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In this note we consider meromorphic functions of the form

o) =3 2 )

where: 1) Y [Imh | < oo, 2) 3 |AL| < cc.

M. G. Krein showed ! that for such a function, if one additionally assumes that
it has no zeros,

Ty(r) < Cp(r+1),
where C is some constant, and T(r) is the Nevanlinna characteristic of the

meromorphic function. Here we remove the assumption that there are no zeros
and establish the following theorem.

Theorem 1. For a function of the form (1) the following asymptotic inequality
holds*

Ty(r) < Ny(0r,0) + Cy g7, (2)

in which 6 is an arbitrary number greater than one; C 4 is some constant.

Proof. 1°. By Nevanlinna’ s first theorem,

Ty(p) = Ny(p,0) + my(p, 0) + O(1).

Multiplying both sides of this relation by p, integrating with respect to p from
7 to Or, and finally using the monotonicity of Ty and N, we obtain

2 or
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We need to show that

/ my(p,0)pdp < CF 4r°.

For this we shall use the inequality

or
In_|f(2)|
m (p,O)pdp:/ In_|f(2)|dxdy < (1+92r2)/ ————drdy <
/T d r<|z|<0r |z|<6r 1+2%+ y2 h

<o [ [l { [ [ /QT/

* This proposition was put forward as a hypothesis by B. Ya. Levin (oral communication).

Let us estimate the integrals in the brackets.

2°. Assuming |h,| > 1 (k =0, £1, £2,...) (which entails no loss of generality),
we draw around each point hy, a circle (C}) of radius | Im h,|~!. For nonreal z
lying outside the circles (C},), we have

| A
|z — hyl

If(2)] < +

z
lz—hy|<y/2 |z=hy|>y/2 |

Putting g(z) = f(2)x({hs}, 2), where
wimda= I (1-2) (1- h) |

we obtain, by the maximum-modulus principle, the estimate for g(z) when
Imz > 0:

l9(2)] < Colyl (|2 + 1)

Hence the inequality follows

*1In, |g(t +ih)|

o0
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We shall next need the following fact (?). If F(2) is holomorphic for Imz > 0,
continuous for Im z > 0, and

In|F(2)

1) —=<C

) ‘Z‘ = YF < 00,
and

*“In|F
2) [ % dt converges,

then

e}

Y In|F(t)|
wiFe =Y [ St (b Al ey (6)

where b, are the zeros of F(z), and ky is a constant.

Applying (6) to g(z + ih) and then putting z = i, we obtain

1 1 )
7/ n_|g(t +ih)] g —
TJ) o 1+ 2

e dt+kg+1n|x({ak—ih},z)|—ln|g((h+1)i)|,

_ L7l s i)
A

where a;, are the zeros of f(z). Hence, in view of (5), it follows that

/ Wdt<c5lnl+c6 (0<h<1),

1+41¢2 h

and, since |f(t +ih)| > |g(t + ¢h)| for h > 0, then

1 t+ih
/Lt’)'dmcgn +C,  (0<h<1).
[ 1+t

Integrating the last inequality with respect to h from 0 to 1, we shall have

In_ |f(t +ih)|
// Tt < ¢y

Estimating in the same way the integral from —1 to 0, we obtain
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1 o0 .
In_ | f(t + ih)|
/1 /Oo T dar < ¢, (7)

3°. Let us estimate the two other integrals in (4). Using (6), we have for y > 1

In_|g(t +1i/2)|

dt+
P+ (= )

_ 1 oo
ln,|f<x+iy>\sm,|g<x+iy>|gyﬂz/ :

+kl(y — 3) +In [x({a —i/2}, 2 —1i/2)].

1)2 and integrating with respect to x,

Dividing this inequality by 1+ 2% + (y — 3

we obtain
/OO In_|f(z +iy)| <Y / / In_|g(t+1i/2)] dx dt N
SRR (@—=t)?+(y—3) 1+2>+ (y—3)?
“In|x({a —i/2}, 2 —i/2)]
+|k|+/ de =1, + K + I, ()
SR TR L

Further, it is easy to see that

_y—; > . o dx
h== /mln'g(”’m{/m =07+ - DN+ + (- m}d"

1

Y—3 OOn ) —QF
<P [ g il

Introducing a;, = a;, — /2, 2’ = z —i/2, and denoting these quantities again by
a;, and z, consider

dt < Cy. (9)

“ I x({ag}, 2)|
12:/Oo]wd$ ak—ak+zﬁk,ﬁk>0 Z k+ﬁk<00 .

From the identity

001 _ 2 _h)\2
[l et b,
. 1+a?+y°
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) vire
- 2
\/1:7111[ ( +b+\/1+y2)} —b<0),
it follows that
2\/1+y2 \/1+y Z/ + (B, +y)? dx B
™ + (B —y)2 1+ a2 +y?

2 1 2\2 2 1 212
-3 I @+ W+ B+ v1+y?) +Zlnak+(y+ﬁk+\/ +9?)

0B (Y B V1Y) SE e+ (= B+ V1 +y?)?

<4y
y;:k (—y+Bp + V1+y?)?
Br
4(y++v/1+92
( L;skak (y—Br+V1+y?)?
<8yY QW W+ VIE) Y k+ﬁk<cm<y+1>

whence I, < Cy;. Substituting the last inequality from (9) into (8), and then
integrating from 1 to 6r, we obtain

/GT/ IR e < 0 / / I e < 0r
T+a% 42 2 - or Jooo LH 22+ Y2 2 -
(10)

(the validity of (10) is obtained by applying the arguments of this item to f(z)
for ITmz < —1).

4°. Substituting (7) and (10) into (4), we obtain

or
/ mg(p,0) pdp < Cf 4r°. (11)

From this inequality, in view of (3), (2) follows. Theorem 1 is proved.

5°. Inequality (11) makes it possible to establish the following theorem:
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Theorem 2. If for a function of the form (1) lim Tf(r)r’l = oo, then for
=00

every a, including a = oo, d;(a) = 0.

This proposition is adjacent to the following result of M. V. Keldysh (3):

A
A meromorphic function of finite order f(z) = Z kh has no nonzero defi-
Z— N

cient values, and zfz |AL] < oo and ZAk # 0, then also 6,(0) = 0.

From Theorem 2 (and the remark, see below) it follows, in particular, that if
> [Imhi'| < oo, then for the function f(z) the equality d;(0) = 0 holds also
without these additional assumptions.

Proof of Theorem 2. In view of (11) we have

Or
Cy s /T m(p,0)pdp m(0,r,0)0,r >
- - - T
Tf(r) T’2Tf(’f‘) 7’2Tf(r) Tf(ﬂrr)

where 1 < 0, < 0, whence

The equality 6;(a) = 0 for a # 0,00 follows from consideration of the function
f1 = (f —a)z~!, which is represented in the form (1), and my (r,0) > my(r,a).
The equality d,(c0) = 0 was proved by M. V. Keldysh (3) also for functions of
infinite order.

Remark. The assertions of Theorems 1 and 2 remain valid if the condition
> |A,| < oo is dropped, for, if the latter is not fulfilled for f(z), then, by virtue
of the absolute convergence of the series (1), it is fulfilled for f(z)z71.

I am deeply grateful to B. Ya. Levin, whose advice I used in carrying out the
present work.
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