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Abstract
Full Text
MATHEMATICS

M. M. LAVRENT’EV

ON THE MAXIMUM PRINCIPLE FOR SOLU-
TIONS OF STRONGLY ELLIPTIC SYSTEMS
OF SECOND ORDER
(Presented by Academician S. L. Sobolev on 9 IV 1957)

The maximum principle plays a major role in the study of solutions of elliptic
equations of second order. Solutions of elliptic equations of higher orders, as well
as solutions of elliptic systems, as is known, do not satisfy the usual maximum
principle. However, as will be shown below, solutions of strongly elliptic systems
of second order satisfy a certain integral maximum principle.

Thus, let the 𝑘-dimensional vector 𝑢(𝑥, 𝑡) satisfy the strongly elliptic system

𝜕2𝑢
𝜕𝑡2 +

𝑛
∑
𝑖=1

𝐴0𝑖
𝜕2𝑢

𝜕𝑥𝑖 𝜕𝑡 +
𝑛

∑
𝑖,𝑗=1

𝐴𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖 𝜕𝑥𝑗
= 0. (1)

The vector 𝑢 is defined in the cylinder 𝑥 ∈ Ω, 0 ≤ 𝑡 ≤ 𝑙 and vanishes on the
boundary of Ω; 𝐴𝑖𝑗 are constant symmetric matrices; 𝑥 is an 𝑛-dimensional
vector.

We shall show that the integral ∫
Ω

𝑢2(𝑥, 𝑡) 𝑑𝑥 attains its maximum only at the

boundary of the interval [0, 𝑙].

Let ∫
Ω

𝑢2(𝑥, 𝑡) 𝑑𝑥 = 𝑓(𝑡). Differentiating the function 𝑓(𝑡), we obtain

𝑓″(𝑡) = 2 ∫
Ω

𝑢2
𝑡 𝑑𝑥 + 2 ∫

Ω
𝑢 𝑢𝑡𝑡 𝑑𝑥. (2)

In view of (1),

∫
Ω

𝑢 𝑢𝑡𝑡 𝑑𝑥 = − ∫
Ω

(𝑢,
𝑛

∑
𝑖=1

𝐴0𝑖
𝜕2𝑢

𝜕𝑥𝑖 𝜕𝑡 +
𝑛

∑
𝑖,𝑗=1

𝐴𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖 𝜕𝑥𝑗
) 𝑑𝑥 =
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= ∫
Ω

[
𝑛

∑
𝑖=1

(𝐴0𝑖
𝜕𝑢
𝜕𝑡 , 𝜕𝑢

𝜕𝑥𝑖
) +

𝑛
∑
𝑖,𝑗=1

(𝐴𝑖𝑗
𝜕𝑢
𝜕𝑥𝑖

, 𝜕𝑢
𝜕𝑥𝑗

)] 𝑑𝑥,

and hence

𝑓″(𝑡) = 2 ∫
Ω

[𝑢2
𝑡 +

𝑛
∑
𝑖=1

(𝐴0𝑖𝑢𝑡, 𝑢𝑥𝑖
) +

𝑛
∑
𝑖,𝑗=1

(𝐴𝑖𝑗𝑢𝑥𝑖
, 𝑢𝑥𝑗

)] 𝑑𝑥. (3)

From the definition of strong ellipticity it follows that the integrand on the
right-hand side of equality (3) is nonnegative, and therefore

𝑓″(𝑡) ≥ 0. (4)

It follows from inequality (4) that on the interval [0, 𝑙] the function 𝑓(𝑡) satisfies
the inequality

𝑓(𝑡) ≤ 𝑓(0) + 𝑓(𝑙)𝑡,

from which we obtain the stated maximum principle.

In the case of a strongly elliptic second-order system of more general form and
with variable coefficients, a generalized maximum principle holds. Namely, the
following theorem holds:

Theorem. Let the 𝑘-dimensional vector 𝑢(𝑥, 𝑡) satisfy the system

𝜕2𝑢
𝜕𝑡2 +

𝑛
∑
𝑖=1

𝐴𝑖0
𝜕2𝑢

𝜕𝑡 𝜕𝑥𝑖
+

𝑛
∑
𝑖,𝑗=1

𝐴𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
+ 𝐵0

𝜕𝑢
𝜕𝑡 +

𝑛
∑
𝑖=1

𝐵𝑖
𝜕𝑢
𝜕𝑥𝑖

+ 𝐶𝑢 = 0 (5)

in the cylinder 𝑥 ∈ Ω, 0 ≤ 𝑡 ≤ 𝑙, and vanish on the boundary of Ω.

With respect to the matrices 𝐴, 𝐵, 𝐶 we assume that:

1) the matrices 𝐴 are symmetric and satisfy the Lipschitz condition, so that
throughout the closed cylinder the inequality holds

|𝐴(𝑥′, 𝑡′) − 𝐴(𝑥″, 𝑡″)| ≤ 𝜆1 [|𝑥′ − 𝑥″| + |𝑡′ − 𝑡″|] ;
2) the matrices 𝐵, 𝐶 are summable on all 𝑘-dimensional manifolds and

bounded, so that throughout the closed cylinder

‖𝐵‖ ≤ 𝜆2, ‖𝐶‖ ≤ 𝜆3;
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3) system (5) is strongly elliptic, i.e. for any real 𝑘-dimensional vectors
𝜉, 𝜂1, … , 𝜂𝑛 throughout the closed cylinder

𝜉2 +
𝑛

∑
𝑖=1

(𝐴𝑖0𝜉, 𝜂𝑖) +
𝑛

∑
𝑖,𝑗=1

(𝐴𝑖𝑗𝜂𝑖, 𝜂𝑗) ≥ 𝛼 [|𝜉|2 +
𝑛

∑
𝑖=1

|𝜂𝑖|2]

(𝜆 and 𝛼 are constants).

Then there exists an ℎ, depending only on the constants 𝜆, 𝛼 and the numbers
𝑘, 𝑛, such that for any 𝑡0, 0 ≤ 𝑡0 ≤ 𝑙 − ℎ, and any 𝑡, 𝑡0 ≤ 𝑡 ≤ 𝑡0 + ℎ, the
inequality holds

∫
Ω

𝑢2(𝑥, 𝑡) 𝑑𝑥 ≤ 2 max [∫
Ω

𝑢2(𝑥, 𝑡0) 𝑑𝑥, ∫
Ω

𝑢2(𝑥, 𝑡0 + ℎ) 𝑑𝑥] .

From the stated theorem there immediately follows the uniqueness of the solu-
tion of the Dirichlet problem for system (5) in sufficiently small domains.
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