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MATHEMATICS
P. P. KOROVKIN

ON THE ORDER OF APPROXIMATION OF
FUNCTIONS BY LINEAR POSITIVE OPER-
ATORS

(Presented by Academician V. I. Smirnov, 10 I 1957)

Let £, (f;x) be a linear positive operator whose value, for any continuous func-
tion, is an algebraic or trigonometric polynomial of degree not exceeding n. Put

A, =L,(f;2) = flo). (1)

E. V. Voronovskaya (1), studying the order of approximation of functions by S. N.
Bernstein polynomials, established that the order of smallness of the quantity
A,, in this case is, generally speaking, no higher than 1/n, and proved the
equality

lim nA,, = %z(l —x)f"(x). (2)

n—oo

In this note it will be shown that the slow order of convergence to zero of the
quantity A, occurs for all linear and positive polynomial operators. In addition,
an analogue of equality (2) will be established for arbitrary sequences of positive
operators.

Theorem 1. If {£,(f;x)} is a sequence of linear positive operators such that
the value of the operator £, (f;x) for any function continuous on the interval
—1 <z <1 is an algebraic polynomial of degree not exceeding n, then at least
one of the sequences

{(n?1€, (L) =11}, {n?|L, () —al},  {n?]£, (8% 2) — 27|}

does not tend to zero.

Proof. We have

(L[t 2) = [al] < L5 ([t 2) = |2 £, (1 2)] 4[] [ £, (1;2) = 1

<141 — [l 2)] + 1€ (152) 1] )
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Using the properties of linear positive operators (monotonicity and the Cauchy-
Bunyakovsky inequality), we obtain

|, ([t = |zs2)] < £, ([t —x];2) <
<VEt—2)%a} £, (La) =

=V{<, (%) — 22} —22{<, (t;x) —x} + 22{L, (1;2) — 1]& \)/ﬁn(l;x).
4

Since £,,(f;x) is a polynomial operator, it follows that

E, () < £, (1t 2) = []]- ()

From (3), (4), and (5) we obtain

nE,(|z]) <n?|£,(1;2) — 1|+ (6)

VI L 2)[Vn2 (14,825 2) — 22] + 2]£, (8 2) — 2 + £, (1;2) — 1]).

If the theorem were not true, then the right-hand side of the last inequality
would tend to zero. But this is impossible, since nE,, (|z|) does not tend to zero.

It follows from the theorem proved that the order of approximation of func-
tions by linear positive and polynomial operators is not higher than 1/n2, even
for analytic functions. A similar assertion is easily carried over also to the
trigonometric case. In what follows, sequences of linear positive and polynomial
operators will be indicated for which the order of approximation 1/n? holds for
any twice differentiable function, |f”(z)| < oo.

Theorem 2. Let ¢, (), n = 1,2, ..., be nondecreasing functions on the interval
a <z <b,and

b
B,(f) = / f() dipy ().

Let 9(x) be a continuous function on this interval,

In order that from the equality

linémzA<oo (7

e ()
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where f(x) is any function for which the last limit exists, there follow the equality

0. (f)
B O B (®)

it is necessary and sufficient that for every § > 0 the equality

o (8)
i 3, (V) 0 ©)
hold, where
0, (6) = dp, (). (10)
/zc>6 v

Proof. Putting f(x) = ¢%(z), we obtain
b
®,(f) = [ flx)de,(x) > f(@)de,(x) = ma, (),
/a z)de,(x L_cga x)dp,(x) > ma

where m is the least value of the function f(x) on the set |[x —¢| > d. Conse-
quently,

2,0 o 0y(d)
2,0) = "0,@)

If (9) does not hold for some § > 0, then the right-hand side, and hence the
left-hand side, of the last inequality do not tend to zero, although

(11)

To prove the sufficiency of the conditions of the theorem, note that from (7)
there follows the inequality

|f(z) — AY(a)| <e(z), |z —cf <6 (12)

Now we have

b
B,(f) — AD, (1) = / {f(@) — Ap(a)} dpy(z) =
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:/ <6{f(x)—Aw(J;)}d<pn(a:)+/ (F(2) — Ab()} do, ().

|z—c|>8

But

/Léu&»—Awun@%@»<Aﬂ%w» M = [ f(z) — Ap(a)],
/ﬁ vcwng¢cw|d¢nmo<:e/“ () dop () < B, ().
lz—c|<é |z—c|<d

Consequently,

From this inequality, (9), and the arbitrariness of € > 0, the theorem follows.

To obtain Voronovskaya’ s theorem from this theorem, it is necessary to note
that

B,(1;z) =1, B, {(t—xz);z} =0, B {(t—z)%z} = —"=,
a,(0) = Z Ckzk(1 —z)nk = 0(l> .
|k/n—x|>5
Since

a,(0) = o(B,{(t —z)%z}), O<z<l,

by Theorem 2, from the equality

W IO =f@) =)@ 1,
fira =P —37

there follows the equality

li z
oo B, {(t—z)?%x}

n
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i.e. Voronovskaya’ s theorem.

Let us also apply Theorem 2 to Jackson’ s operators

= et [ 0 (52)

We have

ont0 = g [+ | () =0 (%)

On the other hand,

t—ax 3 1 (T/1 1 sin’(nt/2)
D 31 2 ; ) = —-————— - / <7 - S t) - e dt -
n (bm 2 ) T nx ) \2 29" G2

- 2(2713—1- 1) :O(%)'

Applying Theorem 2, from the equality

lim f(t) _ ( ) E )Sm( ) _ 2f”(m)
t—x SlIl T
we obtain
Dn(f,l‘)*f(l' : 4
B R o] ~ A F D)~ (@) =21
Consequently,

lim 4n?(D,,(f;z) — f(z)) = 6" (x).

n—o0
It would not be difficult to show that the last relation holds uniformly for all
x, if the periodic function f(x) has a continuous second derivative. Since the
linear and positive operator D, (f,x) is a trigonometric polynomial of order
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not exceeding 2n, the remark to Theorem 1 concerning the existence of opera-
tors realizing the order of approximation 1/n? for good functions has also been
proved.
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