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Abstract
Full Text

A. P. PRUDNIKOV

SOLUTION IN INTEGRAL FORM OF A
MIXED PROBLEM FOR A SYSTEM OF
TWO DIFFERENTIAL EQUATIONS OF
PARABOLIC TYPE

(Presented by Academician A. A. Dorodnitsyn, 15 III 1957)

Let us consider the system of equations, encountered in the theory of heat and
mass transfer (1),
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with the initial conditions

U(ac,y,O) :Fl(xvy)v V(x,y,O) :FQ(xay) (2)

and the boundary conditions
U.(0,y,t) = Uy(z,0,t) = V;(0,y,t) = V,(2,0,t) = 0, (3)

U;(C, Y, t) = 1/’1(%15)7 U;(Ivdvt) = X1(1‘7t) (t 2 O)a

4 _ ’ _ (4)
Vx(c7y7t)—1/12(y,t), Vy(l',d,t>—X2(£L',t).

The coefficients a, b, a’, b’ are constants. To solve the posed problem, we shall
use the double Fourier transform, taken over the domain R(—c <z <¢, —d <
y<d),

${®(z,y)} = //exp (*imgﬁ - in%z) (&, ) d§dn = p(m,n),  (5)
R
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by means of which to a real function ®(z,y), integrable in R, there is put in
correspondence a function ¢(m, n) of two integer arguments m and n. In analogy
with the terminology of operational calculus, the function ®(z,y) will be called
the original, and the function ¢(m,n) its image. The conditions (?) are known
under which one may pass from the image ¢(m,n) to the original ®(z,y) in the
form

A S (AR )

Let the function ®,(z,y) be integrable in the rectangle (—2¢ < & < 2¢, —2d <
y < 2d), and the function ®,(z,y) be integrable in R. Then by the convolution
of these functions we mean the double integral

By (2,y) * y(z,y) = // By — &y — n)By(&,n) dé dn. (7)
R

If the function ®,(x,y) is periodic in the first argument with period 2¢ and in
the second with period 2d, then the basic convolution law holds:

F{Py * Po} = F{Dy} - F{Po}. (8)

It will be expedient for us to continue the functions U and V into the intervals
(—c <2 <0)and (—d <y <0) in an even manner, and their partial derivatives
U,,U,,V;,V, in an odd manner, which can be done by virtue of the conditions

0
(3). Then, assuming that § can be interchanged with T after applying the

transform (5) to problem (1)—(4), we obtain a system of two ordinary differential
equations

du(m,n,t) dv(m, n, )
)T = —adu(m,n,t) + 2as,(t) + b dat )
d t
% = —a’dv(m,n,t) — b'du(m, n,t) + 2a"sy(t) + 20"s, (1),
m?  n?
(5_7T2<C2+d2>7 (9)
d

si(t) = (=)™ /d exp (—ingn) Wi(n,t) dn+

sovietrxiv.org/items/ru-195701.14054 Machine Translation


https://sovietrxiv.org/items/ru-195701.14054

(1) /_ exp (—im%f) X (6.8 d.

Here we assume that the conditions (2), after application of the Fourier trans-
form (5), pass into the conditions

u(m,n,0) = f;(m,n), v(im,n,0) = fy(m,n). (10)

By the known rules of operational calculus (%), problem (9), (10), by means of
the Laplace—Carson integral, is reduced to the algebraic system

(p + 0’5) H(m, Tl,p) - bpi(m7 nap) = pfl <m7 Tl) - bpr(m, n) + 2a’§1 (p)a

b'du(m,n,p) + (p+a’d) v(m,n,p) = pfa(m,n) + 2a’5,(p) + 20’5, (p), (11)

where, as usual, the bar over the functions denotes their Laplace—Carson trans-

forms. After finding u and v from the latter and passing to originals with respect
to p, we shall have

u(m,n,t) = (Aje™% + Ayem20) f) (m,n) + (Age™®1% + A e20) fo(m, n)+

+(Age@10% 4 Acem2%) % 5, (1) + (Aye @10  Age 2% x 55(t),  (12)

where

1
Q=g [a’ +r++(a@ +r)?— 4aa’] (r=a+0bb"),

with the minus sign corresponding to the index 1, and the plus sign to the index
2.

For the coefficients A, (i = 1,2, ..., 8) the following relations hold:

4 ’ A A /
Ay =7(a; —a), Ay =(d" — ay), A3 =—A, = 720[7 = —725 =a’b,
1 2
/7 / 1
Ay = 2y(aqr — aa’), Ag = 2y(aa’ — ayr) v=— (13)
1 2

sovietrxiv.org/items/ru-195701.14054 Machine Translation


https://sovietrxiv.org/items/ru-195701.14054

The sign % denotes taking the convolution with respect to ¢ from zero to t. The
function v(m, n,t) is expressed by means of the right-hand side of equality (12),
where, instead of the coefficients A;, one must put the coefficients B;:

B B )
B, = —B, = i = —i =, By=1v(q—r),  By=7(r—ay), (14)

B, = 2vd (o) — a), Bg = 2va'(a — ay).

We now proceed to finding the originals with respect to m and n in equality (12).

First note that, taking into account the known definition of the theta function
(4).

o0
193(,077_) — Z qn222n (Z — ei‘n’v, q= €i7r'r)7

n=—oo

it is easy to find, with the aid of (6), that the image k(m, n, () = ¢~°¢ corresponds
to the original

Ly [E ey (Y %}
K(%%C)- 4Cd193 |:2C’ CQ:|193 |:2da d2 )

which, by virtue of the known properties of theta functions, is a periodic function
in z of period 2c¢ and in y of period 2d. Taking the latter into account, it is not
difficult to obtain the originals in the first two terms of equality (12) with the
aid of relation (8), and in the remaining terms—with the aid of (6). Then, after
obvious transformations, we shall have

Ulr,y,t) = Ay Jj1+ Ay oy + A3 10+ Ay Jog+As Ji1 +Ag 5 + A7 J g+ Ag gy, (15)

where

1 r—& amoyt y—n iwakt]
T = go [ 95 [Tt =T 0 [V~ | Futeon den
R

J’l/td 9. |c=% iy (t—7) /dﬁ y—n dmoy(t—7) (0, 7) d
K™ 4ed b Y82 c? » 31 24 d? (I T) 4N

Lo, [dmy,iwakc(;ﬂ] [ 9, |:332c€7i71'0ék(t7'):| X, (€, 7) df}

c2
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By virtue of the remark mentioned with respect to the function v(m,n,t), its
original V(x,y,t) is expressed by means of the right-hand side of equality (15), in
which only the coefficients 4, (i = 1,2, ..., 8) must be replaced by the coefficients
B, from (14).
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