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Abstract
Full Text

THEORY OF ELASTICITY
D. D. IVLEV

APPROXIMATE SOLUTION OF ELASTO-
PLASTIC PROBLEMS OF THE THEORY OF
IDEAL PLASTICITY

(Presented by Academician A. I. Nekrasov, 12 X 1956)

We shall seek the solution of the elastoplastic problem in the form of series in
powers of a certain parameter J:

0= g 6oy, 0 =0, 0 = 0y, 0,j =0 = Ty (1)
n=0

We shall confine ourselves to consideration, in the theory of plane strain, of
the plasticity conditions of Mises and Saint-Venant (!), which are essentially
coincident:

1
1(%*09)2*%29:1; (2)
in the theory of plane stress—the Saint-Venant plasticity condition (1):

2

1 1
1<Up —0g)? + 7= |1- 5(0” +0p) for oy >0, > 0. (3)
In (1), (2), (3) all quantities are dimensionless. Substituting (1) into (2), with

0 _ .
Top = 0, we obtain:

1
o, —0y=0, (0, —og)u+ 7,392 =0, 5(05’ —oy )p+ T;GTZQ =0, (4)
where p = sign(o)) — op).
Substituting (1) into (3) with TSO = 0, we obtain:
o, =0, (1—0%)oy + 7';)62 =0, (1—00)og — 0,05 + 270979 = 0. (5)
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If on the boundary L of the body under consideration

o, =P

n n’

T = I, (6)

then, assuming the equation of the contour L to be given in the form

p=> 6"p,(0),
n=0

we obtain the linearized boundary conditions (6) in the form

,  dod dpP, , . dP,

o, Tt T;H = %Pﬂ Ty — (0 —op) Ry = Tppl;
do’ d?c% p2  doY . .
) pP1L %% 0_;0\R2 _9:/ R —
o, + dp p1t a2 2! + dp pa+ (09 — 0, Ri Toedt

Cdp? 2! dp P2

d

oo — (05 — 02)(R2 — Ry Ry) — (0 — U;)>R1 + dp [T,/;o —(0p — 02)31] P1=
d*P_p? dP
= i + — s
dp? 2! dp
(7)
» " d?cl, p2  d*0Y p3 . .
ol + T;pl 4 dp; 27} n dp3p 3% +2(09 — 09 (R Ry — Ry R+
d(O'a — 0 ) . , e , . .
+d7p”pr1 — (o — O-p)R% - QTpe(R2 —RiRy)—
dr,g . . do’ d*o9 do?
pb 7 p p P
*QWRlpl — 27,01 + %PQ + Tp2P1P2 + Tpﬁs =
&P #R, iR,
=48 3 dp? P1P2 dp P35
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,;g — 27, 9R2 ( - U;O:)<R3 - R1R2 + R%R1 - R1R2 - R:f)_

/ / I 3 77 I\ T d 77 B B
—(op —0,)(Ry — R Iy) — (0 — 0 )Ry + dp [ Too — (o — Ug)<R2 —RRy)—
/ INT d2 / p d I
*<0970—P)R1] pl‘i’ﬁ [TPG*(UG )Rl] 27+d7 [ 7(0—270-2)1?1] Py =
_BP.p} &IP dP

- dp3 3' + dp2 ppo +

dp p37

where R, = p;/po-

Since on the boundary of the plastic region L, the solutions for the plastic and
elastic regions are matched continuously (1):

[0,] = o] = [T6] =0 on L, (8)

then, representing the equation of the contour L, in the form

= 0"p,(0), (9)
n=0

we obtain the linearized matching conditions (8) in the form

’ da?j 0 ’” dO” d2 ?J pgl do—?j 0
055 T ap P T o5+ Tﬂél + a2 2 ap P2 =
i 247 d3a0 3. do?, do’.
1 l] psl ij Ps1 ] v
—4 —— 4 ls1 —4 10
O + dp psl + dp 2! dp3 3! dp Ps3 + dp p52+ ( )

d%q9,
,
+dp2]Ps1P521 = 0 etc.

We note that from the equilibrium equations and conditions (8) it follows that

da _ 0 L.
dp = on

Consequently, the matching conditions (10) for o, and 7, play the role of
boundary conditions for determining the stresses in the elastlc region, while the
matching condition for o, serves to determine p,,,. The greatest difficulty and
interest in such problems is the determination of the equation of the boundary
of the plastic zone L,. We shall present several approximate solutions.
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1. Biaxial tension of a thick plate with a circular hole of radius a
by forces P, and P,. Denoting

[P — Py

0= "9

(11)

where k = %05 according to Saint-Venant and k = %O’S according to Mises, one
may obtain:

ps =1+ 0dcos20— 252(1 — cos40) + 253(— cos 26 + cos 60)+
+6l464<_1 —4cos46 + 5cos 80) + - (12)

Expansion (12) coincides exactly with the expansion of the equation of an ellipse
with semiaxes (1 + 6), (1 — &), which, as shown in (2), is the exact solution of
this problem.

2. Biaxial tension of a thin plate with a circular hole of radius a by
forces P, and P,. Introducing § (11), one may obtain:

ps = 1+ 46* cos 20 — 852 (1 — 2 cos 46) — 805*3(cos 20 — cos 660)+
+325*(1 — 16 cos 40 + 14 cos 86) + ---, (13)

where §* = 0/a; a = a/r?; r9 is the size of the radius of the plastic zone for

§ = 0. The first approximation (13) was obtained in (3).

3. Biaxial tension of a thin plate with an elliptical hole by forces
P,d, and P,d,, directed at an angle §, to the principal central
axes of the ellipse. Introducing ¢ (11), one may obtain:

ps =1+ 6%(4dycos2(0 — 0,) + 3ad, cos 20) + 6*2{d?(a?/4 — 8a*)—
—(18d,dycx cos 20 + 8d3) + [—d3(15/4a? — 8a® — 3 /4 a*)+
+(18d, dycv cos 20, + 16d3 cos 46,)] cos 40+
+[18d; dyarsin 26, + 16d3 sin 46,] sin 40} + -+,

where the equation of the ellipse of the hole is represented in the form

d2
p=a+dad, 008297523&—1(

1—cos40) + ---.

For d; =0, 6, =0, dy = 1 there is the case of biaxial tension of a thin plate
with a circular hole; for dy, = 0, d; = 1, the case of uniform tension of a thin
plate with an elliptical hole.
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4. An eccentric tube under the action of internal pressure p,. Refer-
ring all linear quantities to the outer radius of the tube b, denote § = ¢/b,
where c is the eccentricity of the tube. One may obtain:

_ 26, Ba(2— B3 — BY) 26§
Pe=Po =075 ‘305“52{(10—/3@(1—6%2 ot
el _(1—63)(1—363)+(1—53)2(5+363)6o_
N Bo (1—53)
3 301 _ p2)\2
_<15064)2[(1 + B3)t +485(2 — B3)* — 4(1 +455)] + W] cos 29},
0 0

where 3, =r%/b, N = (8, —1/8,)*
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