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Abstract
Full Text
Mathematics

I. V. OSTROVSKII

A GENERALIZATION OF M. G. KREIN’S
THEOREM
(Presented by Academician S. N. Bernstein on 27 IV 1957)

In this note we consider meromorphic functions of the form

𝑓(𝑧) = ∑ 𝐴𝑘
𝑧 − ℎ𝑘

, (1)

where: 1) ∑ | Imℎ−1
𝑘 | < ∞, 2) ∑ |𝐴𝑘| < ∞.

M. G. Krein showed 1 that for such a function, if one additionally assumes that
it has no zeros,

𝑇𝑓(𝑟) < 𝐶𝑓(𝑟 + 1),

where 𝐶𝑓 is some constant, and 𝑇𝑓(𝑟) is the Nevanlinna characteristic of the
meromorphic function. Here we remove the assumption that there are no zeros
and establish the following theorem.

Theorem 1. For a function of the form (1) the following asymptotic inequality
holds∗

𝑇𝑓(𝑟) ⩽ 𝑁𝑓(𝜃𝑟, 0) + 𝐶𝑓,𝜃𝑟, (2)

in which 𝜃 is an arbitrary number greater than one; 𝐶𝑓,𝜃 is some constant.

Proof. 1∘. By Nevanlinna’s first theorem,

𝑇𝑓(𝜌) = 𝑁𝑓(𝜌, 0) + 𝑚𝑓(𝜌, 0) + 𝑂(1).

Multiplying both sides of this relation by 𝜌, integrating with respect to 𝜌 from
𝑟 to 𝜃𝑟, and finally using the monotonicity of 𝑇𝑓 and 𝑁𝑓 , we obtain

𝑇𝑓(𝑟) ⩽ 𝑁𝑓(𝜃𝑟, 0) + 2
(𝜃2 − 1)2𝑟2 ∫

𝜃𝑟

𝑟
𝑚𝑓(𝜌, 0)𝜌 𝑑𝜌 + 𝑂(1). (3)
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We need to show that

∫
𝜃𝑟

𝑟
𝑚𝑓(𝜌, 0)𝜌 𝑑𝜌 < 𝐶′

𝑓,𝜃𝑟3.

For this we shall use the inequality

∫
𝜃𝑟

𝑟
𝑚𝑓(𝜌, 0)𝜌 𝑑𝜌 = ∫

𝑟⩽|𝑧|⩽𝜃𝑟
ln− |𝑓(𝑧)| 𝑑𝑥 𝑑𝑦 ⩽ (1+𝜃2𝑟2) ∫

|𝑧|⩽𝜃𝑟

ln− |𝑓(𝑧)|
1 + 𝑥2 + 𝑦2 𝑑𝑥 𝑑𝑦 ⩽

⩽ (1+𝜃2𝑟2) ∫
𝜃𝑟

−𝜃𝑟
∫

∞

−∞

ln− |𝑓(𝑧)|
1 + 𝑥2 + 𝑦2 𝑑𝑥 𝑑𝑦 = (1+𝜃2𝑟2) {∫

1

−1
∫

∞

−∞
+ ∫

𝜃𝑟

1
∫

∞

−∞
+ ∫

−1

−𝜃𝑟
∫

∞

−∞
} .

(4)

* This proposition was put forward as a hypothesis by B. Ya. Levin (oral communication).

Let us estimate the integrals in the brackets.

2°. Assuming |ℎ𝑘| > 1 (𝑘 = 0, ±1, ±2, …) (which entails no loss of generality),
we draw around each point ℎ𝑘 a circle (𝐶𝑘) of radius | Imℎ𝑘|−1. For nonreal 𝑧
lying outside the circles (𝐶𝑘), we have

|𝑓(𝑧)| ≤ ∑
|𝑧−ℎ𝑘|<𝑦/2

|𝐴𝑘|
|𝑧 − ℎ𝑘| + ∑

|𝑧−ℎ𝑘|≥𝑦/2

|𝐴𝑘|
|𝑧 − ℎ𝑘| ≤ 𝐶1

|𝑦| (|𝑧|2 + 1).

Putting 𝑔(𝑧) = 𝑓(𝑧)𝜒({ℎ𝑘}, 𝑧), where

𝜒({ℎ𝑘}, 𝑧) = ∏
Im ℎ𝑘>0

(1 − 𝑧
ℎ𝑘

) (1 − 𝑧
ℎ𝑘

)
−1

,

we obtain, by the maximum-modulus principle, the estimate for 𝑔(𝑧) when
Im 𝑧 > 0:

|𝑔(𝑧)| ≤ 𝐶2|𝑦|−1(|𝑧|2 + 1).

Hence the inequality follows

∫
∞

−∞

ln+ |𝑔(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑𝑡 < 𝐶3 ln

1
ℎ + 𝐶4 (0 < ℎ ≤ 1). (5)
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We shall next need the following fact (2). If 𝐹(𝑧) is holomorphic for Im 𝑧 > 0,
continuous for Im 𝑧 ≥ 0, and

1) ln |𝐹 (𝑧)|
|𝑧| ≤ 𝐶𝐹 < ∞,

and

2) ∫
∞

−∞

ln |𝐹 (𝑧)|
1 + 𝑡2 𝑑𝑡 converges,

then

ln |𝐹 (𝑧)| = 𝑦
𝜋 ∫

∞

−∞

ln |𝐹 (𝑡)|
(𝑥 − 𝑡)2 + 𝑦2 𝑑𝑡 + ln |𝜒({𝑏𝑘}, 𝑧)| + 𝑘𝐹 𝑦, (6)

where 𝑏𝑘 are the zeros of 𝐹(𝑧), and 𝑘𝐹 is a constant.

Applying (6) to 𝑔(𝑧 + 𝑖ℎ) and then putting 𝑧 = 𝑖, we obtain

1
𝜋 ∫

∞

−∞

ln− |𝑔(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑𝑡 =

= 1
𝜋 ∫

∞

−∞

ln+ |𝑔(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑𝑡 + 𝑘𝑔 + ln |𝜒({𝑎𝑘 − 𝑖ℎ}, 𝑧)| − ln |𝑔((ℎ + 1)𝑖)|,

where 𝑎𝑘 are the zeros of 𝑓(𝑧). Hence, in view of (5), it follows that

∫
∞

−∞

ln− |𝑔(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑𝑡 < 𝐶5 ln

1
ℎ + 𝐶6 (0 < ℎ ≤ 1),

and, since |𝑓(𝑡 + 𝑖ℎ)| ≥ |𝑔(𝑡 + 𝑖ℎ)| for ℎ > 0, then

∫
∞

−∞

ln− |𝑓(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑𝑡 < 𝐶5 ln

1
ℎ + 𝐶6 (0 < ℎ ≤ 1).

Integrating the last inequality with respect to ℎ from 0 to 1, we shall have

∫
1

0
∫

∞

−∞

ln− |𝑓(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑ℎ 𝑑𝑡 < 𝐶7.

Estimating in the same way the integral from −1 to 0, we obtain
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∫
1

−1
∫

∞

−∞

ln− |𝑓(𝑡 + 𝑖ℎ)|
1 + 𝑡2 𝑑ℎ 𝑑𝑡 < 𝐶8. (7)

3∘. Let us estimate the two other integrals in (4). Using (6), we have for 𝑦 > 1

ln− |𝑓(𝑥 + 𝑖𝑦)| ≤ ln− |𝑔(𝑥 + 𝑖𝑦)| ≤ 𝑦 − 1
2

𝜋 ∫
∞

−∞

ln− |𝑔(𝑡 + 𝑖/2)|
(𝑥 − 𝑡)2 + (𝑦 − 1

2 )2 𝑑𝑡+

+|𝑘|(𝑦 − 1
2 ) + ln− |𝜒({𝑎𝑘 − 𝑖/2}, 𝑧 − 𝑖/2)|.

Dividing this inequality by 1 + 𝑥2 + (𝑦 − 1
2 )2 and integrating with respect to 𝑥,

we obtain

∫
∞

−∞

ln− |𝑓(𝑥 + 𝑖𝑦)|
1 + 𝑥2 + (𝑦 − 1

2 )2 𝑑𝑥 ≤ 𝑦 − 1
2

𝜋 ∫
∞

−∞
∫

∞

−∞

ln− |𝑔(𝑡 + 𝑖/2)|
(𝑥 − 𝑡)2 + (𝑦 − 1

2 )2
𝑑𝑥 𝑑𝑡

1 + 𝑥2 + (𝑦 − 1
2 )2 +

+|𝑘| + ∫
∞

−∞

ln− |𝜒({𝑎𝑘 − 𝑖/2}, 𝑧 − 𝑖/2)|
1 + 𝑥2 + (𝑦 − 1

2 )2 𝑑𝑥 = 𝐼1 + |𝑘| + 𝐼2. (8)

Further, it is easy to see that

𝐼1 = 𝑦 − 1
2

𝜋 ∫
∞

−∞
ln− |𝑔(𝑡+𝑖/2)| {∫

∞

−∞

𝑑𝑥
[(𝑥 − 𝑡)2 + (𝑦 − 1

2 )2][1 + 𝑥2 + (𝑦 − 1
2 )2]} 𝑑𝑡 ≤

≤ 𝑦 − 1
2

𝜋 ∫
∞

−∞
ln− |𝑔(𝑡 + 𝑖/2)| 2𝜋

(𝑦 − 1
2 )(𝑡2 + 1) 𝑑𝑡 < 𝐶9. (9)

Introducing 𝑎′
𝑘 = 𝑎𝑘 − 𝑖/2, 𝑧′ = 𝑧 − 𝑖/2, and denoting these quantities again by

𝑎𝑘 and 𝑧, consider

𝐼2 = ∫
∞

−∞

ln− |𝜒({𝑎𝑘}, 𝑧)|
1 + 𝑥2 + 𝑦2 𝑑𝑥 (𝑎𝑘 = 𝛼𝑘 + 𝑖𝛽𝑘, 𝛽𝑘 > 0, ∑ 𝛽𝑘

𝛼2
𝑘 + 𝛽2

𝑘
< ∞) .

From the identity

∫
∞

−∞

ln |(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2|
1 + 𝑥2 + 𝑦2 𝑑𝑥 =
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=
⎧{{
⎨{{⎩

𝜋
√1 + 𝑦2 ln[𝑎2 + (𝑦 − 𝑏 + √1 + 𝑦2)

2
] , (𝑦 − 𝑏 > 0),

𝜋
√1 + 𝑦2 ln[𝑎2 + (−𝑦 + 𝑏 + √1 + 𝑦2)

2
] , (𝑦 − 𝑏 ≤ 0),

it follows that

2√1 + 𝑦2

𝜋 𝐼2 = √1 + 𝑦2

𝜋 ∑ ∫
∞

−∞
ln (𝛼𝑘 − 𝑥)2 + (𝛽𝑘 + 𝑦)2

(𝛼𝑘 − 𝑥)2 + (𝛽𝑘 − 𝑦)2
𝑑𝑥

1 + 𝑥2 + 𝑦2 =

= ∑
𝑦<𝛽𝑘

ln 𝛼2
𝑘 + (𝑦 + 𝛽𝑘 + √1 + 𝑦2)2

𝛼2
𝑘 + (−𝑦 + 𝛽𝑘 + √1 + 𝑦2)2 + ∑

𝑦>𝛽𝑘

ln 𝛼2
𝑘 + (𝑦 + 𝛽𝑘 + √1 + 𝑦2)2

𝛼2
𝑘 + (𝑦 − 𝛽𝑘 + √1 + 𝑦2)2 ≤

≤ 4𝑦 ∑
𝑦<𝛽𝑘

𝛽𝑘 + √1 + 𝑦2

𝛼2
𝑘 + (−𝑦 + 𝛽𝑘 + √1 + 𝑦2)2 +

+4 (𝑦 + √1 + 𝑦2) ∑
𝑦<𝛽𝑘

𝛽𝑘
𝛼2

𝑘 + (𝑦 − 𝛽𝑘 + √1 + 𝑦2)2 ≤

≤ 8𝑦 ∑ 𝛽𝑘
𝛼2

𝑘 + 𝛽2
𝑘

+ 4(𝑦 + √1 + 𝑦2) ∑ 𝛽𝑘
𝛼2

𝑘 + 𝛽2
𝑘

≤ 𝐶10(𝑦 + 1),

whence 𝐼2 ≤ 𝐶11. Substituting the last inequality from (9) into (8), and then
integrating from 1 to 𝜃𝑟, we obtain

∫
𝜃𝑟

1
∫

∞

−∞

ln− |𝑓(𝑧)|
1 + 𝑥2 + 𝑦2 𝑑𝑦 𝑑𝑥 ≤ 𝐶12𝑟; ∫

−1

−𝜃𝑟
∫

∞

−∞

ln− |𝑓(𝑧)|
1 + 𝑥2 + 𝑦2 𝑑𝑦 𝑑𝑥 ≤ 𝐶13𝑟

(10)

(the validity of (10) is obtained by applying the arguments of this item to 𝑓(𝑧)
for Im 𝑧 ≤ −1).
4∘. Substituting (7) and (10) into (4), we obtain

∫
𝜃𝑟

𝑟
𝑚𝑓(𝜌, 0) 𝜌 𝑑𝜌 < 𝐶′

𝑓,𝜃𝑟3. (11)

From this inequality, in view of (3), (2) follows. Theorem 1 is proved.

5∘. Inequality (11) makes it possible to establish the following theorem:
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Theorem 2. If for a function of the form (1) lim
𝑟→∞

𝑇𝑓(𝑟)𝑟−1 = ∞, then for
every 𝑎, including 𝑎 = ∞, 𝛿𝑓(𝑎) = 0.

This proposition is adjacent to the following result of M. V. Keldysh (3):

A meromorphic function of finite order 𝑓(𝑧) = ∑ 𝐴𝑘
𝑧 − ℎ𝑘

has no nonzero defi-

cient values, and if ∑ |𝐴𝑘| < ∞ and ∑ 𝐴𝑘 ≠ 0, then also 𝛿𝑓(0) = 0.

From Theorem 2 (and the remark, see below) it follows, in particular, that if
∑ | Imℎ−1

𝑘 | < ∞, then for the function 𝑓(𝑧) the equality 𝛿𝑓(0) = 0 holds also
without these additional assumptions.

Proof of Theorem 2. In view of (11) we have

𝐶′
𝜃,𝑓𝑟

𝑇𝑓(𝑟) ≥
∫

𝜃𝑟

𝑟
𝑚𝑓(𝜌, 0)𝜌 𝑑𝜌

𝑟2𝑇𝑓(𝑟) = 𝑚𝑓(𝜃𝑟𝑟, 0)𝜃𝑟𝑟
𝑟2𝑇𝑓(𝑟) (𝜃 − 1)𝑟 > 𝑚𝑓(𝜃𝑟𝑟, 0)

𝑇𝑓(𝜃𝑟𝑟) (𝜃 − 1),

where 1 < 𝜃𝑟 < 𝜃, whence

𝛿𝑓(0) = lim
𝜌→∞

𝑚𝑓(𝜌, 0)
𝑇𝑓(𝜌) = 0.

The equality 𝛿𝑓(𝑎) = 0 for 𝑎 ≠ 0, ∞ follows from consideration of the function
𝑓1 = (𝑓 − 𝑎)𝑧−1, which is represented in the form (1), and 𝑚𝑓1

(𝑟, 0) ≥ 𝑚𝑓(𝑟, 𝑎).
The equality 𝛿𝑓(∞) = 0 was proved by M. V. Keldysh (3) also for functions of
infinite order.

Remark. The assertions of Theorems 1 and 2 remain valid if the condition
∑ |𝐴𝑘| < ∞ is dropped, for, if the latter is not fulfilled for 𝑓(𝑧), then, by virtue
of the absolute convergence of the series (1), it is fulfilled for 𝑓(𝑧)𝑧−1.

I am deeply grateful to B. Ya. Levin, whose advice I used in carrying out the
present work.

Kharkov State University
named after A. M. Gorky

Received
7 I 1957
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