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Fig. 1. Physical plane of the flow
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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1957. Volume 116, No. 3

HYDROMECHANICS
E. A. FEDOROV

MOTION OF A PLATE OF INFINITE SPAN
NEAR THE FREE SURFACE OF AN IDEAL
WEIGHTLESS LIQUID
(Presented by Academician L. I. Sedov on 29 III 1957)

The paper gives a solution of the problem of the motion of a plate of infinite
span near the free surface of an ideal weightless liquid. The solution is carried
out by the Kirchhoff method. The problem considers flows in which the upper
surface of the plate is washed partly or completely by the liquid stream, as well
as limiting cases in which separation of the free jets occurs directly from the
leading edge of the plate.

In solving the problem, a plate of width 𝑏 is placed so that its leading edge (point
𝐷) coincides with the origin of a rectangular coordinate system, the 𝑥-axis is
directed along the plate 𝐷𝐴, and the 𝑦-axis vertically upward. The velocity
of the flow at infinity in front of the plate has a prescribed magnitude 𝑉0 and
makes an angle 𝛼 with the 𝑥-axis (the angle of attack). From the upper surface
of the plate (point 𝐵) a jet separates, whose thickness at infinity is equal to 𝛿
(0 ⩽ 𝛿 ⩽ ∞); the angle at which the jet is established at infinity is equal to 𝜃
(Fig. 1).

Fig. 1. Physical plane of the flow

If a parametric variable 𝑢 = 𝑢1 + 𝑖𝑢2 is introduced into the consideration, then
the complex coordinate of any point of the liquid, 𝑧 = 𝑥 + 𝑖𝑦, is determined by
the equality
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𝜋(1 + 𝛾2)
2𝛿(𝛽2 − 𝛾2)2 𝑧 = 𝐴

2 ln (𝜀2 + 𝛽2)(𝑢 + 𝑖𝜀)2

4𝜀2(𝑢2 − 𝛽2) − 𝐵
2 ln (𝜀2 + 𝛾2)(𝑢2 − 𝛽2)

(𝜀2 + 𝛽2)(𝑢2 − 𝛾2)

− 𝑖 𝐶
2𝛾 ln (𝛾 − 𝑖𝜀)2(𝛾 + 𝑢)2

(𝛾2 + 𝜀2)(𝛾2 − 𝑢2) − 𝑖2𝛽2𝐸 + 𝐺
4𝛽3 ln (𝛽 − 𝑖𝜀)2(𝛽 + 𝑢)2

(𝛽2 + 𝜀2)(𝛽2 − 𝑢2)

+ 𝐺
2𝛽2 ( 𝑖𝑢

𝑢2 − 𝛽2 − 𝜀
𝜀2 + 𝛽2 ) + 𝐹

2
𝑢2 + 𝜀2

(𝑢2 − 𝛽2)(𝜀2 + 𝛽2) (𝑢1 > 0, 𝑢2 > 0),
(1)

where 𝜀, 𝛽, and 𝛾 are related to 𝛼 and 𝜃 by the equalities

𝜀 = 𝛾 1 − 𝛾 tan(𝜃/2)
𝛾 + tan(𝜃/2) = 𝛽 1 − 𝛽 tan(𝛼/2)

𝛽 + tan(𝛼/2) ; (2)

𝐴 = 2𝜀2(1 − 𝜀)2

(𝜀2 + 𝛾2)(𝜀2 + 𝛽2)2 ;

𝐵 = − 1 + 𝛾2

(𝛽2 − 𝛾2)2 cos 𝜃; 𝐶 = − 𝛾(1 + 𝛾2)
(𝛽2 − 𝛾2)2 sin 𝜃;

𝐸 = 2𝜀3(1 − 𝜀)2

(𝜀2 + 𝛾2)(𝜀2 + 𝛽2)2 + (1 + 𝛾2)𝛾
(𝛽2 − 𝛾2)2 sin 𝜃 (𝐸 = 𝐴𝜀 − 𝐶); (3)

𝐹 = 1 + 𝛽2

𝛽2 − 𝛾2 cos 𝛼; 𝐺 = (1 + 𝛽2)𝛽
𝛽2 − 𝛾2 sin 𝛼.

On the plate 𝑢1 = 0 and 𝑢 = 𝑖𝑢2, so that the coordinate 𝑥 of the plate is
determined by the equality

𝜋(1 + 𝛾2)
2𝛿(𝛽2 − 𝛾2)2 𝑥 = 𝐴

2 ln (𝜀2 + 𝛽2)(𝑢2 + 𝜀)2

4𝜀2(𝑢2
2 + 𝛽2) −

−𝐵
2 ln (𝜀2 + 𝛾2)(𝑢2

2 + 𝛽2)
(𝜀2 + 𝛽2)(𝑢2

2 + 𝛾2) − 𝐶
𝛾 (arctan 𝑢2

𝛾 − arctan 𝜀
𝛾 ) +

+2𝛽2𝐸 + 𝐺
2𝛽3 (arctan 𝑢2

𝛽 − arctan 𝜀
𝛽 ) +

+𝐹
2

𝑢2
2 − 𝜀2

(𝜀2 + 𝛽2)(𝑢2
2 + 𝛽2) + 𝐶

2𝛽2
(𝑢2 − 𝜀)(𝛽2 − 𝜀𝑢2)
(𝜀2 + 𝛽2)(𝑢2

2 + 𝛽2) . (4)

Fig. 2. Fluid flows around the plate (𝜀 ≠ 0); 𝑏 = 1; 𝑎 = 0.2
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Figure 2. Fluid flows around the plate (𝜀 ≠ 0); 𝑏 = 1; 𝑎 = 0.2

Figure 2: Figure 2. Fluid flows around the plate (𝜀 ≠ 0); 𝑏 = 1; 𝑎 = 0.2

Fig. 3. Fluid flows around the plate (𝜀 = 0); 𝑏 = 1; 𝛼 = 0.2.

Figure 3: Fig. 3. Fluid flows around the plate (𝜀 = 0); 𝑏 = 1; 𝛼 = 0.2.

To determine the length of the plate 𝑏 and the coordinate 𝑑 of the point at
which the upper jet separates from the plate, we shall have

𝜋(1 + 𝛾2)
2𝛿(𝛽2 − 𝛾2)2 𝑏 = 𝐴

2 ln 𝜀2 + 𝛽2

4𝛽2 − 𝐵
2 ln 𝜀2 + 𝛾2

𝜀2 + 𝛽2 + 𝐶
𝛾 (𝜋

2 − arctan 𝜀
𝛾 )

+ 2𝛽2𝐸 + 𝐺
2𝛽3 (𝜋

2 − arctan 𝜀
𝛽 ) + 𝐹

2(𝜀2 + 𝛽2) − 𝐺
2𝛽2

𝜀
𝜀2 + 𝛽2 ,

𝜋(1 + 𝛾2)
2𝛿(𝛽2 − 𝛾2)2 𝑑 = 𝐴

2 ln 𝜀2 + 𝛽2

4𝛽2 − 𝐵
2 ln 𝛽2(𝜀2 + 𝛾2)

𝛾2(𝜀2 + 𝛽2) − 𝐶
𝛾 arctan 𝜀

𝛾

− 2𝛽2𝐸 + 𝐺
2𝛽3 arctan 𝜀

𝛽 − 𝜀(𝐹𝜀 + 𝐺)
2𝛽3(𝜀2 + 𝛽2) .

(5)
To determine the shape of the free jets it is necessary, in equality (1), to put
𝑢 = 𝑢1 (𝑢2 = 0); in this case for the jet 𝐵𝐺, 0 ≤ 𝑢1 ≤ 𝛾, for

Fig. 3. Fluid flows around the plate (𝜀 = 0); 𝑏 = 1; 𝛼 = 0.2.

the jet 𝐴𝐸, 𝛽 ≤ 𝑢1 ≤ ∞, and on the free surface 𝑂𝐶, 𝛾 ≤ 𝑢1 ≤ 𝛽. The stream
function is determined by the equality

Ψ = 𝛿𝑉0
𝜋 [arccos 𝑢2

1 − 𝑢2
2 − 𝛽2

√(𝑢2
1 − 𝑢2

2 − 𝛽2)2 + 4𝑢2
1𝑢2

2

− arccos 𝑢2
1 − 𝑢2

2 − 𝛾2

√(𝑢2
1 − 𝑢2

2 − 𝛾2)2 + 4𝑢2
1𝑢2

2
]

− 𝛿𝑉0
𝜋 (𝛽2 − 𝛾2)1 + 𝛽2

1 + 𝛾2
2𝑢1𝑢2

(𝑢2
1 − 𝑢2

2 − 𝛽2)2 + 4𝑢2
1𝑢2

2
(𝑢1 ≥ 0; 𝑢2 ≥ 0).

(6)

The pressure at any point of the fluid is determined by the equality

2Δ𝑃
𝜌𝑉 2

0
= 1 − [𝑢2

1 + (𝑢2 + 𝜀)2] [𝑢2
1 + (𝑢2 − 1)2]

[𝑢2
1 + (𝑢2 − 𝜀)2] [𝑢2

1 + (𝑢2 + 1)2] , (7)

and the pressure at any point of the plate is
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Fig. 4. Pressure distributions over the plate.

Figure 4: Fig. 4. Pressure distributions over the plate.

2Δ𝑃p
𝜌𝑉 2

0
= 1 − (𝑢2 + 𝜀)2(𝑢2 − 1)2

(𝑢2 − 𝜀)2(𝑢2 + 1)2 . (8)

The lift and drag coefficients, referred to the dynamic pressure 𝜌𝑉 2
0 /2 and to

the chord of the plate 𝑏 with unit span, are determined by the formulas

𝐶𝑦 = 2𝛿
𝑏

(𝛽2 − 𝛾2)2

1 + 𝛾2 [(𝐶
𝛾 + 𝐸

𝛽 + 𝐺
2𝛽3 ) cos 𝛼 + 𝐴 sin 𝛼] ,

𝐶𝑥 = 2𝛿
𝑏

(𝛽2 − 𝛾2)2

1 + 𝛾2 [(𝐶
𝛾 + 𝐸

𝛽 + 𝐺
2𝛽3 ) sin 𝛼 − 𝐴 cos 𝛼] .

(9)

From the second formula (5) we note that 𝜀 = 0 corresponds to the limiting
case in which separation of the upper jet occurs directly

Fig. 4. Pressure distributions over the plate. 𝛼 = 0.2; 𝜀 = 𝛾2; ̄𝑃 = 2(𝑃−𝑃0)
𝜌𝑉 2

0
is

the pressure coefficient; 𝑥/𝑏 is the distance from the leading edge in fractions of
the chord 𝑏
from the leading edge of the plate (𝑑 = 0). The length of the plate in this case
will be calculated by the formula

𝑏𝜋
𝛿 = 2 cos 𝛼(cos 𝛼 − cos 𝜃)

sin2 𝛼
− 2 cos 𝜃 ln tan 𝜃

2
tan 𝛼

2
+ 𝜋 1 − cos(𝜃 − 𝛼)

sin 𝛼 , (10)

and 𝐶𝑦 and 𝐶𝑥, respectively, by the formulas

𝐶𝑦 = 2𝛿
𝑏

1 − cos(𝜃 − 𝛼)
tan 𝛼 , 𝐶𝑥 = 2𝛿

𝑏 [1 − cos(𝜃 − 𝛼)]. (11)

Figure 2 shows the fluid flows around the plate for different thicknesses of the
upper jet being shed and different 𝜀; Fig. 3 shows flows in which separation of
the upper jet occurs directly from the leading edge of the plate (𝜀 = 0). Figure
4 gives the pressure distributions over the upper and lower surfaces of the plate.
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Note: Figure translations are in progress. See original paper for figures.
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