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Abstract

Full Text
MATHEMATICS
G. K. ANTONYUK

COVERING OF AREAS FOR FUNCTIONS
REGULAR IN AN ANNULUS

(Presented by Academician V. I. Smirnov, 22 XI 1956)

A function w = f(z) € M if in the annulus 1 < |z| < R w = f(%) is regular and

1 /
27t J; f(2)
where L is a contour not homologous to zero.

The question of covering areas for functions of the class 9t was posed by G.
Ya. Khazaliya in the papers (1'2). In paper (}) the problem of minimizing the
area of the image obtained under the mapping of the annulus 1 < |z| < R by
a function w = f(z) € M is solved. In paper (?) the notion of a star of the
Riemann surface onto which the annulus 1 < |z| < R is mapped by a function
w = f(z) € M is introduced, and its area S* is estimated: S* > w(R? —1).
Unfortunately, the definition of a star has shortcomings, which, in particular,
were pointed out in (*); moreover, the existence of a star was not proved. We
give a somewhat different definition of a star (cf. (>)).

1. Let ;% and R, , be Riemann surfaces onto which, respectively, the annuli
1< |z|<Rand 147 < |z| < R—0, 7,0 > 0, are mapped by the function
w = f(z) < M; let I'.,T, be the images of the circles |z| = 1 + 7 and
|z| = R — o, obtained under this mapping. Let two arbitrary sequences of
numbers 7,, — 0 and o,, — 0, n — oo, be given, satisfying the conditions:
Tp > Tpyts O > Opyq, B = 1,2,.... Let an arbitrary system of rays Ly,
k=1,2,...,m, drawn from the point w = 0, be given.

2. We cut the Riemann surface R, over all its sheets:

a) by the system of rays L, k=1,2,...,m;

b) by the system of rays drawn from the point w = 0 through all branch
points of R

T1,01 ;
¢) by the system of all rays issuing from the point w = 0 and touching the

boundary of the Riemann surface R, , .

The same rays cut each of the Riemann surfaces R, , %R, , ,... into a certain
2,02 3°Y3

totality of parts. Let w;,w,,...,w, be the sectors formed by neighboring rays
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of the indicated subdivision, and let their apertures be equal, respectively, to
Qq,Q, ..., 0. Among the parts of the Riemann surfaces obtained under the
indicated subdivision and contained in the sector w,, ¢ = 1,2, ..., s, we single
out all possible sequences of them (let their number be k,*) of the form

%21{01 C 9‘%2;302 C 9%2;’]03 C.., j=1,2,...,k
where R%J g, 18 such a part of the Riemann surface %Tk . k=12, .. lying
in the sector w,, that the increment of argw along all pieces I', Iy, entering
the boundary of R Jak,
respectively equal to —«

when they are traversed in the pos1t1ve direction, is

q and +ay.

3. On the Riemann surface 9{@(, 1<g<s,1<j< kq, mark:

2 b
a) all branch points of i)‘iq’j - whose projection onto the w-plane lies outside
the projection of 9{71 o))

* It is clear that the number k, of sequences depends on the structure of the
Riemann surface.

which have
at which the

b) all those points of the boundary of the Riemann surface S)f{q’ja

projection onto the w-plane outside the projection of %7

T(T’

rays drawn from the point w = 0 touch the boundary of SR%7

T2,02°

From the point w = 0, through the marked points, draw a system of rays. Cut
the Riemann surface SRZ’J o, along all its sheets in the following way: draw a cut,
not passing along %31,01, from each of the marked points along the correspond-
ing ray to w = oo or w = 0. Among the parts of the Riemann surface obtained
under such a partition, choose the one which contains /77, ; denote it by V17
On the Riemann surface R%7, . by means of V2, mark all points of the same
by means of R/, . Add to them
by
means of V27 . the part V7 by partitioning it along the rays drawn from

type as the points marked by us on %q’j

,09

TG'7

the points marked by us earlier on 9%2;3 Separate from the surface PRI

the point w = 0 through the resulting set of points, just as we separated Vﬂz’f;,z

from %Z’J
2

o, Dy means of 9%‘11]

oy°

Continuing in the same way the partition of the Riemann surfaces Eﬁﬁf 9%2; g1
., we obtain a sequence of their parts:

VI =TI, C VLI, C VS C

72,02 73,03

In this case the parts Vﬂ,;{ak7 k=1,2,..., are simply connected; every ray drawn
from the point w = 0 through a point of Vi, has only one segment which is
a cross-section of V17 the increment of argw along all arcs I',, T, entering
into the boundary of VTq »,» When they are traversed in the positive direction,
is respectively equal to —a, and +a,,.
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4. Let j, (g = 1,2,...,5) be some arbitrary number among the numbers
1,2, ..., k,. Denote by V,,(jy, ..., Js) the totality of the domains

S .
@4 o
g Vela, n=12,...
q=1

The star R* of the Riemann surface 58 with respect to the system L,, k =
1,2,....,m, of rays drawn from the point w = 0, is the open set situated
on the Riemann surface R and which is the limiting set for some sequence
V., (415 72y -»Js) as n — oo (it is clear that if at least one of the numbers
ki, kg, ..., kg is greater than one, then the star is not unique).

It is evident that the star PR* is simply connected and that a ray drawn from
the point w = 0 through a point of R* has only one segment, lying in 8*, with
endpoints on the boundary of J7*.

The star defined in the indicated manner exists. Using the method of A. F.
Bermant (%), p. 192, one can obtain a result more general than the result of G.
Ya. Khazalia:

(L+§)(1+§)21#,

where S is the area of the star, s is the area of its transform; equality is possible
only for the function f(z) = ez, |¢| = 1.
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