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Denote by S(a, ) the strip @ < Rez < 3 of finite width, and by S[«, 8] the
strip o < Re z < 3. Hardy, Ingham, and Pélya () considered means of the form

¢p<x,y>=$ / f@t+imPdy (p>o0), (1)

where the functions f(z) = f(x + iy) satisfy the following condition E:

a) f(z) is analytic in S(«, 8) and continuous in every finite part of S[a, 8];

b) f(z) = O(e*¥) uniformly in S(a, 8), 0 < k < 3 L

-«
The present paper contains analogous theorems in which the functions are free
of the restriction of continuity on the boundary of the domain.

In what follows, as a rule, we shall take « = 0 and 8 = 7, although the results
are valid in the general case. We shall always assume that the functions under
consideration are analytic inside the strip.

Definition 1. f(z) € A (respectively H,,) if the subharmonic function In* | f(2)|
(respectively |f(2)|P) has a harmonic majorant in S.

Definition 2. f(z) € M, if ¢, (=,y) < M(f) = const in S.

Lemma 1. Let u(z,y) be a nonnegative subharmonic function in S(0,7); let
A(t) > 0 be a continuous nondecreasing function (¢ > 0), and

/ u(z,y)A(ly|) dy < M = const.

Then for every § (0 < d < m/2) in the strip S(J, ™ — ) the following hold:
1) M|y| + d)u(x,y) — 0 uniformly as |y| — oo;
2)

(.y) < =2
u(x,y) < ———.
S Syl +0)
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Lemma 2. If a nonnegative subharmonic function in S(0, ), u(z+iy), satisfies
the condition

/ u(z +iy)e W dy < M(u) = const (0 <z < ), (2)

then it has a harmonic majorant in S(0, 7).

Indeed, by means of the substitution

w—1 s 1z
T—H—Ze (3)

S(0,7) is mapped onto the disk |w| < 1, and condition (2) is transformed into

/u(w) |dw| < const,
v

where 7 is the image of the line Re z = const.

With the aid of the images of the lines x = §, x = m — ¢ and of line segments
perpendicular to the z-axis, one can form a convex contour I' approximating
the circle |[w| = 1. On the basis of Lemma 1 we have

/Fu(w)dw <4(M+tgi5> (¢ > 0).

On the basis of Gabriel' s theorem (?)

g
w(w)|dw| < 8 (M + 7> .
/w—p<1 tgo

Since ¢ is arbitrary, we conclude (3), that u(w) has a harmonic majorant in
|w| < 1, and u(z) in S(0, 7).

Corollary. M, C H,,.
Indeed, let

B(z,1) = / (If(@ +io)P + | fa — io)P} do.

Then

/ e*|y||f(x+z'y)|pdy:/ VD, y) dy < 2M,
— 00 0
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and on the basis of Lemma 2 we obtain the assertion.
Theorem 1. If f(z) € 9, then:

a) f(z) has finite angular boundary values almost everywhere on the lines
z=0and x =,

b) these boundary values are summable to the power p on every finite interval
of variation of y; moreover

©p(&y) < M(f)  for {=0and §=m;

¢) f(z) = B(2)g(z), where B(z) is the Blaschke product for the strip and the
zeros of f(z):

zZ—Zz

in 2%k _ o\ 1/2
o sin
e 2 €08 2, .
Blz) = ctg (2+4)H Z+ 2 (coszk> ’
2

k=1 sin

A is the multiplicity of the point z = 7/2 as a zero of f(z), and the convergence
condition is

Ze"yk‘ sinx;, < +o00;
(zx)

g(z) # 0 in S(0,7); g(z) € M, and g(z) has almost everywhere on the lines
x =0 and z = 7 angular boundary values whose moduli are equal to |f(2)|;

d) if E is any bounded measurable set in —oco < y < oo, then

/If(x+z’y>|”dy S / FE il asz € (€=0and £ = m);
E E

d) for every bounded measurable set F
[ 15+ i) = fe+ipldy—+0 asz—¢(€=0amd =)
E

Let us consider propositions that may be called theorems of the Phragmén-
Lindelof type for the means ¢, (z,y). The proofs are based on the following
integral representations of the classes A and H,,.

Lemma 3. Every positive harmonic function in S(0,7) is representable in the
form

1 /Oo sinz chn 1 /Oo sin z Chndz/) )

u(z,y) = G A, dvpo(n) + o A,

oo —0o0

+(MeY + Ne ¥)sinw,
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where
Ay =ch(y —n) — cosz, A, =ch(y —n) + cos z;

¥o(n) and . (n) are nondecreasing functions bounded for —oo < n < oco; M
and N are nonnegative constants determined by the relations

M = lim e‘yu(g,y)7 N = lim €yu(g7y>-

Y—00 Yy——o0

Theorem 2. In order that f(z) € A (respectively Hp), it is necessary and
sufficient that f(z) can be represented in the form

f(2) = € expi{ M — Nem#} B(=) D(2)g(2), (4)
where A\, M, N are real constants; B(z) is a Blaschke product;

) o eiz n ol o) eiz — el
D(2) = exp — 1 T d L A3 eenychn @
(z) exp o {/OO Hpo(n) (1 — e”e”) Chn n+ /Oo npw(ﬁ) (1 + ezzen) Chn 77},

o0
po(m) >0;  p.(n) >0; / eI In py(n) dn < +o0;

/ e " np, (n)dn < +oo;

G=ew g d [ i+ [ v}
9\2) =P o | 1—etzen ot? | 1—eten ACEE

¥y(n) and 9, (n) have bounded variation in (—oo,00) and derivative almost
everywhere equal to zero.
For the classes H,,, in addition,

oo

M>0;, N2>0; / e 1 [po(n)]P dn < +o0; / e Mp ()P dn < +oo;

¥o(n) and 1, (n) are nondecreasing functions.

Theorem A. In order that f(z) € H, have bounded means ¢, (z,y) in S(a, ),
it is necessary and sufficient that

oplay) <K,  ¢,(8,y) <K (K = const). (5)

Moreover, from (5) it follows that ¢, (z,y) < K for a <z < B.

Let us show the sufficiency of the conditions. From (4) it follows that

1 e sin z 1 e sin z
)| < exp — ] dalad — 1 il .
|f(z +dy)| < exp 5 {/OO npy(n) A, dn} exp o {/OO np, (1) A, dn}

Applying Holder’ s inequality and the inequality between the arithmetic mean
and the geometric mean, we obtain
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(m—z)/m
sin 1 (Y ° sin
dt d — dt P d
Pyl { /; b[ [po(n Nr— 2B, n} X{Qy/; t/w“%Oﬂ]2mA2

If we introduce the functions
n
— [y + e-oydo (€=0and¢=m
0

and integrate by parts, then we find that
op(x,y) < K in S(0,7).

Theorem B. In order that a function f(z) of class A also belong to the class
9N, it is necessary and sufficient that the following conditions be satisfied:

a) the least harmonic majorant of the function In" |f(2)| is the limit of a uni-
formly convergent, inside S(«, 8), minorizing sequence of harmonic func-
tions bounded above;

b) ¢,(,y) <K, ¢,(B,y) < K (K = const).
Moreover, from a) and b) it follows that ¢, (7,y) < K for a <x < 8.

The proof follows from the theorem of P. Ya. Polubarinova-Kochina (®) and
from (4).

Let us note that functions f(z) € A satisfying condition a) of Theorem B in
S(0,7) are characterized also by the fact that in their integral representation
(4) one has M >0, N > 0; ¢y(n) and 1, (n) are nonincreasing functions.

Theorem C. If f(z) € M, in S(a, ), then

z—a

pplw,y) < AFEBFE,

where ¢, (o, y) < A and ¢,(8,y) < B, i.e. the logarithm of the upper bound of
the means ¢, (z,y) is a convex function of z for a <2 < 3.

The proof follows directly from Theorem A.
Theorem D. Suppose f(z) satisfies condition a) of Theorem B and, in addition:

Y—00

Y Y
b) Ty [ ferimpan< A, Tyt [lferinpdn< B oazo,
Y—00
-y -y
b>0, A>0, B>0.
Then

Yy
Hy—“/ |fx+ipPdn <M (e <z <B),
-y

Y—00
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where 5
— X r—«Q Bz z—a
= b M = Apao B,
M aﬁ_a‘F 3—a’

In particular, if ¢, (o, y) < M, ¢,(8,y) < M, then ¢, (z,y) < M for a <z < S,
and

In nggo gop(x,y)]
is a convex function of z.
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