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ON THE CONVERGENCE OF A MODIFICA-
TION OF THE GALERKIN METHOD

(Presented by Academician M. V. Keldysh, February 7, 1957)

N. I. Pol’ skii (("{1})) considered the question of convergence of the generalized
Galerkin method for linear equations of the form

[Au+ B()u="{]

in a certain Hilbert space, assuming (A) to be a positive definite self-adjoint
operator. In the present note it is shown that convergence of one modification
of the Galerkin method will also hold under less stringent restrictions imposed
on the operator (A).

1. Consider, on the interval (0 < x < 1), the equation

n—1

Ll =y™ + ) piw Ny = f(2), (1)

3=0
where (n) is an arbitrary natural number, with the boundary conditions

n—1

Uz[y] = Z [aiky<k)(0) + Biky(k)(l)] =0 (Z =1,2,.. 7”)' (2)
k=0

We shall regard the functions (p_k(x,)) as continuous on the segment ([0,1])
for every () from a domain (D) of the complex plane and as analytic functions
of () in (D). The function (f(x)) is assumed continuous. In addition, we assume,
as usual, that the matrix composed of the constants ( {ik}) and ( {ik}) has rank
(n). The boundary-value problem thus obtained will be called problem ((L)).

Let

Ayl =y + ni q;(x)y", (3)
=0

where the operator (A) is chosen so that the problem
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[Aly]=0, U_i[y]=0 (i=1,2,..,n)]
has no nontrivial solution.

Choose a system of linearly independent functions

01(x), po(2), s i (), ey (4)

satisfying the boundary conditions (2) and such that the system of functions

1/)1(55); wZ(l.)v"'awk(x)v"'» (5)

where

U = Alpyl, (6)

forms a complete orthonormal system in (L_2(0,1)).
We seek an approximate solution of problem (L) in the form

N
N
un =315 e (7)
k=1
where the constants (k™ {(N)}) are found from the system

(L[yN}_.ﬂwi):o <i:172>"'>N)' (8)

Then the following fundamental theorem holds.

Theorem 1. The functions (y_N) and their derivatives of order less than (n)
converge uniformly to the solution and to the corresponding derivatives of the
solution of problem (L), and the sequence ({y_N"{(n)}}) converges in mean to
the (n)-th derivative of the solution. The eigenvalues of problem (L) are the
limits of the eigenvalues of the systems (8).

The proof, as in the work of M. V. Keldysh (("{2})), is based on the theory of
infinite systems of linear algebraic equations.

For the practical application of the method the following theorem is useful.

Theorem 2. *The functions ( k) may always be chosen to be polynomials.*

If problem (L) has a unique solution and the system ({L[ _i]}) is complete, then
Theorem 1 immediately implies the convergence of the least-squares method for
problem (L).

2. We now consider, in a domain (Q) of (n)-dimensional space, the elliptic
equation
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& 0%u "L Ou
L[U] Z aikm + Z bzaix + cu = f (9)

i=1 ¢
with coefficients (b_i) and (c) depending linearly on the parameter (), and

some homogeneous boundary condition under which a Green’ s function exists
for equation (9). For simplicity we shall assume

u=0 (10)
on the boundary () of the domain (Q). The coefficients of equation (9) will be
assumed continuous and to have a sufficiently large number of partial derivatives

with respect to (x_i), and the boundary of the domain to have continuous
curvature. Let

EZ Zkaxaxk+;b7+cu (11)

i,k=

where the operator (A) is such that the problem
[Af]=0,  u[ {}=0]
has no nontrivial solution.

As in item 1, choose a system of linearly independent functions

P15P2s s Py oo s (12)

satisfying the boundary condition (10) and such that the system of functions

wlan?"'7¢k7"'7 (13)

where

Y = Alpyl, (14)

is a complete orthonormal system in (L_2(Q)).

We shall seek an approximate solution of the problem in the form

N
N
Uy = 277;@ )9%7 (15)
k=1

where the coefficients ( _k™{(N)}) are determined from the system
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(Lluy] — f,9,) =0 (i=1,2,...,N). (16)

Then the following theorem holds.

Theorem 3. The functions (u_N) and their first derivatives converge in the
mean to the solution and to the corresponding derivatives of the solution of the
problem under consideration, and the eigenvalues of this problem are obtained
by passing to the limit from the eigenvalues of system (16).

From this theorem, in particular, there follows the convergence of the least-
squares method, if the problem has a unique solution.

3. Finally, let us consider in a Hilbert space (H) an equation of the form

Lu = Au+ B(\)u = f, (17)

where (A) and (B()) are linear operators in (H), and the norm of the operator
(B()) depends analytically on () in some domain (D) of the complex plane.

Suppose that the operators (A™{-1}) and (B( )A™{-1}) are completely continu-
ous and that the domain of definition of the operator (A) belongs to the domain

of definition of the operator (B()). We seek approximate solutions of equation
(17) in the form

N
N
Uy = Zmﬁ )Qﬂk-, (18)
k=1

where (_k) belong to the domain of definition of the operator (A), which is
dense in (H), and the system ({ _k}), where ( _k=A _k), is complete in (H).
The coefficients ( _k {(N)}) are determined from the system

(Luy — f,9;,) =0 (t=1,2,...,N). (19)

Then the following theorem holds.

Theorem 4. The sequence of approzimate solutions (u__N) converges in (H) to
the solution of equation (17), and the eigenvalues of equation (17) are the limits
of the “approximate” eigenvalues.

From this theorem, and under its conditions, there follows the convergence of
the least-squares method for equations of the form (17), if the equation has a
unique solution and the system ({L _k}) is complete in (H).
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