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Abstract
Full Text
MATHEMATICS
B. A. TRAKHTENBROT

ON OPERATORS REALIZABLE IN LOGICAL
NETWORKS
(Presented by Academician M. V. Keldysh, 26 IX 1955)

1. Let 𝑋, 𝑍, and 𝑄 be three finite sets whose elements we shall call input,
output, and auxiliary letters, respectively. The sets themselves will be called
the input, output, and auxiliary alphabets; let 𝑚, 𝑛, 𝑘 be the corresponding
numbers of letters in them.

By 𝑋𝑡 we shall denote the set of all input sequences of the form:

𝑥(1), 𝑥(2), … , 𝑥(𝑡), … , (1)

whose elements are input letters. The notation 𝑍𝑡, 𝑄𝑡 has the analogous mean-
ing. For each natural number 𝜇, by 𝑋𝜇 we denote the set of all input words
of length 𝜇:

𝑥(1), 𝑥(2), … , 𝑥(𝜇).

The notation 𝑍𝜇, 𝑄𝜇 has the analogous meaning.

The objects of the subsequent discussion are operators mapping 𝑋𝑡 into 𝑍𝑡 (or
𝑋𝜇 into 𝑍𝜇) without anticipation. This means that the 𝑖-th letter of the
output sequence (or of the output word) is determined uniquely by the first 𝑖
letters of the input sequence to which it corresponds, and does not depend on
the subsequent letters. Obviously, an operator without anticipation mapping 𝑋𝑡

into 𝑍𝑡 induces, for any natural 𝜇, an operator without anticipation mapping
𝑋𝜇 into 𝑍𝜇, namely: the initial word of length 𝜇 of the input sequence is
transformed into the initial word of length 𝜇 of the output sequence. Among
such operators are the operators realizable in logical networks in the sense of
Burks and Wright (4) (see Fig. 1).

At each moment of time 𝑡 (𝑡 = 1, 2, …)* some input letter 𝑥(𝑡) enters the truth
block 𝐿 through the input channel 𝐼 , and through the feedback channel 𝐼𝐼
from the delay cell 𝑍𝑑 there enters an auxiliary letter 𝑞(𝑡 − 1), issued at the
preceding moment of time through the output channel 𝐼𝑉 ; the pair of letters
𝑥(𝑡) and 𝑞(𝑡 − 1) is transformed by the truth block 𝐿 into the pair of letters
𝑧(𝑡) and 𝑞(𝑡), which are issued through the output channels 𝐼𝐼𝐼 and 𝐼𝑉 . It is
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Fig. 1

Figure 1: Fig. 1

assumed that at 𝑡 = 1 the delay cell 𝑍𝑑 already contains some initial auxiliary
letter.

The corresponding operator can be specified by means of a system of equations
of the form

𝑧(𝑡) = Φ[𝑥(𝑡), 𝑞(𝑡 − 1)],
𝑞(𝑡) = Ψ[𝑥(𝑡), 𝑞(𝑡 − 1)], (2)

𝑞(0) —an initial constant,

where Φ(𝜉, 𝜂), Ψ(𝜉, 𝜂) are two-place functions defined for all 𝜉 ∈ 𝑋, 𝜂 ∈ 𝑄.

* In the case of a mapping 𝑋𝜇 into 𝑍𝜇, 𝑡 assumes values only up to 𝜇.

If an operator admits a representation of the form (2) with an auxiliary alpha-
bet 𝑄 of 𝑘 letters and does not admit such a representation with an auxiliary
alphabet of smaller cardinality, then we shall say that it has weight 𝑘. If an
operator without anticipation is defined on 𝑋𝜇, then it has, as is easy to see,
finite weight; if, however, it is defined on 𝑋𝑡, then, generally speaking, it is not
representable in the form (2) and cannot be assigned a finite weight.

2. Let us note that if letters are represented in binary code, then log2 𝑚 and
log2 𝑛 binary channels, respectively, are required to input an input letter
into the truth block and to output an output letter from it. In addition,
log2 𝑘 binary feedback channels will be required, and hence also log2 𝑘
delay cells, each of which delays one binary digit (one unit of information)
by one beat (one unit of time); for this reason it is natural to take log2 of
the weight of an operator as the measure of the operator’s memory.

Fig. 1

Let us call the volume of a word from 𝑋𝜇 the product 𝜇 ⋅ log2 𝑚; obviously, the
volume of a word characterizes its quantity of information. If an operator of
weight 𝑘 is defined on 𝑋𝜇, then the ratio log2 𝑘/(𝜇 ⋅ log2 𝑚) of the measure of
its memory to the volume of the words being processed is naturally called the
specific memory of this operator. It is easy to see that for any operator without
anticipation defined on 𝑋𝜇, the inequality

log2 𝑘 ≤ 𝜇 ⋅ log2 𝑚, (3)
always holds, having the simple meaning that the measure of the memory of an
operator does not exceed the volume of the word processed by it, i.e. the specific
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memory of the operator does not exceed 1; moreover, it may be arbitrarily close
to zero or may even be equal to zero. (The latter, obviously, occurs in the case
when the 𝑖-th letter of the output word depends only on the 𝑖-th letter of the
input word and does not depend on the letters preceding it.)

The following theorem shows, however, that in processing long words, in the over-
whelming majority of cases one encounters operators with high specific memory.

Theorem 1. For any 𝜀 > 0, among the operators without anticipation defined
on 𝑋𝜇, the fraction of those for which the specific memory is less than 1 − 𝜀
tends to zero as 𝜇 → ∞.

3. Operators realizable in logical networks possess certain periodicity prop-
erties that have already been noted in the literature (1−4). The theorem
of this section and its corollary refine these known results.

For a periodic sequence

𝑥(1), 𝑥(2), … , 𝑥(𝑝) (𝑥(𝑝 + 1), … , 𝑥(𝑝 + 𝑟)) (4)

we shall say that it has period 𝑟 and reduced length 𝑝 + 𝑟.
Theorem 2. An operator of weight 𝑘 has the following property: it transforms
any periodic sequence with period 𝑟 and reduced length 𝑝 + 𝑟 into a periodic
sequence with period ≤ 𝑘 ⋅ 𝑟 and with reduced length ≤ 𝑝 + 𝑘 ⋅ 𝑟.

The estimate formulated in the theorem is exact in the sense that, for any 𝑘
and 𝑟, one can easily construct an operator of weight 𝑘 that transforms some
sequence with period 𝑟 into a sequence with period 𝑘 ⋅ 𝑟.
An operator is called constant if it maps every sequence from 𝑋𝑡 (or word from
𝑋𝜇) into one and the same output sequence.

⋯activity (into one and the same word) (i.e., it produces a fixed sequence).

From Theorem 2 and the remark made above there follows a corollary.

Corollary. A constant operator of weight 𝑘 produces an output periodic se-
quence whose reduced length is exactly equal to 𝑘.
It is also easy to show that every periodic sequence with reduced length 𝑘 can
be produced by some constant operator of weight 𝑘. At the same time, one can
construct an operator without anticipation which has the property indicated in
Theorem 1 (for 𝑘 = 2), but has no finite weight, i.e., is not representable by
equations of the form (2).

4. The relation between operators defined on 𝑋𝑡 and on 𝑋𝜇 is clarified in
the following proposition.

Theorem 3. In order that two operators of weight ≤ 𝑘, defined on 𝑋𝑡, coin-
cide, it is necessary and sufficient that the operators induced by them on 𝑋2𝑘−1

coincide.
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This estimate cannot be improved; for any 𝑘 one can construct a pair of distinct
operators of weight 𝑘 which coincide on all initial input words of length 2𝑘 − 2.

5. The theorems of the present note were established by the author in the
course of his joint work with Prof. N. E. Kobrinskii in the area of analysis
and synthesis of logical networks. In particular, Theorem 3 proves useful
in the synthesis of logical networks (for example, multicycle relay-contact
circuits), since it makes it possible, from a certain rough estimate of the
weight of the operator being synthesized, to determine its exact weight
and thereby makes it possible to minimize the amount of memory in the
logical network.
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* The author has learned that the article by E. F. Moore,“Gedanken-experiments
on sequential machines,”included in the volume Automata (a Russian translation
is in press), contains a result analogous to Theorem 3.
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