + p(z)y = 0
(Presented by Academician I. G. Petrovsky, 8 X 1956)
16.7)

It is known ( * that the solutions of the equation

y' +p(x)y=0 (1)

are nonoscillatory for x > x, if there exists a continuously differentiable func-
tion f(x) such that

0 +6%+p<0, x> x. (2)

Using this, it is easy to obtain a series of sufficient conditions under which the
solutions of equation (1) will be nonoscillatory.

Theorem 1. If for x > z, there exist a positive differentiable function r(x)
and a constant v > 0 such that, for some constant C', the inequality

v * (1—V)7“/2 o
5—5\53—/ P=—3 leﬂ—FCSE‘F;ﬁy T 2 Ty,

[¢]

is satisfied, then the solutions of equation (1) are nonoscillatory.

Under the conditions of the theorem,

x ,2
el(x)=i(/ l —7(1_4:2)7" 17‘dx+0)

satisfies condition (2). Indeed, if we denote
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x ,2
1—
_/ lp_mlrdm+czu,

0

we obtain:

014+024+p = (rv/ +r'ut+u?+pr?) /r? = [—pr2—|—%(l—y)r’Q—r’u+u2+p7‘2]/r2 = [u—

Corollary 1. If v = 1, Petropavlovsky’ s theorem (?) is obtained.

Corollary 2. If r = z, it follows that, for nonoscillation, it is sufficient that,
for some v > 0, the inequality

xT 1_
Og—/ xpdr — 4V1nx§ﬁ
(&

be satisfied.

Corollary 3. If r = 2%, a > 0, then we obtain the sufficient condition for
nonoscillation

OS—/ pr®dr + C < ax®!

for some C and a > 0.
* In note (") an elementary proof of this fact is given.

Theorem 2. If there exists a differentiable function r(z) such that

o 1
0<—/ (px—4—>rdx+0<r’x, a<z<b,
T
a

for at least one constant C, then the solutions of equation (1) are nonoscillatory.

When the conditions of the theorem are fulfilled, it is also easy to find a function
f(x) satisfying the inequality 8’ + 62 + p < 0. Such a function, for example, is

1 ¥ 1 1
G(x)zﬁ {—/ (p:z:—4x>rdx—|—0} +to.

Corollary. If we take r = (Inz)%, a > 0, then we obtain that, for nonoscillation,
it is sufficient that
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Theorem 2 gives an admissible measure, for preserving nonoscillation, of the
deviation of the function p(x) from 1/422, while Theorem 1 gives a measure of
such a deviation from zero.

Theorem 3. If there exists a differentiable function r(z) > 0 such that

z T‘,2
A ) (f”“ - 4> dz = +oo,

then every solution of equation (1) has an infinite number of zeros on [a, c0).

Suppose the contrary. Then there will exist, continuous for > z,, a solution
of the equation 8 + 6% +p = 0 (3). The function u = fr satisfies the equation
ru’ — 7w+ u? + pr2 = 0. Hence v/ — 7“’2/4r + pr < 0. Integrating, we obtain
lim, , . u(x) = —oo, whence it follows that all functions #(z) are negative for
x > x,, which is impossible (4).

From this theorem, taking r = 2% (o < 1), one obtains Hille’ s result (5): if

/ prdr =00 (a<1),

then all solutions of equation (1) have an infinite number of zeros. Let us note
(oo}

that it can be proved that, if [ (pz®)dz < 0o (0 < @ < 1), then the solutions

have few zeros; the series

- 1
Z—)l—a’

n—=1 (an+1 —ay

where a,, is the sequence of zeros of an arbitrary solution, converges.

Theorem 4. If there exists a differentiable function r(z) > 0 such that

x

1 2
lim [(px—)r—xr] dxr = 400,

z—+oo Jo 4 4r
then all solutions of equation (1) have an infinite number of zeros for a < x <
+00.

The proof is analogous to the proof of Theorem 3; instead of the function 6r,
one must consider u = (6 — 1/2z)rx.
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Corollary. If for the function r(z) we take (Inx)®, a < 1, then we obtain the
sufficient condition for oscillation:

o0 1 N
/a (px — @) (Inz)*dx = +o0.

Theorem 5. If the solutions of the equation y” + ¢(z)y = 0 have on [a, 00) an
infinite number of zeros, and moreover

‘/ pdzx| < oo, ‘/ pdx
/pd:vz/ pdx >0,
x x

then the solutions of equation (1) also have an infinite number of zeros.

< 00

and

Suppose the contrary. Then the equation 6’ + 62 4+ p = 0 has an indefinitely
continuable solution. Making the substitution

wm»=9—lpra *)

we obtain )

w’—k{w—k/:opdx] =0. (**)

Among the indefinitely continuable solutions of this equation there is a positive
one; otherwise, since by virtue of (**) ¢ is a monotonically nonincreasing func-
tion, all 8(z), by virtue of (*), would be negative beginning with some z, which
is impossible (). Denote the positive solution by ;. The function

d@=%+/'wm

must satisfy the condition ¢’ + o2 + ¢ < 0, but this is impossible, since it was
assumed that the equation y” + ¢(x)y = 0 has oscillating solutions. From this
theorem, for example, it follows that if

o 1
/ pdx > 426, e >0,

then all solutions of equation (1) are oscillating.

Theorem 6. If for some z3 and o < 1 the inequality

/ pr®dxr > C > —o0
xr

0
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holds, and

/mgi(x)dmoo, /mg2(m)d9:oo,

:I;(X
where . )
o «
J—— ad - = a—1
o) éﬁxw+hm—m 4E

(g9, and g_ are, respectively, the positive and negative parts of g(x)), then the
solutions of equation (1) have an infinite number of zeros.

Suppose that the conditions of the theorem are satisfied, but the solutions of
(1) have a finite number of zeros. Then the equation 6’ + 6% +p = 0 has an
indefinitely continuable solution. The function u = fz® satisfies the equation

, (u—ax*1/2)2 o a2y
Wt e et e =0
or
z (U _ ama71/2)2 /$ a2xa71 a2$871
- Ty 72 g dg — ~0.
0 0

Amonyg its solutions extendable without bound there will be one such w, (z) that

dx < 00,

/OO (uy — ax®1/2)?

xa

otherwise all u(x) — —oo and 6(x) would be < 0 for large x, and this is impos-
sible by (4).

We have

o) _ a—1 9 2 2, .a—1 z
ul(x):)\—i—/ ( a;a /2) daz—l—zﬁaxi 1>/ —px® dz,

0

where

oo _ a—1 2 2 2, .a—1
A =u(zy) —/ (wy = az®/2) do — 220
. e 4(a—1)

0

Suppose A > 0. Then

2

z . 047122 T 1 00 o a—1 22 T 2
[ [ o [ B [

:L-oz e xa
0 0

0
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If, however, A < 0, then

x — az®1/9)2 z 9 2 9
R Ay o VR R PR o SR

T T

0 0 0

but

dr < oo.

/OO (ug — ax®1/2)?

:EO(
0

The contradiction obtained proves the theorem.

The conditions of the theorem, for example, will be satisfied if

/ prdx

0

is a periodic function. We note that the requirement of divergence of

0 2
/ I+ dx
xa

and
< 9
/ g—_dac
:L.a

Theorem 7. If the solutions of the equations

cannot be omitted.

v + fi(x)y=0  (i=1,2,....n)
are nonoscillatory, then the solutions of the equation
n
y// + (Z Ci,fi) y=20
i=1

are also nonoscillatory for c; > 0, 2;1 c; < 1.

Indeed, from the nonoscillation of the solutions of these equations it follows that
for each ¢ there exist 6, such that
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Then

0; 4607 + f; <0.

satisfies the condition

0 +0°+> cf, <0,
=1

whence nonoscillation follows. For the case n = 2, see (?).

Moscow State University
named after M. V. Lomonosov

Received
5 X 1956

References

1.

2.

7.

M. I EI' shin, DAN, 68, No. 5, 813 (1949).

R. V. Petropavlovskaya, DAN, 105, No. 1, 29 (1955).

. V. V. Stepanov, Ordinary Differential Equations, Moscow, 1953.
. L. M. Sobol’ |, Uch. zap. MGU, 155, matem. ser., 5, 234 (1953).
. E. Hille, Trans. Am. Math. Soc., 64, No. 2, 205 (1948).

. A. Wintner, Am. J. Math., 73, 1, 368 (1951).

V. A. Kondrat’ ev, Uspekhi Mat. Nauk, 12, issue 3 (1957).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.17227 Machine Translation


https://sovietrxiv.org/items/ru-195701.17227

	Abstract
	Full Text
	Reports of the Academy of Sciences of the USSR
	MATHEMATICS
	V. A. KONDRAT’EV


	SUFFICIENT CONDITIONS FOR NONOSCILLATION AND OSCILLATION OF SOLUTIONS OF THE EQUATION y''+p(x)y=0
	References


