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# MATHEMATICS
#4# Yu. Ya. Kaazik

# ON A CLASS OF ITERATIVE PROCESSES FOR THE APPROXIMATE
SOLUTION OF OPERATOR EQUATIONS

(Presented by Academician A. N. Kolmogorov, 14 IX 1956)

For the approximate solution of the equation
P(z) =0, (1)
where P is a twice differentiable operator from a Banach space X into a normed

space Y, several iterative processes are known which can be represented by the
general formula

Al‘n+1 = xn+1 - xn = _(E + aRn)il[E + (Oé + I)Rn}FnP(l‘n% (2)

where F is the identity operator, I', = [P'(z,)]"", R, = 3T, P"(z,)T,,p(z,),
and « is a real number.

For example, for a = 0 we obtain the “Chebyshev process” (see (1)); for a = —1,
the “process of tangent hyperbolas” (see (2)); for & = —2, the process proposed
in (3).

Concerning the convergence of the processes (2) to the solution of equation (1)
in the case where the operator P is analytic, the following theorem holds.

Theorem 1. If the following conditions are satisfied:
1) there exists the inverse operator Ty = [P (z,)]™t, and |ToP(x)| < ng;

2) the operator P is analytic in the sphere

oMo
_ D VL — 3
and
Lo po) -1
;FOP (xO) < AOHO (] =23, )a

3) the quantities 1y, Ay, Hy satisfy the inequalities:
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la|AgHyno < 1, la+ 1|AgHyno < 1, ho = Hydgng < 1,

where

1 — (la| = 1)AgHyng ho(2 — hy)
0 1 — [aAgHgng ’ o 0 (1 —hg)? -0
272
2 soho
Dy = <1,
0 %(1 - h0)2

[12+a] — (12a 4+ a®| = 1) AgHyno] (Ao /60)*(1 — hg) + Agdy (1 — |a| AgHyn)?
qo(1 = ho)?(1 — |a|AgHyng)? ’

2 _
So =

then equation (1) has in the sphere (3) a solution x*, to which the process (2)
converges with rate

n,,3"—1
* Go P
|lz* =, || < 10_(; 6 domo  (ag = qo(1 —hg)?). (4)
0Po

Proof. We shall show that, when z is replaced by x,, conditions 1)—3) are
not violated. Since Az; can be written in the form

Azy =T P(zg) — (E + aRy) ' Ryl'yP(x,),
we have

A Hn?
Az, < —0=0— = 5.
1Az, | <o+ 1 Ja|AgHymy 0o

In view of the fact that x; belongs to the sphere (3), we obtain

ITo (P’ (2q) = P’ (21))] = <l—gqy <1,

E 7F0P<1+1)(1’0>A$J1
=

and, therefore, there exists

L= [E —Ty(P(xg) — P'(z,))] Y,

with Q7Y < 1/qy. But then I';y = Q~'T', also exists and, consequently, condi-
tion 1) is satisfied when x is replaced by x;.
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The estimates A,, H;, and 7, are found, for example, as follows:

1
< =

4o

1

. 1
ST PO ()

_|_7
dp

1
il

1 .
il (9)
Hj!FlPJ (z1) il

D(PI () — P9 ()| <

1 i 1= () A HI
< —QAGH) T+ AgHY = 00
do { 0o 00 ; gti! 0 qo(1 — ho)7 ™1

whence

A H,
A = VL Hy =1,
QO(l_ho) 1 —hyg

Iy P(xy) = %Q_lI‘OP”(xO)(E + aRy) " RoTP(x){(2 + o) E+
+(E + aRy) 'R,
TOP(xy) + Q{-1} {j=3}"{oo} 4T_OP{(j)} (o)A a1, ]

Iy Paq)] < (1 — ho)sgh%% ="M

The fact that condition 3) is satisfied for x; is now verified directly:

A Hymy ZP%AOHOWO < AgHyn,

1 —(lof =1)A;Hymy < 1 — (la| = 1)AgHyny _

0 = < = 0g,
! 1 —|alAyHymy 1 — || AgHymg 0
0
hy = Hyoym, = isghg < sghi < hg <1,
h(2—h) 6 2_h ho(2 — hy)
A 1 1/ _ 71 2A h 1 < A 0 0
S R T R FEr N E

and, thus, ¢; > g, > 0.

Finally, it is not difficult to prove that p? < p§ and, quite analogously,

(1= hy)sihi < pj(L — ho)sghd. (®)

The analyticity of the operator P in the sphere
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017

— < 6
le =l < Tt (0
follows from the fact that the sphere (6) is contained in (3). Indeed, if x belongs
to (6), then

011
lz — 2] < llz— 2] + |Az || < T L + om0 <

S%h%(l —hy)

dom doMo
< 0, = .
ST sh3 1 he) T TS 2h3 (1~ ho)

Thus, all the conditions of the theorem are satisfied for z;, and we can con-
tinue the definition of the elements z, and the computation of the quantities
associated with them, n,,, A,, H,, etc., by the formulas

, A H

M1 = (1 - hn)sihnnnv An+1 =

n H _
¢, (1 —h,)?" "

h’n+1 g 82 h3 571—1 g 6n7 p721+1 < p761’

n-'n’

to which is added the inequality, also obtained from (5),

(1— hn+1)5%+1hi+1 < pi(l - hn)sih%.

Repeated application of the last inequalities gives:

n ,3"—1

pr < pp™ (L=hy)sphy <agpg™ ., m, <agpy'ng.

By virtue of this and of the obvious inequality 3" —1 > 3" +6(p—1) (p,n =
1,2,...), we obtain

6p
, 1—abp
n 371 0Po
||xn+p — 1z, < agpy Mo 1— G
QoPo
Thus the sequence {z,} converges, i.e., there exists an element z* = lim x,,.

n—oo
Passing in the last inequality to the limit as p — oo, we obtain (4). Taking

there n = 0 and taking into account the inequality aypS < (1 — hg)sih3, we see
that all x,, and also x*, belong to (3).

Finally, we shall also prove that the element z* obtained is a solution of equation
(1). This is obtained by passing to the limit in the equality
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P(z,)+ P'(z,)[E+ (a+ )R, E + aR,) (2, —2,) =0.
Indeed, |z, —x,| — 0, while | P’ (z,)[E+ (a+1)R,] " (E+aR,,)| is bounded.
The theorem is proved.

When only the differentiability (up to and including the third order) of the
operator P is known, the following theorem holds.

Theorem 2. If the following conditions are satisfied:

1) there exists Ty, and

IToll < By,  [ToP (o)l < 1o;

2) in the sphere
€o"o (7)

2

T— T K ————=
I = ol < 7= o2

there exist P”(x) and P”(x), and

1 ” 1 m
FIP" @I <K, CIP"(@)] < Ls

3) the numbers ny, By, K and L satisfy the inequalities
alky = |a|BoKny <1, o+ 1|k <1,

1= (jo] = Dk,

2kgey = 2k, T Jalky

<1, lyeg = BoLnjeo < A3, voky <1,

where

12+ al + A—(2a + a2 — 1)k,
g6 (1 — lafko)? ’

1/3 = 9o = 1 — 2kgey,

then equation (1) has in the sphere (7) a solution x*, to which process (2)
converges with the rate

96 (voko)*" gty
1 — go(voko)®

”Jf* - ‘rn” <

The proof differs only slightly from that given in (4) for Newton’ s method.

Despite the great generality of Theorems 1 and 2, the conditions and conver-
gence estimates for concrete processes obtained from them are no worse than
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the conditions and estimates in the previously known theorems for the same
processes.
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