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MATHEMATICS
V. A. STATULEVIČIUS

A LOCAL LIMIT THEOREM FOR NONHO-
MOGENEOUS MARKOV CHAINS WITH
A COUNTABLE NUMBER OF POSSIBLE
STATES
(Presented by Academician A. N. Kolmogorov on 14 III 1957)

Consider a sequence

𝑋1, 𝑋2, … , 𝑋𝑛, …

of random variables taking integer values and connected into a nonhomogeneous
Markov chain with transition probabilities
𝑝(𝑘)

𝑖𝑗 = 𝑃{𝑋𝑘 = 𝑗 ∣ 𝑋𝑘−1 = 𝑖} and absolute probabilities 𝑝𝑘∣𝑗 = 𝑃{𝑋𝑘 = 𝑗}. Let

𝑆𝑛 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛.

We introduce the following conditions:

I. There exists a value 𝑗0 such that 𝑝(𝑘)
𝑖𝑗0

≥ 𝛼 > 0 for all 𝑖 and 𝑘.
II. 𝐵2

𝑛 = 𝐷𝑆𝑛 ≥ 𝑐𝑛; 𝑐 > 0 *.

III. There exist uniformly bounded absolute moments 𝑀|𝑋𝑘|𝑠 up to order 𝑠
(𝑠 ≥ 3), inclusive.

IV. The greatest common divisor of all differences 𝑗𝑙 − 𝑗0 for which

1
ln𝑛

𝑛
∑
𝑘=1

𝑝𝑘∣𝑗𝑙
→ ∞ (𝑛 → ∞),

is equal to one.

For the characteristic function 𝑓𝑛(𝑡) of the sum 𝑆𝑛 the following lemmas hold.
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Lemma 1 **. If conditions I—III are satisfied, then for |𝑡| ≤ 𝑛1/6

𝑓𝑛 ( 𝑡
𝐵𝑛

) = exp [−𝑡2

2 + 𝑖𝑡𝑀𝑆𝑛
𝐵𝑛

] (1 +
𝑠−3
∑
𝑘=1

1
𝑛𝑘/2 𝑃𝑘(𝑖𝑡)) +

+ 1
𝑛(𝑠−2)/2 (|𝑡|𝑠 + |𝑡|3(𝑠−2)) exp [−𝑡2

2 ] 𝑂(1), (1)

where 𝑃𝑘(𝑖𝑡) is a polynomial in 𝑖𝑡 of degree 3𝑘. The coefficients of the polynomial
are real, depend on 𝑛, but are uniformly bounded in 𝑛.
Here and below, the constant in the symbol 𝑂(1) depends only on 𝑠.

* Condition II is satisfied if, for example, 𝐷𝑋𝜏
𝑘 ≥ 𝑐1 > 0 (1).

** Lemma 1 is valid if condition I is replaced by the condition that the co-
efficient of regularity 𝑎(𝑛) ≥ 𝛿 > 0, and the quantities 𝑋𝑘 may be arbitrary
𝔄𝑘-measurable functions (for the definition of 𝑎(𝑛) and 𝔄𝑘, see (1)).

Lemma 2. If conditions I, IV are satisfied, then

∫
𝑛1/𝑠<|𝑡|<𝜋𝐵𝑛

∣𝑓𝑛 ( 𝑡
𝐵𝑛

)∣ 𝑑𝑡 = 𝑂 ( 1
𝑛(𝑠−2)/2 ) . (2)

From the equality

𝐵𝑛𝑃{𝑆𝑛 = 𝑚} = 1
2𝜋 ∫

|𝑡|<𝑛1/𝑠
𝑓𝑛 ( 𝑡

𝐵𝑛
) exp [−𝑖𝑡 𝑚

𝐵𝑛
] 𝑑𝑡+

+ 1
2𝜋 ∫

𝑛1/𝑠<|𝑡|<𝜋𝐵𝑛

𝑓𝑛 ( 𝑡
𝐵𝑛

) exp [−𝑖𝑡 𝑚
𝐵𝑛

] 𝑑𝑡

and the estimates (1), (2), the following theorem easily follows (see, for example,
(2), § 51).

Theorem. Under conditions I–IV the expansion

𝐵𝑛𝑃{𝑆𝑛 = 𝑚} = 𝑔(𝑥𝑛𝑚) +
𝑠−3
∑
𝑘=1

1
𝑛𝑘/2 𝑃𝑘 (− 𝑑

𝑑𝑥𝑛𝑚
) 𝑔(𝑥𝑛𝑚) + 𝑂 ( 1

𝑛(𝑠−2)/2 ) ,

holds, where
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𝑔(𝑥) = 1√
2𝜋 exp [−𝑥2

2 ] ; 𝑥𝑛𝑚 = 𝑚 − 𝑀𝑆𝑛
𝐵𝑛

;

𝑃𝑘 (− 𝑑
𝑑𝑥) 𝑔(𝑥) means that in the polynomial 𝑃𝑘(𝑖𝑡) the powers (𝑖𝑡)𝜈 are re-

placed by the expressions

(−1)𝜈 𝑑𝜈

𝑑𝑥𝜈 𝑔(𝑥).

Remark. The relation

𝐵𝑛𝑃 {𝑆𝑛 = 𝑚} − 𝑔(𝑥𝑛𝑚) → 0 (𝑛 → ∞)

holds uniformly in all 𝑚 also in the case when condition III is replaced by the
weaker condition:

IIIa. There exist uniformly bounded 𝑀|𝑋𝑘|2+𝛿, 𝛿 > 0.
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