Soviet-era science, translated into English

MATHEMATICS

L. A. SAKHNOVICH

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.12625

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.12625

Abstract
Full Text

MATHEMATICS
L. A. SAKHNOVICH

SPECTRAL ANALYSIS OF VOLTERRA OP-
ERATORS AND INVERSE PROBLEMS

(Presented by Academician M. V. Keldysh on 28 II 1957)

In solving the inverse problem for the second-order differential equation

d?y
_@—q(x)y—f—)\yzo O0<z<l) (1)

V. A. Marchenko (!) constructs a transformation operator which carries a solu-

tion of equation (1) into a solution of the simplest equation

d?y

If one passes to Green’ s functions under the boundary conditions

then the differential operator

ly) = T4~ gty

will correspond to the integral operator
Kf= [ 1o6od  ©0<a<, 3)
0

where G(z, ) = 0, ;xc:(x,g)‘u —

From the results of V. A. Marchenko (1) it follows easily that the operator K
is linearly equivalent to the operator of repeated integration

ri=[ CHO@—9de £(©) € L[0,1]. (4)
0
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In the present paper we find sufficient conditions under which a Volterra operator
(not necessarily generated by a differential equation) is linearly equivalent to the
operator of repeated integration (4). The results obtained are used in proving
uniqueness theorems for systems of differential equations.

§ 1. Consider the Volterra operator

Kf— / CpoK@nd,  f) € L0, (5)
0

In what follows we shall assume that the kernel K (x,t) satisfies the following
conditions:

1) the bounded derivatives exist

o K k 1,2 d o K
— k= o — | = >
2) K(z,z) =0
3)
0
‘&L.K(l',t> . > 0.

Without loss of generality one may assume that

2K(a:,t)

=1.
ox

t=x

Theorem 1. If the kernel K(x,t) of the operator K satisfies the conditions
stated above, then the operator K is linearly equivalent to the operator J? of
double integration:

J2f=/m f)(x —1t)dt, f(t) € L?0,1].
0
Proof. Let y(z,\) = (I + A>K)' f; then

2y d2f ., [C 82
R TR /O Yt ) 55 K (1) dt. (6)

Consider the operator

armf=fw+ [ CJ()H(, 1) dr,
0
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inverse to the operator

(14 Ky)f = fla /f o)t
The equality holds
d?y d?y
TY vy - / Y H e, 1) di — 2y, 1)
0
where
2f
I+H
o) = (T+ )

From the smoothness of ;—;K (z,t) follows the smoothness of H(x,t), and there-
fore we may write

Py dy
g2 Ty = —q(ff)% + y(z, A\)p(x)—

/0 8t2 (x,t)dt + s(x),

0

where

Q(x) :H(I,ZE), :p($>,

t=x

s(x) = r(z) + X

dl”)\ 0

H(2,0) — y(0) o H(z, 1)

t=0

df

Choose f(x) in equality (6) so that s(z) =0, f(0) =1, e
x

= 0; then

2

d?y dy ” 0
o v p) = [yt ) g

] + N2y = —q(x)

Put

y = exp [—; /qu( )dS] Y1

we obtain

LT CI —/Z A 1/1 ds| &t a8
T = m@ate)— [ ve |3 [ atds| S ®

where u(x) = p(z) + 3(q(2)? + ¢’ (2)).
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In the paper (!) an operator is constructed which transforms the solution of
2

equation (8), when — H(x,t) = 0, into the solution of the equation

ot?

d2y1

dx?

+ A%y, = 0. 9)

Repeating almost verbatim the arguments of V. A. Marchenko, one can, in the
general case, construct an operator transforming the solution of equation (8)
into the solution of equation (9), i.e. the equality

Yy (z, A) = cos Az +/ cos At - N(z,t) dt,
0

where [N (z,t)| < N (0 <t <z <), will hold.
Then

x 1 x
y(z,\) = Vcos Az = |:COS Az —|—/ cos At - N(z,t) dt] exp [—2/ q(s) ds] ,
0 0
ie.

(I+NK) ' f=V({I+MJ?)1 1. (11)

Expanding both sides of equality (11) in a series in A and equating the corre-
sponding coeflicients, it is not difficult to verify the validity of the relation

K=VJ*v-1

Theorem 1 is proved.

Remark. Theorem 1 remains valid if the operator K (1) is given in the space
L2,[0,1* and K(z,t) is a matrix-function. In this case, instead of condition 3),
one should require

9 _
%K(‘T,t) :I,

and the operator J? should also be regarded as given in L2 [0,1].

Let us note that operator (5) has a system of nested invariant subspaces H,,,
where H,, consists of all vector-functions vanishing on the interval [0, ] (a > 0).
Naturally the question arises whether operator (5) has other invariant subspaces,

distinct from H,,.
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* By the space L2 [0,1] we shall mean the space of vector-functions

f(@) = [f1i(@), fo(2), - s [ (2)]

with scalar product

m l
(f,9) = Z/o fi(@)g;(x) da.

i=1

From Titchmarsh’ s theorem (?), which concerns integral equations of the form

[ KG@-wrwa=o, s e
0

it follows easily that J2 has no invariant subspaces other than H,. From The-
orem 1 it then follows that the operator K|1| also has no invariant subspaces
other than H .

Corollary. The function f(z) is a generating function for the operator K|1| if
and only if, for every a (o > 0), in the segment [0, ] there exists a set of points
of positive measure on which f(x) # 0.

§ 2. Consider the system of differential equations

‘% = iIANWB(z), WON=I (0<z<l), (12)

where 3%(z) is a Hermitian nonnegative matrix of finite or infinite order r; J is
a diagonal matrix whose diagonal entries are either +1 or —1.

We shall assume that rang 3(x) = 1; then the matrices 3(x) and 3?(x).J are
represented in the form

B(x) = lei(@)e; (@)l i1,

B2(2)T =Y lon(@)? - i (@) (@)l o, (13)
k=1

where ¢, = +1.

Let 32(x)J have the following properties:
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2) the kernel

satisfies the conditions of Theorem 1.

From a work of M. S. Livshits (%) it follows that system (12) is associated with
the operator

Kf= / FOK (z,t)dt
0

and the matrix W(l,1/X) coincides with the characteristic matrix-function of the
operator K, i.e. the matrix W (I,1/)) characterizes the operator K up to unitary
equivalence. Using this fact and Theorem 1, we have proved the following
proposition:

Theorem 2. If 3%(x)J is represented in the form (13) and satisfies conditions
1), 2), then the matrix W (I, \) determines the system of differential equations
uniquely.

In the special case (r = 2), this yields the known results (!) on the uniqueness
of the solution of the inverse problem for an ordinary differential equation of
second order on a finite interval.
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