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In the works of B. M. Levitan (1) and V. A. Marchenko (?) new methods are
indicated for the investigation of the spectral properties of differential opera-
tors. In the present note these methods are applied to the consideration of the
question of the asymptotic behavior of the elements of the spectral matrix of
the operator of the theory of elasticity, given in a finite domain.

The formulas obtained refine one result of A. Pleijel (), which was obtained
anew by another method by T. V. Burchuladze (*).

1. Denote by €2 a finite domain of three-dimensional Euclidean space E;.
Let f(p) = {f1(p), f2(p), f3(p)} (p is a point of ) denote a vector whose
components have continuous derivatives up to the second order inclusive.

Consider the Cauchy problem:

Find a solution of the equation

2
—A*v—k% =0, v={vh,v?v3} (1)
under the initial conditions
ov(p,0
wp0) =0, PPO_ ) )

where A* = b?A + (a® — b?) grad div (a > b > 0 are constants, A is the Laplace
operator).

If the point p lies inside () and ¢ is so small that the ball with center at the point
p and radius at lies entirely inside 2, then the solution of the Cauchy problem
can be represented in the form (°)

10 e
4rv(p,t) = = fsaq)dq—&—graddlv/o dv/b< ) @dq, (3)

r<bt
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where r = |p — ¢| is the distance between the points p,q; dq is the element of
volume.

2. Consider some self-adjoint operator £, generated by the differential oper-
ation —A* in the domain 2, and the eigenvalue problem

Lu— pPu =0, u={ut,u? u®} (4)

for this operator.

Let p2 (n = 1,2,..) be the eigenvalues of problem (4), and wu,(p) =
{ul (p),u2(p),u3(p)} the corresponding eigenvectors.

We shall call the matrix the spectral matrix of the operator £ matrix

O(p, q; 1), whose elements 9, (p, q; 1) (i,k = 1,2,3) are determined by the for-
mulas

Vi) = Y uh(p)ub(q),  pge.

Hp <

Theorem. Let h be an arbitrary positive number and let 2, be the set of
points of the domain 2 whose distance from its boundary is not less than h. Let
the points p = (21,4, z3) and ¢ belong to ;. Then for the elements of the
spectral matrix ©(p, g; 1) the following asymptotic formulas hold:

1 9% si(H)—si(&)] 10%(a2+2b73)

— 1 1 /r
lim —o sup |94 (p,¢; 1) — 339 (g;u)5

n=o0 p2 paeq, k" on2 0, r 3m2h
where ¥(r, ) is the spectral function of the Laplace operator in the whole space
E; (1); 4, is the Kronecker symbol; si(x) is the integral sine; r = |p — q|.

Proof. Let f(q) be a vector vanishing outside €2;, and sufficiently smooth that
the Cauchy problem (1), (2) can be solved by the Fourier method. Then, for
sufficiently small values of ¢, the equality holds

> sin pt 10 [ flg) [ f(g)
A / d / O(p, ;1) f(q9)dg = 5 - dg+graddiv [ dy dq.
0 K . E b2 ot r 0 bv<r<av

3 r<bt r

(5)
Continue the right-hand side of (5) oddly onto the negative half-axis —oco <
t < 0, and then multiply both sides of equality (5) by the derivative ¢’(t) of
an arbitrary infinitely differentiable even function ¢(t) vanishing outside the
interval (—h, h).
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Integrating by parts with respect to the variable ¢ and representing the vector
f(q) on the right-hand side of (5) by a Fourier integral, we obtain:

/E 4, [ 00010 da =

— /: E (1) dM/E {blgﬂ (%M) flg) + Tjr? grad, div,, Wﬂqﬂ} dq,
3 (6)

where E(11) is the Fourier transform of the function g(¢); the matrix ©(p, ¢; 1) is
assumed to have been extended oddly onto the negative half-axis —oco < p < 0.

By virtue of the arbitrariness of the vector f(q), equality (6) is equivalent to
the nine basic relations:

/ Eg(ﬂ’) du[ﬁik(pa% ,LL) 771k(paq’ﬂ)} :0’ Zak: 1a2a37 (7)
where it is set that

r

1 82 31(%)—81(I—”)
Yir (P> g 1) = b—sﬂ(g,u) 5+ |

272 Oz, 0, r

Since for p = ¢ the functions
Vii (o3 ) = (187%) 7 (a % + 2677
it follows from (7), by Lemma 1.1 of paper 2, that the diagonal elements of the

spectral matrix for p = ¢ satisfy the relation

z+1/h

25
el 7 Var {0y(pps )} < (@ 42077, i=1,2,3,
— 00

uniformly for all p € Q,.

If p # ¢, then, applying the Cauchy-Bunyakovsky inequality, we obtain that all
elements of the spectral matrix satisfy the relation

z+1/h

25
lim |SC| 2 Var {ﬂzk(paq M)} <

2] o0 h( a”? + 2b73)a Zak = 172733 (8)

uniformly in p and ¢ from the closed domain €2,,.
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From (7) and (8), and from the remark to Lemma 2.1 of paper 2, the assertion
of the theorem follows, if as the family of kernels T'(IV, \) appearing in Lemma
2.1 of paper 2 one takes kernels of the form

1, if |\ < N,
T(N,A) =13, if[A[=N,
0, if|\|>N

Remark. The matrix ||v;,(p, ¢; p)|? ,_, is the spectral matrix of the operator
£ in the entire space Ej.
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