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Consider a function f(zy,...,x,) having period equal to one in each of the
variables zq,...,z,. We shall assume that f(zq,...,z,) expands in the unit s-

y s rrs

dimensional cube into an absolutely convergent Fourier series:

flxy,.,zy) = Z C(my,...,my)exp[2mi(myzy + - +myz,)]. (1)

Let us denote by ¢ the sum of the series formed from the absolute values of the
Fourier coeflicients:

kl/
Theorem 1. Let p > s be prime and &, (k) = {—} (v=1,2,...,9)"
If in the unit s-dimensional cube the derivative
0% f(xy,...,x,)
0x? -+ D2

is continuous and, for any integers j; < jo < - <j,. (1 <r<s, 1<j;,4, <s),
the derivatives

0% f(xy,..., )
2 2
am]l o al])"
are bounded in absolute value by a common constant C, then for N = p? the
estimate
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The proof of the theorem is based on the following simple lemma.

Lemma. If at least one of the integers m,...,m, is not divisible by p, where
p > s is prime, then

p2

k4 - ks
Z exp {2772’ Mt 2+ T } < (s—1)p.
k=1 p

Proof. Introduce the notation:

p2
o(k) = myk + -+ mk*; S = Zexp [2772'('0255)} .
k=1

* Here {A} denotes the fractional part of the number A.

Splitting the summation interval of the sum S into parts of length p and using
the obvious congruence

o(x +py) = o(x) + ¢’ (z)py  (mod p?),

we obtain

The degree of the polynomial ¢’ (x) is less than p; its coefficients, by the condi-
tions of the lemma, are not all divisible by p. Thus, denoting by 7' the number
of solutions of the congruence ¢’(x) =0 (mod p), we obtain:
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We now pass to the proof of the theorem. In view of (1) we have:

N

T e R, &) = (2)

N
= % Z C(my,...,my) Z exp{2mi[m,&; (k) + ... + m &, (k)]}
= k=1

0 P2

1 mqk + ... + mk®
=C(0,....0) + > Clmy,,my)Y exp {2m‘ s 2+ s ]
T ey M =—00 k=1 p
(here Z/ denotes summation over all systems m, ..., m,, except for the system
my; = ... =m, = 0). Observing that

1

1
C(O,...,O):/ / flzq, ... z,) dxy - dag,
0 0

we obtain from (2):

/fxl,.--, ) da, - da, —fszl &)

2

1 e , u myk A4 ..+ mk?
=% Z_ C(my,...,my) Zexp {2m pe ] <
My ,...,M =—00 k=1
1 °° , v myk A4 .+ m ks
< N Z |C(myq,...,m,)] Zexp 2mi e . (3)
My ,...,Mg=—00 k=1
Let d denote the greatest common divisor of the quantities mq,...,mg, and
split the systems m, ..., m, into two classes: in the first class are the systems

for which d = 0 (mod p), and in the second class all the remaining systems.
Applying to the systems of the first class the trivial estimate
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k+ .. k*
Zexp |:27Ti Mkt 2+ s <N
s p

and, using for systems of the second class the estimate indicated in the lemma,
we obtain:

2

1 > L myk+ -+ mk®
i Z "|C(my, ..., my)] Zexp [2772 e 2
T ey M =—00 k=1
(s—1p
< Y Cmy, . m)| + e Yoo lCmy, . my)| (@)
d=0 (mod p) d#0 (mod p)
<Y (Clmpnimy) + DT
> 1Ds —=
My, M g=—00 Sp \/N
Let mq,...,m, be a system of integers not all equal to zero simultaneously.
Suppose that 7 of these numbers are different from zero (1 < r < s). Denote
the moduli of the nonzero numbers by nq,...,n,. Using the equality

1 1
C(mq, ..., my) :/ / flxy, ..., x,) exp[—2mi(m z) + -+ myz,)] dz, - dx,,
0 0

by virtue of the conditions of the theorem, after 2r-fold integration by parts we
obtain

c c (2)2(6my +46m,)

C ml,...,ms S 20 2 = 2s
1C( )| (2m)27(ny - n,.) (2m) [(|m1|+5m1)"'(|ms\ +6ms)]2
()

)

where the quantities 5mu’ for v =1,2,...,s, are defined by the equalities

1, ifm, =0,
6m = .
v 0, ifm, #0.

But then
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00 C 0o (27rp)2<6m1 +ot6,, )

Z /|C(mlp7"'am5p)| Z ’

IN

2mp)2s 2
S — QTP oo (] + 60,) - (] + 6]

1 \° sC
= ) -1 < =
c[(1+ 12p2) 1} <o

which, by virtue of (3) and (4), proves the theorem.

B 1 > (27p)2om S_
_CKMW 2. <|m|+6m>2) :

m=—0o0

If the partial derivatives of the function f(zq,...,x,) satisfy the requirements of
Theorem 1, then, by virtue of (5), the estimate

¢

(ol + 8, (Il +8,,)]

|C(myq,...,m,)| <

holds, where (' is some constant. Using more delicate number-theoretic es-
timates, one can, under substantially weaker requirements on the function
f(xq,...,x,), ensure the same order of accuracy of approximation of the integral

by the corresponding sum as in Theorem 1:

Theorem 2. If there exist constants C; and € (0 < € < 1) such that for the
Fourier coefficients of the function f(zq,...,z,) the condition

G

|C(myq,...,my)| <

- 1+e”?
(4] + 6,0, (1] + 6,0
. s . kY
then for every prime p > o with &, (k) = {?} (v=1,2,...,s), for N = p the

estimate

! ! 1 & (s—1)o TsC
L Y

In Theorems 1 and 2 the choice of points M, = M[£,(k), ..., &,(k)], at which
the values of the function f(zq,...,x,) are computed, depends, obviously, on
the value of N. There exist, however, such ways of choosing the points M, for
which N can be varied within comparatively wide limits without changing the
positions of the chosen points.

v+1

Theorem 3. Let p > s+1 be prime and £, (k) = - ¢ (v=1,2,...;5). Then,
p

under the assumption that the function f(xq,...,x,) satisfies the conditions of

Theorem 1, for every N in the interval p < N < p? the estimate
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holds (here @ is determined by the equality N = p??, and consequently 1/2 <
6 <1).

Analogous results can also be obtained from Theorem 2 by choosing in it p >

v+1
s1600={

The accuracy of the estimate in Theorem 3 decreases considerably for N close to
p. This drawback can be eliminated by defining the points M, [£ (k), ..., &, (k)],
for example, in the following way: let p; < py < -+ be consecutive primes;
pp > s fort >1 A1) =py+-+p,—t; A0) =0; for t = 1,2,..., on the
intervals A(t — 1) < k < A(t), the quantities £, (k) are given by the equalities

} and considering the interval \/p < N < p.

gyaf):{ky} (v=1,2,..,5). (6)

Py

With this choice of the points M,,, their position in the unit s-dimensional cube,
obviously, does not depend on N. It is not difficult to show that, under the
corresponding assumptions concerning f(zq,...,x,), the accuracy of the approx-

1
imation of the integral by a sum of the form i ijzl f(M,) has order not

1
exceeding the quantity —— for any N > p,.
g y IN y 1
Remark. In Theorems 1 and 2, and also in the equalities (6), one may, when
choosing &, (k), without decreasing the accuracy of the estimates, use instead

kv kv kv vk vk vk
of the quantities {—2}, {—}, {} the quantities {92}, {g}’ {gt},

p p Dy p p e
where g and g, are primitive roots, respectively, modulo p? and p,.

The question of approximate formulas convenient for computing multiple inte-
grals was discussed in detail at the seminar on Monte Carlo methods at the
Mathematical Institute of the Academy of Sciences of the USSR. The work of
the seminar helped to reveal the most natural formulations of the problems
whose solutions are given in the present paper. I take this opportunity to ex-
press my gratitude to the participants of the seminar and, especially, to N. N.
Chentsov.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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* The proof of this and of the subsequent assertions is basically similar to the
proof of Theorem 1.

Note: Figure translations are in progress. See original paper for figures.
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