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MATHEMATICS
WOLFGANG RICHTER

LOCAL LIMIT THEOREMS FOR LARGE DE-
VIATIONS

(Presented by Academician I. M. Vinogradov on 28 I 1957)

1. Let there be a sequence of independent random variables X, X5, ... with

distribution functions V; (z), V,(z), .... Suppose that their variances exist,
DX; = ajz, ;:1 0]2- = s2. Their mathematical expectations may, without

loss of generality, be taken equal to zero.
M;(z) = Ee*i= [ O:o e** dV;(z) is called the moment-generating function

of the variable X R Put
z, = ZXj/sn.
j=1

Let us consider the limiting behavior of the function P{Z, < z} = F, (x) and
of its derivative, if it exists, as n — oo.

2. In the present note a series of local limit theorems is given in the case of
large deviations, i.e., for x increasing without bound together with n. As
is known, analogous (local and integral) theorems, established under the
assumption z = O(1) as n — oo, give only a trivial answer to the question
of the behavior of probabilities in the case of large deviations. Several
integral theorems are already known which partially solve the problem of
large deviations.

For identically distributed variables there is a theorem of H. Cramér (1), esti-
mating the ratio

1—-F, (x)

1—®(x)’
where ®(x) is the normal distribution function. In (!) x has order of growth

T = 0(%). W. Feller (%) considered the same problem for the case of non-

identically distributed variables.

V. V. Petrov () succeeded in generalizing Cramér’ s theorem to the case of non-
identically distributed random variables, while improving the remainder term
of the asymptotic expression and replacing the order of growth

()
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by = = o(y/n).

In all the above-mentioned works one very strong assumption is made, namely,
the analyticity is assumed of the moment-generating functions of the summands
X in a neighborhood, common for all, of the point z = 0. A certain transfor-
mation of the given probability laws is applied, which, in essence, reduces to the
introduction of “conjugate” probability distributions (in the sense of Khintchine
(5)). Why precisely such a transformation leads to some success in solving the
problem of large deviations is not explained in these works.

It turns out that this transformation is, in essence, a hidden application of the
saddle-point method from the theory of functions of a complex vari-

G. Daniels in paper (?) pointed out the possible significance of this method
for obtaining asymptotic expressions in probability theory and mathematical
statistics. By the same method he obtained an asymptotic expression for the
density of the arithmetic mean of identically distributed independent random
variables under the condition z = O(1).

The proofs of the following theorems are, in their structure, analogous to the
proof of Cramér’ s theorem, but here the saddle-point method is applied consis-
tently. This gives local theorems for identically distributed variables both in the
case where a density exists and for lattice summands. A local theorem is also
given for non-identically distributed variables, with the assumption of the strong
condition C (Theorem 1). One particular case is indicated in which condition
C is formulated purely in terms of the distribution functions themselves.

3. We pass to the results.
Theorem 1. We shall assume that the following conditions are satisfied:

Condition A. There exist positive numbers A, K, and k such that in the circle
|z| < A the inequalities hold

k<

oo
/ ezyd‘/'j(y)‘gK7 i=12,..,

Condition B. For alln )
s g0,
n

2 . . n
where s, is the variance of Y7, X.

Condition C. There exists a subsequence X; , X; , ... of the sequence X1, X, ...

such that, for the moment-generating functions of X; , the uniform estimate
holds

‘ / AV, )| < (*)
for |t| > N and |v|] < A, where L,N, and 8 > 0 may depend on v, and the
number n* of the terms X; among the first n variables Xy, Xy, ..., X, satisfies
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the condition

.oon'
lim = >0
n—oo 89,

for some § > 0.

Letpy () denote the density of the distribution of the random variable Z,,. It
exists for all sufficiently large n.

Then, if > 1 and © = o(y/n) as n — oo, the relation holds

Gy = [ ()] [ ()
- =exp|—=\, | —= 1+0|—=]|,
o(x) vn "t \Vn vn
where A, (t) is a power series converging for sufficiently small values of |t|
uniformly for all n, and p(x) = e"”2/2/\/ 2.

We note that the uniform estimate (*) in condition C is satisfied if, for example,
the distribution functions of the variables X j, are absolutely continuous--

functions and their derivatives p;;(z), as well as the functions e**p;;(z) (=4 <
v < A), have uniformly (for each v) bounded total variations, i.e. the sequence

/ e |dp y (z)|

is uniformly bounded for each v, |v| < A.

If the variables X, X,, ... are identically distributed, then condition C can be
considerably weakened.

Theorem 2. Let the independent variables X, X, ..., with common distribu-
tion function V(x), EX; =0, DX; = 0% >0, j=1,2,..., satisfy the following
conditions:

Condition 1. There exists a positive number A such that for any real number
s (]s| < A) the integral

/: eV dV (y)

converges.

Condition 2. There exists an n, such that the distribution function of the sum
Xy + -+ X, is absolutely continuous and its derivative is bounded.

Then, if x > 1 and = = o(y/n), as n — oo one has

o oo [ (B)] o ()]
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where A(t) is a power series converging for sufficiently small values of |t].

Analogously, a local theorem also holds for identically distributed lattice sum-
mands X, X,, ... with maximal span h.

Theorem 3. Let there be given a sequence X, X, ... of independent random
variables, EX; = 0, DX; = 02 > 0, which take only values from a certain
arithmetic progression with positive probability p, = P{X; = a + kh}, h being
the maximal span of the distribution, k an integer, and a some real number.
Put

P (k)= P{in = an+kh}.

Let the sequence X, X, ... satisfy condition 1 of theorem 2. Put

. _an+kh
nk — O'\/ﬁ .

Then, if x,,;, > 1 and z,,;, = o(y/n),

ovn

——2,.(k) 3
Ch T [%m (wnk)] {1 Lo (%kﬂ 7
(@) vno \vn vn
where A(t) is a power series converging for sufficiently small values of |¢|.

Entirely analogous asymptotic expressions can be obtained if one admits x < —1
and |z| = o(y/n). It is enough to replace, in the limiting expressions of theorems
1-3, z by |z| in the remainder term.

It should be noted that the series A(t) and, respectively, A, (t) appearing in these
theorems are the same as in the papers (1,4).

)

4. From theorems 1-3 there follows a number of simple consequences. We
indicate the most interesting consequences of theorem 1.

Corollary 1. Under the conditions of Theorem 1:

a) If z > 1, 2 = O(n'/%) as n — oo, then

o e o ()]

where
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1 n
€n = 6?20‘33'

n =1

(vg; is the third moment of the random variable X;) has order
1
o —
(%)

b) If z > 1, = = o(n'/®) as n — oo, then

as n — o0.

lim py () = o(a).

n—oo

Corollary 2. Under the conditions of Theorem 1, for x = o(y/n), = > 1, we
obtain

and consequently,

Inp, (z) =Ing(x)[l+o(1)].

But if z = O(y/n), then

Inp, (z)= %xQ[l +o(1)]

and C' # 1; Inp, () is then no longer asymptotically proportional to In¢(z).

Corollary 3. From the proof of Theorem 1 itself it becomes clear that here
too an analogue of Theorem 2 of V. V. Petrov? holds. The only requirement
is that x/4/n, for large n, remains in modulus less than some small quantity
€o > 0. Choosing a sufficiently small constant ¢,, we may assert that in the
interval 1 < x < £y/n one has

Pz, (2) z3

5o o ()]

where |r| is less than some constant .

I express my gratitude to Corresponding Member of the Academy of Sciences of
the USSR Yu. V. Linnik for posing the problem and for valuable suggestions.
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