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Abstract
Full Text

MATHEMATICS
D. F. Kharazov

ON A CLASS OF OPERATORS NONLIN-
EARLY DEPENDING ON A PARAMETER

(Presented by Academician A. N. Kolmogorov, 14 IX 1956)

1. In the notes (}173), the spectral properties of linear operators depending
polynomially on a parameter were investigated. In the present note we
shall consider a class of operators depending nonlinearly on a parameter
and possessing simple real poles.

Let X be a Hilbert space in which finite-dimensional self-adjoint operators of
the form

ATCINNG
7@’@’“3%, i=1,2, ..,

(i
k=1 Xk

are defined, where {gog)} is an orthonormal system of elements of X (for each 7);
XE;) are certain real numbers; the absolute norms and traces (%) of the operators
H,;, denoted respectively by N(H,) and S,(H,), are assumed uniformly bounded:
N(H;) < B, |S,(H;))| <M (B>0, M>0),i=1,2,..; {a;} is a sequence of
real numbers a; # 0,

o0

> LI, axl! <0 (i=1,2,...; k=1,..,0,)
i=1 |ai‘

(from the latter it follows that o, (H;z,z) < 0 for any © € X); A, is a linear
completely continuous self-adjoint operator such that (Ayz,z) < (z,x) for any
x € X, x # 0; Ay is a linear self-adjoint operator with finite absolute norm. The
listed conditions ensure convergence in operator norm, for every A # a,, i =
1,2, ..., of the series

> 1
Z/\—aiHi'

i=1

Consider the equation
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A—a;

AkxxAO:E)\{Alx+>\Z Hﬁ}y, reX,yeX, (1)
i=1

and the corresponding homogeneous equation

A,\xzx—AOx—)\{Alm—k)\Z)\ ! Hix}:(x (2)
=1 T

where )\ is a complex parameter. A value A = A\, (A, #a,, i =1,2,...) is called
an eigenvalue of equation (2) if the equation Ay x = 0 has a solution ¢, # 0,
called an eigenvector. A value A = a,, (1 <p < oo) will be called an eigenvalue
of equation (2)

in the special sense, if there exist elements ,, € X, ¢, # 0, ¢ € X such that

o0 1

o — Agpr — ag A1S%+%Za _a‘HiLPk +a,H,p =0,
o1 Op — G
iFp

If A=), is an eigenvalue of equation (2), then put

Ak

v I 3
whereas if A = a,, is an eigenvalue in the special sense, then put
a, ) )
wik:_ Py Z#p7 Z:1a27"'7 ’l/)kp:w~ (4)
a, —a;

In what follows, both the former and the latter eigenvalues will be called simply
eigenvalues.

In the paper ©® we proved a proposition of which the following theorem is a
special case.

Theorem 1. The set of eigenvalues of equation (2) does not condense in the
finite part of the \-plane.

Equation (2) can have only real eigenvalues. To each eigenvalue there can
correspond only a finite number of linearly independent eigenelements. Let
AlsAgy ooy Ay, ... be a sequence of eigenvalues of equation (2), each of which is
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written down as many times as its multiplicity; let ¢;, @5, ..., ¢,,, ... be the corre-
sponding eigenelements, and let ¥, Yopy v, Yyps - (K = 1,2,...) be understood
in accordance with the notations (3) or (4). The sequence of eigenelements can
be chosen so that the conditions

o0

((E— Ay)@r, ¢n) a;(Hs, i) = Opns kkn=12,.., (5)
=1

(2

are satisfied, where F is the identity operator.

2. Consider the set G of ordered sequences

OZE{yO, ylv"'v yna"'}a y7, EX (Z:O,la)v
satisfying the condition
o0
”O‘”2G = ((E_A y07y0 Zaz Hyz’yz < 400,
=1

K3

and define in G the scalar product

&)

(a7a<1)) ((E AO y07y0 a; Hyw 7
i=1

3

where

2 = {yél); y%l), ceey yrELl), }

This product turns G into a Hilbert space, generally speaking not complete,
with norm p
1
ladle = (e, )"

On the subset G; € G of elements satisfying the condition ||a, < 1, consider
the functional

(o) = —(A190,y0) + Z(Hiy07yi) + Z(yia Hyy) + Z(Hiyia Ys)
=1 =1 im1

(these series converge absolutely by virtue of our conditions).

Theorem 2. Equation (2) has eigenvalues [A;| < || < - < |A,| < -+, to which
there correspond eigen-elements ¢, @q, ..., ©,, ..., normalized by conditions (5),
possessing the following extremal properties: on the set of elements « satisfying
the conditions

”a”G = 17 (a’ak)G :O’ O = {wkawlka"'a¢ska"'}7 k= 1,...,71-1,
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the absolute value of the functional ®(«) attains its greatest value, equal to
1/|A,,|, which is attained at the element a,, = {®,,, %1, - s Ysps -} (R =1,2,..).
This set of eigenvalues (necessarily infinite, if A, is an infinite-dimensional op-
erator) exhausts the entire spectrum of equation (2).

3. For the class of linear operators under study, the following spectral expan-
sions hold:

Theorem 3. For any f € X,

o — A
A f = Z U’(E)\—OW(E—AO)%,
k=1 k

where the series on the right converges in the norm in X.

Theorem 4. For any f € X,

H, f Z f H wlk (E - AO)SOIW i = 172a )

where the series on the right converge in the norm in X.

On the basis of these propositions, it is proved in the usual way that the following
theorem is valid.

Theorem 5. If A is not an eigenvalue of equation (2), then the unique solution
of equation (1), for a given y € X, has the form

T = (E—AO)’1y+>\Z ( ’fk))\
k=1 "'k

where the series on the right converges in the norm in X.

4. As above, set o, = {@,, U1y e s Vsns -}y B =1,2...

(an € G’ ”anHG = 1’ (alwan)G = 6kn)

Theorem 6. If a = {yy,y1,..-, Yy, .. € G, then

00 00 o,
Ay — Zszz = Z 7< N Ja (E— Ay)pn,
i—1

n=1 n

> ai(a?an) .
Hyyo + Hyy; = Z AiGHﬂZJm, i=1,2,..,
n=1 n

where the series converge in the norm in X.
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Theorem 7. If, for the element & = {yy, y1,-.-, Yy, .-+ € G,

(oo}
Avyo — ZHiyi =0, Hy+Hy =0, i=12.., (6)
=1

then (a, ) =0, n=1,2,....

We shall call the system of elements {«,,} complete in G if there exists no
element o € G (apart from the zero element) orthogonal to all v, (n = 1,2, ...).

From Theorems 7 and 8 there follows the following criterion of completeness:

Theorem 8. In order that the system of elements {,,} be complete in G, it is
necessary and sufficient that equations (6) have only the zero solution

Yo=Yy ==Y, = =0.

The following criterion also holds:

Theorem 9. In order that the system of elements {«,,} be complete in G, it is

necessary and sufficient that, for every element a = {yy, y1,-.-, Y, ... € G, the
representations
o0 oo
Yo = Z(O‘van)GWW Yi = Z(avan)Gwmv t=12,.., (7)
n=1 n=1

hold, where the series on the right converge in norm in X.

From Theorems 8 and 9 there immediately follows a proposition of important
significance for applications to the study of boundary-value problems in the
theory of differential equations:

Theorem 10. In order that, for every element o = {yg, Y1, -+ s Un, -} € G, the
representations (7) hold, it is necessary and sufficient that equations (6) have
only the zero solution.
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