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Abstract
Full Text
MATHEMATICS
D. F. Kharazov

ON A CLASS OF OPERATORS NONLIN-
EARLY DEPENDING ON A PARAMETER
(Presented by Academician A. N. Kolmogorov, 14 IX 1956)

1. In the notes (1−3), the spectral properties of linear operators depending
polynomially on a parameter were investigated. In the present note we
shall consider a class of operators depending nonlinearly on a parameter
and possessing simple real poles.

Let 𝑋 be a Hilbert space in which finite-dimensional self-adjoint operators of
the form

𝐻𝑖𝑥 =
𝜎𝑖

∑
𝑘=1

(𝑥, 𝜑(𝑖)
𝑘 )𝜑(𝑖)

𝑘
𝜒(𝑖)

𝑘
, 𝑖 = 1, 2, … ,

are defined, where {𝜑(𝑖)
𝑘 } is an orthonormal system of elements of 𝑋 (for each 𝑖);

𝜒(𝑖)
𝑘 are certain real numbers; the absolute norms and traces (4) of the operators

𝐻𝑖, denoted respectively by 𝑁(𝐻𝑖) and 𝑆𝑝(𝐻𝑖), are assumed uniformly bounded:
𝑁(𝐻𝑖) ⩽ 𝐵, |𝑆𝑝(𝐻𝑖)| ⩽ 𝑀 (𝐵 > 0, 𝑀 > 0), 𝑖 = 1, 2, …; {𝑎𝑖} is a sequence of
real numbers 𝑎𝑖 ≠ 0,

∞
∑
𝑖=1

1
|𝑎𝑖|

< +∞, 𝛼𝑖𝜒(𝑖)
𝑘 < 0 (𝑖 = 1, 2, … ; 𝑘 = 1, … , 𝜎𝑖)

(from the latter it follows that 𝛼𝑖(𝐻𝑖𝑥, 𝑥) ⩽ 0 for any 𝑥 ∈ 𝑋); 𝐴0 is a linear
completely continuous self-adjoint operator such that (𝐴0𝑥, 𝑥) < (𝑥, 𝑥) for any
𝑥 ∈ 𝑋, 𝑥 ≠ 0; 𝐴1 is a linear self-adjoint operator with finite absolute norm. The
listed conditions ensure convergence in operator norm, for every 𝜆 ≠ 𝑎𝑖, 𝑖 =
1, 2, …, of the series

∞
∑
𝑖=1

1
𝜆 − 𝑎𝑖

𝐻𝑖.

Consider the equation
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𝐴𝜆𝑥 ≡ 𝑥 − 𝐴0𝑥 − 𝜆 {𝐴1𝑥 + 𝜆
∞

∑
𝑖=1

1
𝜆 − 𝑎𝑖

𝐻𝑖𝑥} = 𝑦, 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑋, (1)

and the corresponding homogeneous equation

𝐴𝜆𝑥 ≡ 𝑥 − 𝐴0𝑥 − 𝜆 {𝐴1𝑥 + 𝜆
∞

∑
𝑖=1

1
𝜆 − 𝑎𝑖

𝐻𝑖𝑥} = 0, (2)

where 𝜆 is a complex parameter. A value 𝜆 = 𝜆𝑘 (𝜆𝑘 ≠ 𝑎𝑖, 𝑖 = 1, 2, …) is called
an eigenvalue of equation (2) if the equation 𝐴𝜆𝑘

𝑥 = 0 has a solution 𝜑𝑘 ≠ 0,
called an eigenvector. A value 𝜆 = 𝑎𝑝 (1 ≤ 𝑝 < ∞) will be called an eigenvalue
of equation (2)

in the special sense, if there exist elements 𝜑𝑘 ∈ 𝑋, 𝜑𝑞 ≠ 0, 𝜓 ∈ 𝑋 such that

𝜑𝑘 − 𝐴0𝜑𝑘 − 𝑎0

⎧{
⎨{⎩

𝐴1𝜑𝑘 + 𝑎𝑝
∞

∑
𝑖=1
𝑖≠𝑝

1
𝑎𝑝 − 𝑎𝑖

𝐻𝑖𝜑𝑘

⎫}
⎬}⎭

+ 𝑎𝑝𝐻𝑝𝜓 = 0,

𝐻𝑝𝜑𝑘 = 0.

If 𝜆 = 𝜆𝑘 is an eigenvalue of equation (2), then put

𝜓𝑖𝑘 = − 𝜆𝑘
𝜆𝑘 − 𝑎𝑖

𝜑𝑘, 𝑖 = 1, 2, … , (3)

whereas if 𝜆 = 𝑎𝑝 is an eigenvalue in the special sense, then put

𝜓𝑖𝑘 = − 𝑎𝑝
𝑎𝑝 − 𝑎𝑖

𝜑𝑘, 𝑖 ≠ 𝑝, 𝑖 = 1, 2, … , 𝜓𝑘𝑝 = 𝜓. (4)

In what follows, both the former and the latter eigenvalues will be called simply
eigenvalues.

In the paper (5) we proved a proposition of which the following theorem is a
special case.

Theorem 1. The set of eigenvalues of equation (2) does not condense in the
finite part of the 𝜆-plane.

Equation (2) can have only real eigenvalues. To each eigenvalue there can
correspond only a finite number of linearly independent eigenelements. Let
𝜆1, 𝜆2, … , 𝜆𝑛, … be a sequence of eigenvalues of equation (2), each of which is
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written down as many times as its multiplicity; let 𝜑1, 𝜑2, … , 𝜑𝑛, … be the corre-
sponding eigenelements, and let 𝜓1𝑘, 𝜓2𝑘, … , 𝜓𝑠𝑘, … (𝑘 = 1, 2, …) be understood
in accordance with the notations (3) or (4). The sequence of eigenelements can
be chosen so that the conditions

((𝐸 − 𝐴0)𝜑𝑘, 𝜑𝑛) −
∞

∑
𝑖=1

𝑎𝑖(𝐻𝑖𝜓𝑖𝑘, 𝜓𝑖𝑛) = 𝛿𝑘𝑛; 𝑘, 𝑛 = 1, 2, … , (5)

are satisfied, where 𝐸 is the identity operator.

2. Consider the set 𝐺 of ordered sequences

𝛼 ≡ {𝑦0, 𝑦1, … , 𝑦𝑛, …}, 𝑦𝑖 ∈ 𝑋 (𝑖 = 0, 1, …),

satisfying the condition

‖𝛼‖2
𝐺 ≡ ((𝐸 − 𝐴0)𝑦0, 𝑦0) −

∞
∑
𝑖=1

𝑎𝑖(𝐻𝑖𝑦𝑖, 𝑦𝑖) < +∞,

and define in 𝐺 the scalar product

(𝛼, 𝛼(1))𝐺 = ((𝐸 − 𝐴0)𝑦0, 𝑦(1)
0 ) −

∞
∑
𝑖=1

𝑎𝑖(𝐻𝑖𝑦𝑖, 𝑦(1)
𝑖 ),

where
𝛼(1) ≡ {𝑦(1)

0 , 𝑦(1)
1 , … , 𝑦(1)

𝑛 , …}.
This product turns 𝐺 into a Hilbert space, generally speaking not complete,
with norm

‖𝛼‖𝐺 = (𝛼, 𝛼)1/2
𝐺 .

On the subset 𝐺1 ∈ 𝐺 of elements satisfying the condition ‖𝛼‖𝐺 ≤ 1, consider
the functional

Φ(𝛼) = −(𝐴1𝑦0, 𝑦0) +
∞

∑
𝑖=1

(𝐻𝑖𝑦0, 𝑦𝑖) +
∞

∑
𝑖=1

(𝑦𝑖, 𝐻𝑖𝑦0) +
∞

∑
𝑖=1

(𝐻𝑖𝑦𝑖, 𝑦𝑖)

(these series converge absolutely by virtue of our conditions).

Theorem 2. Equation (2) has eigenvalues |𝜆1| ≤ |𝜆2| ≤ ⋯ ≤ |𝜆𝑛| ≤ ⋯, to which
there correspond eigen-elements 𝜑1, 𝜑2, … , 𝜑𝑛, …, normalized by conditions (5),
possessing the following extremal properties: on the set of elements 𝛼 satisfying
the conditions

‖𝛼‖𝐺 = 1, (𝛼, 𝛼𝑘)𝐺 = 0, 𝛼𝑘 ≡ {𝜑𝑘, 𝜓1𝑘, … , 𝜓𝑠𝑘, …}, 𝑘 = 1, … , 𝑛 − 1,
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the absolute value of the functional Φ(𝛼) attains its greatest value, equal to
1/|𝜆𝑛|, which is attained at the element 𝛼𝑛 ≡ {𝜑𝑛, 𝜓1𝑛, … , 𝜓𝑠𝑛, …} (𝑛 = 1, 2, …).
This set of eigenvalues (necessarily infinite, if 𝐴1 is an infinite-dimensional op-
erator) exhausts the entire spectrum of equation (2).

3. For the class of linear operators under study, the following spectral expan-
sions hold:

Theorem 3. For any 𝑓 ∈ 𝑋,

𝐴1𝑓 =
∞

∑
𝑘=1

(𝑓, (𝐸 − 𝐴0)𝜑𝑘)
𝜆𝑘

(𝐸 − 𝐴0)𝜑𝑘,

where the series on the right converges in the norm in 𝑋.

Theorem 4. For any 𝑓 ∈ 𝑋,

𝐻𝑖𝑓 =
∞

∑
𝑘=1

𝑎𝑖(𝑓, 𝐻𝑖𝜓𝑖𝑘)
𝜆𝑘

(𝐸 − 𝐴0)𝜑𝑘, 𝑖 = 1, 2, … ,

where the series on the right converge in the norm in 𝑋.

On the basis of these propositions, it is proved in the usual way that the following
theorem is valid.

Theorem 5. If 𝜆 is not an eigenvalue of equation (2), then the unique solution
of equation (1), for a given 𝑦 ∈ 𝑋, has the form

𝑥 = (𝐸 − 𝐴0)−1𝑦 + 𝜆
∞

∑
𝑘=1

(𝑦, 𝜑𝑘)
𝜆𝑘 − 𝜆𝜑𝑘,

where the series on the right converges in the norm in 𝑋.

4. As above, set 𝛼𝑛 ≡ {𝜑𝑛, 𝜓1𝑛, … , 𝜓𝑠𝑛, …}, 𝑛 = 1, 2 …

(𝛼𝑛 ∈ 𝐺, ‖𝛼𝑛‖𝐺 = 1, (𝛼𝑘, 𝛼𝑛)𝐺 = 𝛿𝑘𝑛).

Theorem 6. If 𝛼 = {𝑦0, 𝑦1, … , 𝑦𝑛, …} ∈ 𝐺, then

𝐴1𝑦0 −
∞

∑
𝑖=1

𝐻𝑖𝑦𝑖 =
∞

∑
𝑛=1

(𝛼, 𝛼𝑛)𝐺
𝜆𝑛

(𝐸 − 𝐴0)𝜑𝑛,

𝐻𝑖𝑦0 + 𝐻𝑖𝑦𝑖 =
∞

∑
𝑛=1

𝑎𝑖(𝛼, 𝛼𝑛)𝐺
𝜆𝑛

𝐻𝑖𝜓𝑖𝑛, 𝑖 = 1, 2, … ,

where the series converge in the norm in 𝑋.
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Theorem 7. If, for the element 𝛼 = {𝑦0, 𝑦1, … , 𝑦𝑛, …} ∈ 𝐺,

𝐴1𝑦0 −
∞

∑
𝑖=1

𝐻𝑖𝑦𝑖 = 0, 𝐻𝑖𝑦0 + 𝐻𝑖𝑦𝑖 = 0, 𝑖 = 1, 2, … , (6)

then (𝛼, 𝛼𝑛)𝐺 = 0, 𝑛 = 1, 2, ….

We shall call the system of elements {𝛼𝑛} complete in 𝐺 if there exists no
element 𝛼 ∈ 𝐺 (apart from the zero element) orthogonal to all 𝛼𝑛 (𝑛 = 1, 2, …).
From Theorems 7 and 8 there follows the following criterion of completeness:

Theorem 8. In order that the system of elements {𝛼𝑛} be complete in 𝐺, it is
necessary and sufficient that equations (6) have only the zero solution

𝑦0 = 𝑦1 = ⋯ = 𝑦𝑛 = ⋯ = 0.

The following criterion also holds:

Theorem 9. In order that the system of elements {𝛼𝑛} be complete in 𝐺, it is
necessary and sufficient that, for every element 𝛼 ≡ {𝑦0, 𝑦1, … , 𝑦𝑛, …} ∈ 𝐺, the
representations

𝑦0 =
∞

∑
𝑛=1

(𝛼, 𝛼𝑛)𝐺𝜑𝑛, 𝑦𝑖 =
∞

∑
𝑛=1

(𝛼, 𝛼𝑛)𝐺𝜓𝑖𝑛, 𝑖 = 1, 2, … , (7)

hold, where the series on the right converge in norm in 𝑋.

From Theorems 8 and 9 there immediately follows a proposition of important
significance for applications to the study of boundary-value problems in the
theory of differential equations:

Theorem 10. In order that, for every element 𝛼 ≡ {𝑦0, 𝑦1, … , 𝑦𝑛, …} ∈ 𝐺, the
representations (7) hold, it is necessary and sufficient that equations (6) have
only the zero solution.
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Note: Figure translations are in progress. See original paper for figures.
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