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This note considers the question of the dependence of the eigenvalues and eigen-
vectors of an unbounded operator H, = eV + H, (¢ > 0), with domain of
definition in a Hilbert space G, on the small parameter ¢, where H is a lin-
ear unbounded operator; V is a linear unbounded operator having a narrower
domain of definition than H,. Typical examples of such perturbations are the
examples, known from physics, of differential operators containing a small pa-
rameter at the highest derivative. The general theorems proved by us are applied
to certain differential operators.

Denote by D, the domain of definition of the operator H,, and by D, the
domain of definition of the operator V. It is assumed that D; C Dy and D, is
everywhere dense in G.

Let:
1) (Vg,¢) =0 for ¢ € Dy;

2) the operator H, (¢ > 0) is self-adjoint and the operator H,, is positive-
definite;

3) the set of all ¢ from the domain of definition of the operator H, satisfying
the condition (Hyy,¢) < 1 is compact in G.

From assumptions 1)—3) it follows, by Rellich’ s theorem (1), that the operator
H,_ (¢ > 0) has purely discrete spectrum. Denote by A, (¢) the n-th eigenvalue

g
and by ¢,,(¢) an arbitrary eigenvector of the operator H_ corresponding to A, ().

We shall assume the eigenvectors of the operator H, (¢ > 0) to be orthonormal.
Introduce the following notation:

Jolel = (Howp, ¢); Df)l) ={p € Dy; |l =1};

sovietrxiv.org/items/ru-195701.09408 Machine Translation


https://sovietrxiv.org/items/ru-195701.09408

1
DY = {p € Dys ol = 1;

D' ={oeDy; || =1; (p,0;(0) =0} (i>1); j=1,2,...,(i—1).

We shall say that, for some 4, the approximation condition (a.c.) is satisfied if

for every n > 0 there exists an element ¢ € D<f) such that Jy[¢] — A;(0) < 7.
The a.c. is satisfied automatically when D; = D,. The latter case is considered
in Kato’ s paper (?), some of whose results are analogous to the results of the
following Theorem 1.

Theorem 1. Let the operator H, = ¢V + H,, satisfy conditions 1)—3), and let
the a.c. be satisfied for : = 1,2, ...

Then:
1) N(Ee) = N(0)ase —=0(i=1,2,..);

2) whatever sequence €, — 0 as k — oo and elements ¢,(g;,) may be, there
exists a subsequence &, — 0 as k — oo and elements ¢,(0) such that
Jole;(€x) —9;(0)] = 0as k — o0 (i =1,2,...).

The proof of Theorem 1 is carried out with the aid of the extremal properties
of eigen-elements.

Corollary. Let the multiplicity of each eigenvalue of the operator H, be equal
to one.

Then:

1) there exists an £,(i) such that, for all ¢ < g,(4), the multiplicity of the
i-th eigenvalue of the operator H, is also equal to one.

2) Jolpi(e) —p;(0)] = 0ase —0 (i=1,2,...).

Theorem 2. Let the operator H, = ¢V + H,, satisfy conditions 1)—3). Suppose
further that, for some natural number 4, there exists a sequence ¢, — 0 as
k — oo and elements ¢, (ey,), »;(0) (j = 1,2,...,4) such that:

1) Aj(er) = Aj(0) as b — 00 (j=1,2,...,1);
2) lej(er) =) = 0as k= o0 (j=1,2,....40).
Then for ¢ = j the condition u. a. is fulfilled.

To verify the fulfillment of u. a., as will be seen from the examples given below,
it is convenient to use Theorem 3.

Theorem 3. Let, for the operator H, = ¢V + H,), the following conditions be
satisfied:

A. H, satisfies conditions 1)—3).
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(1)

(I there exists a sequence of elements i, € D;

B. For every element ¢ € D
such that:

1) v, —¢ll = 0 as n — oo;

2) Jyl,] = Jole] as n — oo.
Then for ¢ = 1, 2, ... the condition u. a. is fulfilled.

Example 1. Denote by H, (¢ > 0) the differential operator generated by the
differential expression

LI = y™) — - [p(a)y'] + )y

and the boundary conditions

d
Lyl = ——
olyl = = [p(@)y']+a(2)y
and the boundary conditions
yla) =y(b) =0
It is assumed that
p(x) 2po>0;  plx) €Ol alx) € Clyy.

To verify the fulfillment of u. a. we use Theorem 3. Since the multiplicity of
each eigenvalue of the operator H, is equal to one, it follows from Theorem 1
that:

1) M) = N(0)ase =0 (i=1,2,...);

2) y;(x,e) — y;(x,0) as ¢ — 0, uniformly with respect to = € [a,b] (i =
1,2,..);

3)
b
/\yg(x,s)fy;(x,())ﬁd:r%() ase—0 (i=1,2,..).
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We note that assertions 1) and 2) are also contained in a note by V. B. Glazko
).
Example 2. Let Q) be a domain of n-dimensional space, bounded by a suffi-

ciently smooth surface S. Denote by H,, the differential operator generated by
the differential expression

" 9%

lolu] = —Au=— ) o2
=1 1

and the boundary condition u|g = 0. Denote by H,_ (¢ > 0) the differential
operator generated by the differential expression

I.[u] = eA?u — Au

and the boundary conditions

ou
"ls
The operator H, (¢ > 0) is positive-definite and can be extended to a self-adjoint
one (*, pp. 15-24). From the known theorems on the complete continuity of
the embedding operator (°) it follows that condition 3 is satisfied.

The following theorem holds:

Theorem. Let the domain €2 be bounded by a smooth surface S. If the function
u(z) is twice continuously differentiable in Q and is equal to zero on S, then one
can construct a function v(x), twice continuously differentiable in € and equal
to zero in some boundary strip, so that the inequality

13

holds, where ¢ is any prescribed positive number (4, p. 129).

2

Ou _Ovl 1o~ e,

Oz, Oux;

To verify that u.a. is satisfied for ¢ = 1,2, ..., we use this theorem and Theorem
3.

Thus, Theorem 1 is valid.

The author expresses his gratitude to his scientific adviser A. G. Sigalov.
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