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Abstract
Full Text
MATHEMATICS
M. Sh. FLEKSER

ASYMPTOTIC BEHAVIOR OF THE SPEC-
TRAL MATRIX OF THE OPERATOR OF
THE THEORY OF ELASTICITY
(Presented by Academician M. V. Keldysh on 28 II 1957)

In the works of B. M. Levitan (1) and V. A. Marchenko (2) new methods are
indicated for the investigation of the spectral properties of differential opera-
tors. In the present note these methods are applied to the consideration of the
question of the asymptotic behavior of the elements of the spectral matrix of
the operator of the theory of elasticity, given in a finite domain.

The formulas obtained refine one result of A. Pleijel (3), which was obtained
anew by another method by T. V. Burchuladze (4).

1. Denote by Ω a finite domain of three-dimensional Euclidean space 𝐸3.
Let 𝑓(𝑝) = {𝑓1(𝑝), 𝑓2(𝑝), 𝑓3(𝑝)} (𝑝 is a point of Ω) denote a vector whose
components have continuous derivatives up to the second order inclusive.

Consider the Cauchy problem:

Find a solution of the equation

−Δ∗𝑣 + 𝜕2𝑣
𝜕𝑡2 = 0, 𝑣 = {𝑣1, 𝑣2, 𝑣3} (1)

under the initial conditions

𝑣(𝑝, 0) = 0, 𝜕𝑣(𝑝, 0)
𝜕𝑡 = 𝑓(𝑝), (2)

where Δ∗ = 𝑏2Δ + (𝑎2 − 𝑏2) grad div (𝑎 > 𝑏 > 0 are constants, Δ is the Laplace
operator).

If the point 𝑝 lies inside Ω and 𝑡 is so small that the ball with center at the point
𝑝 and radius 𝑎𝑡 lies entirely inside Ω, then the solution of the Cauchy problem
can be represented in the form (5)

4𝜋𝑣(𝑝, 𝑡) = 1
𝑏2

𝜕
𝜕𝑡 ∫

𝑟<𝑏𝑡

𝑓(𝑞)
𝑟 𝑑𝑞 + grad div ∫

𝑡

0
𝑑𝜈 ∫

𝑏𝜈<𝑟<𝑎𝜈

𝑓(𝑞)
𝑟 𝑑𝑞, (3)
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where 𝑟 = |𝑝 − 𝑞| is the distance between the points 𝑝, 𝑞; 𝑑𝑞 is the element of
volume.

2. Consider some self-adjoint operator ℒ, generated by the differential oper-
ation −Δ∗ in the domain Ω, and the eigenvalue problem

ℒ𝑢 − 𝜇2𝑢 = 0, 𝑢 = {𝑢1, 𝑢2, 𝑢3} (4)

for this operator.

Let 𝜇2
𝑛 (𝑛 = 1, 2, …) be the eigenvalues of problem (4), and 𝑢𝑛(𝑝) =

{𝑢1
𝑛(𝑝), 𝑢2

𝑛(𝑝), 𝑢3
𝑛(𝑝)} the corresponding eigenvectors.

We shall call the matrix the spectral matrix of the operator ℒ matrix

Θ(𝑝, 𝑞; 𝜇), whose elements 𝜗𝑖𝑘(𝑝, 𝑞; 𝜇) (𝑖, 𝑘 = 1, 2, 3) are determined by the for-
mulas

𝜗𝑖𝑘(𝑝, 𝑞; 𝜇) = ∑
𝜇𝑛<𝜇

𝑢𝑖
𝑛(𝑝)𝑢𝑘

𝑛(𝑞), 𝑝, 𝑞 ∈ Ω.

Theorem. Let ℎ be an arbitrary positive number and let Ωℎ be the set of
points of the domain Ω whose distance from its boundary is not less than ℎ. Let
the points 𝑝 = (𝑥1, 𝑥2, 𝑥3) and 𝑞 belong to Ωℎ. Then for the elements of the
spectral matrix Θ(𝑝, 𝑞; 𝜇) the following asymptotic formulas hold:

lim
𝜇→∞

1
𝜇2 sup

𝑝,𝑞∈Ωℎ

∣𝜗𝑖𝑘(𝑝, 𝑞; 𝜇) − 1
𝑏3 𝜗 (𝑟

𝑏 ; 𝜇) 𝛿𝑖𝑘 − 1
2𝜋2

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑘

si ( 𝜇𝑟
𝑏 ) − si ( 𝜇𝑟

𝑎 )
𝑟 ∣ < 108(𝑎−3 + 2𝑏−3)

3𝜋2ℎ ,

where 𝜗(𝑟, 𝜇) is the spectral function of the Laplace operator in the whole space
𝐸3 (1); 𝛿𝑖𝑘 is the Kronecker symbol; si(𝑥) is the integral sine; 𝑟 = |𝑝 − 𝑞|.
Proof. Let 𝑓(𝑞) be a vector vanishing outside Ωℎ and sufficiently smooth that
the Cauchy problem (1), (2) can be solved by the Fourier method. Then, for
sufficiently small values of 𝑡, the equality holds

4𝜋 ∫
∞

0

sin 𝜇𝑡
𝜇 𝑑𝜇 ∫

𝐸3

Θ(𝑝, 𝑞; 𝜇)𝑓(𝑞) 𝑑𝑞 = 1
𝑏2

𝜕
𝜕𝑡 ∫

𝑟<𝑏𝑡

𝑓(𝑞)
𝑟 𝑑𝑞+grad div ∫

𝑡

0
𝑑𝑦 ∫

𝑏𝑣<𝑟<𝑎𝑣

𝑓(𝑞)
𝑟 𝑑𝑞.

(5)

Continue the right-hand side of (5) oddly onto the negative half-axis −∞ <
𝑡 < 0, and then multiply both sides of equality (5) by the derivative 𝑔′(𝑡) of
an arbitrary infinitely differentiable even function 𝑔(𝑡) vanishing outside the
interval (−ℎ, ℎ).
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Integrating by parts with respect to the variable 𝑡 and representing the vector
𝑓(𝑞) on the right-hand side of (5) by a Fourier integral, we obtain:

∫
∞

−∞
𝐸𝑔(𝜇) 𝑑𝜇 ∫

𝐸3

Θ(𝑝, 𝑞; 𝜇)𝑓(𝑞) 𝑑𝑞 =

= ∫
∞

−∞
𝐸𝑔(𝜇) 𝑑𝜇 ∫

𝐸3

{ 1
𝑏3 𝜗 (𝑟

𝑏 ; 𝜇) 𝑓(𝑞) + 1
2𝜋2 grad𝑝 div𝑝 [ si ( 𝜇𝑟

𝑏 ) − si ( 𝜇𝑟
𝑎 )

𝑟 𝑓(𝑞)]} 𝑑𝑞,

(6)

where 𝐸𝑔(𝜇) is the Fourier transform of the function 𝑔(𝑡); the matrix Θ(𝑝, 𝑞; 𝜇) is
assumed to have been extended oddly onto the negative half-axis −∞ < 𝜇 < 0.

By virtue of the arbitrariness of the vector 𝑓(𝑞), equality (6) is equivalent to
the nine basic relations:

∫
∞

−∞
𝐸𝑔(𝜇) 𝑑𝜇[𝜗𝑖𝑘(𝑝, 𝑞; 𝜇) − 𝛾𝑖𝑘(𝑝, 𝑞; 𝜇)] = 0, 𝑖, 𝑘 = 1, 2, 3, (7)

where it is set that

𝛾𝑖𝑘(𝑝, 𝑞; 𝜇) = 1
𝑏3 𝜗(𝑟

𝑏 ; 𝜇) 𝛿𝑖𝑘 + 1
2𝜋2

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑘

𝑠1( 𝜇𝑟
𝑏 ) − 𝑠1( 𝜇𝑟

𝑎 )
𝑟 .

Since for 𝑝 = 𝑞 the functions

𝛾𝑖𝑖(𝑝, 𝑝; 𝜇) = (18𝜋2)−1(𝑎−3 + 2𝑏−3)𝜇2,

it follows from (7), by Lemma 1.1 of paper 2, that the diagonal elements of the
spectral matrix for 𝑝 = 𝑞 satisfy the relation

lim
|𝑥|→∞

|𝑥|−2
𝑥+1/ℎ
Var

𝑥
{𝜗𝑖𝑖(𝑝, 𝑝; 𝜇)} < 25

𝜋2ℎ(𝑎−3 + 2𝑏−3), 𝑖 = 1, 2, 3,

uniformly for all 𝑝 ∈ Ωℎ.

If 𝑝 ≠ 𝑞, then, applying the Cauchy–Bunyakovsky inequality, we obtain that all
elements of the spectral matrix satisfy the relation

lim
|𝑥|→∞

|𝑥|−2
𝑥+1/ℎ
Var

𝑥
{𝜗𝑖𝑘(𝑝, 𝑞; 𝜇)} < 25

𝜋2ℎ(𝑎−3 + 2𝑏−3), 𝑖, 𝑘 = 1, 2, 3, (8)

uniformly in 𝑝 and 𝑞 from the closed domain Ωℎ.
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From (7) and (8), and from the remark to Lemma 2.1 of paper 2, the assertion
of the theorem follows, if as the family of kernels 𝑇 (𝑁, 𝜆) appearing in Lemma
2.1 of paper 2 one takes kernels of the form

𝑇 (𝑁, 𝜆) =
⎧{
⎨{⎩

1, if |𝜆| < 𝑁,
1
2 , if |𝜆| = 𝑁,
0, if |𝜆| > 𝑁.

Remark. The matrix ‖𝛾𝑖𝑘(𝑝, 𝑞; 𝜇)‖3
𝑖,𝑘=1 is the spectral matrix of the operator

ℒ in the entire space ̇𝐸3.
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