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1. Let us consider elliptic curves (curves of genus 1) over an arbitrary field 𝑘,
about which we shall assume only that its characteristic is different from 2 and 3.
The classification of such curves from the point of view of birational equivalence
is well known in the case of an algebraically closed field 𝑘 (1). In this case every
elliptic curve 𝛾 is birationally equivalent to a curve 𝜔 having the Weierstrass
normal form

𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏; 𝑎, 𝑏 ∈ 𝑘. (1)

In turn, two curves having the Weierstrass form are birationally equivalent if
and only if their absolute invariants 𝑗, defined by the formula

𝑗 = 4𝑎3

4𝑎3 + 27𝑏2 ,

coincide.

If the field 𝑘 is not algebraically closed, then an elliptic curve defined over 𝑘 can
be brought to Weierstrass form over some finite extension of the field 𝑘, and its
absolute invariant will lie in 𝑘 (2).
Since among the curves with a given absolute invariant there are also those
which have Weierstrass form over 𝑘, we shall obtain all elliptic curves over 𝑘
with a given value of the absolute invariant by taking a curve 𝜔 with equation
(1) and considering all elliptic curves over 𝑘 that are birationally equivalent to
it over finite extensions of the field 𝑘.

2. Let us consider some finite normal extension 𝐾/𝑘 of the field 𝑘 and investigate
elliptic curves 𝛾 defined over 𝑘 and birationally equivalent to 𝜔 over 𝐾. Denote
by 𝑀 the generic point of 𝛾 over 𝑘, and by 𝑘(𝑀) and 𝐾(𝑀) the fields of rational
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functions on 𝛾 with coefficients in 𝑘 and 𝐾, respectively. By assumption the
field 𝐾(𝑀) is isomorphic to 𝐾(𝑥, 𝑦), where (𝑥, 𝑦) is the generic point of 𝜔.

Any automorphism 𝜎 of the field 𝐾/𝑘 can be extended to an automorphism
𝜑𝛾(𝜎) of the field 𝐾(𝑀) by putting 𝑀𝜎 = 𝑀 , and, in view of the isomorphism
of 𝐾(𝑀) with 𝐾(𝑥, 𝑦), transferred to 𝐾(𝑥, 𝑦). Obviously,

𝜑𝛾(𝜎𝜏) = 𝜑𝛾(𝜎)𝜑𝛾(𝜏). (2)

Conversely, if such an isomorphism 𝜎 → 𝜑(𝜎) of the Galois group 𝐾/𝑘 into the
automorphism group of the field 𝐾(𝑥, 𝑦) is given, with 𝜎 = 𝜑(𝜎) on 𝐾, then the
subfield of functions in 𝐾(𝑥, 𝑦) invariant with respect to all 𝜑(𝜎) defines some
elliptic curve over 𝑘, birationally equivalent to 𝜔 over 𝐾. It is not difficult to
verify that two curves 𝛾1 and 𝛾2 of the class under consideration

of the type will then, and only then, be birationally equivalent over 𝑘 when

𝜑𝛾1
(𝜎) = 𝑡𝜑𝛾2

(𝜎)𝑡−1, (3)

where 𝑡 is some automorphism of the field 𝐾(𝑥, 𝑦) that does not change the
elements of the field 𝐾.

The automorphism 𝑠𝛾(𝜎) of the field 𝐾(𝑥, 𝑦), defined by the equality

𝜑𝛾(𝜎) = 𝑠𝛾(𝜎)𝜑𝜔(𝜎),

obviously does not change the elements of the field 𝐾, i.e. is an automorphism of
𝐾(𝑥, 𝑦)/𝐾. In order that relation (2) be satisfied, it is necessary and sufficient
that 𝑠𝛾(𝜎) satisfy the conditions

𝑠𝛾(𝜎𝜏) = 𝑠𝛾(𝜎)𝑠𝛾(𝜏)𝜑𝜔(𝜎),

where

𝑠𝛾(𝜏)𝜑𝜔(𝜎) = 𝜑𝜔(𝜎)𝑠𝛾(𝜏)𝜑𝜔(𝜎)−1,

and condition (3) is rewritten in the form

𝑠𝛾1
(𝜎) = 𝑡𝑠𝛾2

(𝜎)𝑡−𝜑𝜔(𝜎).

The automorphisms 𝑠 of the field 𝐾(𝑥, 𝑦)/𝐾 are well known (3). They have the
form

𝑠(𝑥, 𝑦) = 𝜀(𝑥, 𝑦) + 𝑃 , (4)
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where 𝑃 is some point on 𝜔 with coordinates in 𝐾, and addition is understood
in the sense of addition of points on 𝜔. If 𝑗 ≠ 0, 1, then

𝜀(𝑥, 𝑦) = (𝑥, ±𝑦),

whereas if 𝑗 = 0 or 1, then 𝜀 may be one of six or four automorphisms not
changing the point at infinity of 𝜔. Writing the automorphisms 𝑠𝛾(𝜎) in the
form (4), we arrive at the following result:

Theorem 1. Each elliptic curve 𝛾 over 𝑘, birationally equivalent over 𝐾 to the
curve 𝜔 with equation (1), determines a system of automorphisms 𝜀𝛾(𝜎) of the
field 𝐾(𝑥, 𝑦) and of points 𝑃𝛾(𝜎) of the curve 𝜔 over 𝐾. The relations

𝜀𝛾(𝜎𝜏) = 𝜀𝛾(𝜎)𝜀𝛾(𝜏)𝜎,
𝑃𝛾(𝜎𝜏) = 𝑃𝛾(𝜎)𝜀𝛾(𝜏)𝜎 + 𝑃𝛾(𝜏)𝜎. (5)

hold.

Every system of automorphisms and points satisfying these conditions is deter-
mined by some curve 𝛾. The curves 𝛾1 and 𝛾2 are birationally equivalent over
𝑘 if and only if there exist an automorphism 𝜀 and a point 𝑃 on 𝜔 such that

𝜀𝛾1
(𝜎) = 𝜀𝛾2

(𝜎)𝜀1−𝜎,

𝑃𝛾1
(𝜎) = 𝜀−𝜎(𝑃𝛾2

(𝜎) + 𝜀𝛾2
(𝜎)𝑃 − 𝑃 𝜎). (6)

3. In the set of curves under consideration there may be several curves having
Weierstrass form. We could take any one of them as 𝜔. It can be shown
that the curve 𝛾 can be reduced over 𝑘 to Weierstrass form if and only if 𝛾 is
birationally equivalent over 𝑘 to a curve 𝛾′ for which 𝑃𝛾′(𝜎) = 𝑂 (the zero of
the group of points on 𝜔). Thus, in the totality of all curves with one system of
automorphisms 𝜀𝛾(𝜎), there is, up to birational equivalence, exactly one curve
having Weierstrass form over 𝑘. If we took it as 𝜔, then all curves to which, in
the first description, the system of automorphisms 𝜀𝛾(𝜎) corresponded would
correspond, as can be shown,

it is, the identity system of automorphisms. In view of this we shall restrict
ourselves to considering curves for which 𝜀𝛾(𝜎) = 1. The equalities (5) and, for
𝜀 = 1, (6) then pass into the definitions of a crossed homomorphism and of a
principal crossed homomorphism 4.

If for the curve 𝛾 𝜀𝛾(𝜎) = 1, then the curve 𝜔 is its Jacobian variety 5.

Indeed, in view of the fact that 𝐾(𝑥, 𝑦) = 𝐾(𝑀),
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(𝑥, 𝑦) = Φ(𝑀),

where Φ is a birational mapping of 𝛾 onto 𝜔 over 𝐾. For the divisor 𝔄 =
𝔓𝑎1

1 ⋯ 𝔓𝑎𝑟𝑟 on 𝛾 put

Φ(𝔄) = 𝑎1Φ(𝔓1) + ⋯ + 𝑎𝑟Φ(𝔓𝑟).

As is known, if 𝑑(𝔄) = 𝑑(𝔅) = 0, then 𝔄 ∼ 𝔅 on 𝛾 if and only if Φ(𝔄) = Φ(𝔅).
It remains only to verify that if 𝑑(𝔄) = 0 and 𝔄 is defined over some field
𝑘′ ⊃ 𝑘, then Φ(𝔄) is also defined over 𝑘′. This follows easily from (4): if 𝜎 is
an isomorphism 𝐾𝑘′/𝑘′, then

(Φ(𝔄))𝜎 = Φ𝜎(𝔄𝜎) = Φ(𝔄𝜎) + (Σ𝑎𝑟)𝑃𝜎 = Φ(𝔄) + 𝑑(𝔄)𝑃𝜎 = Φ(𝔄).

Thus the set of elliptic curves over 𝑘 having 𝜔 as their Jacobian variety and
birationally equivalent to 𝜔 over 𝐾 is mapped onto the set of crossed homomor-
phisms of the Galois group 𝐺 of the field 𝐾/𝑘 into the group of points 𝔄𝐾 on 𝜔
with coordinates in 𝐾. Formulas (6) show that two curves of the type under con-
sideration are birationally equivalent over 𝑘 only if: either 1) the corresponding
crossed homomorphisms differ by a principal crossed homomorphism, or 2) one
of them is obtained from the other by applying an automorphism 𝜀 of the curve
𝜔, considered as an algebraic group. If we include in the concept of an elliptic
curve with given Jacobian variety 𝜔 also the canonical function Φ, mapping the
group of divisor classes of degree zero on 𝛾 onto the curve 𝜔, then transforma-
tions of the second type with 𝜀 ≠ 1 disappear, and the birational (in the new
sense) classes of curves 𝛾 will be in one-to-one correspondence with the elements
of the one-dimensional cohomology group 4 𝐻1(𝐺, 𝔄𝐾). The group operation
defined on 𝐻1(𝐺, 𝔄𝐾) is naturally transferred to these classes. All curves with
Jacobian variety 𝜔 are obtained if one considers the union of all fields 𝐾 and
correspondingly the inductive limit of the group 𝐻1(𝐺, 𝔄𝐾). Thus we arrive at
the following result:

Theorem 2. The birational classes of elliptic curves over 𝑘 with given Jacobian
variety 𝜔 form a group isomorphic to 𝐻(𝔊, 𝔄𝑘̃), where 𝔊 is the Galois group of
the separable algebraic closure 𝑘̃ of the field 𝑘, and 𝔄𝑘̃ is the group of points on 𝜔
with coordinates in 𝑘̃. Here crossed homomorphisms are regarded as continuous,
𝔊 is topologized by Krull’s topology 6, and 𝔄𝑘̃ is discrete.

As the union of cohomology groups of finite groups, the group 𝐻1(𝔊, 𝔄𝑘̃) is
periodic. It can be shown that the order of an elliptic curve 𝛾 in this group is
divisible by the least order of a divisor class on 𝛾.

4. If 𝑘 is a field of algebraic numbers, then by the Mordell–Weil theorem 7

the group 𝔄𝐾 has a finite number of generators. Consequently the same is
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true for 𝐻1(𝐺, 𝔄𝑘); but since this group is periodic, it is finite. Together
with Theorems 1 and 2 this leads us to the following result:

Theorem 3. There are only finitely many birationally inequivalent curves over
the field of algebraic numbers 𝑘 that have

a given value of the absolute invariant 𝑗 and a divisor of the first degree in a
given finite extension 𝐾/𝑘.

In view of Lutz’s theorem 8 the same is true when 𝑘 is the field of 𝑝-adic
numbers. But since over the field of 𝑝-adic numbers there are only finitely many
extensions of a given degree, the following stronger assertion holds:

Theorem 4. All elliptic curves of a given degree and with a given value of the
absolute invariant 𝑗 split into a finite number of birational classes over the field
𝑘 of 𝑝-adic numbers.

The analogous theorem is not true for the rational numbers, even if one restricts
oneself to curves with a given Jacobian variety. Indeed, the curves with equation
(in homogeneous coordinates)

𝑎0𝑥3
0 + 𝑎1𝑥3

1 + 𝑎2𝑥3
2 = 0

have as their Jacobian variety the curve

𝑎0𝑎1𝑎2𝑥3
0 + 𝑥3

1 + 𝑥3
2 = 0.

Consequently, for 𝑎𝑖 = 𝑝𝑖 (𝑖 = 0, 1, 2) and an arbitrary prime 𝑝, we obtain in-
finitely many curves with a common Jacobian variety and birationally inequiv-
alent to one another, since they are not equivalent even over the field of 𝑝-adic
numbers.

5. In a recently published paper 9, Weil defines the group of principal homo-
geneous algebraic spaces with a given abelian group of operators. Since
every elliptic curve is a homogeneous space with respect to its Jacobian
variety, Weil’s result is applicable to our case. It can be shown that the
group he defines is isomorphic to that described by Theorem 2. The same
considerations that we used in deriving this theorem are also applicable
to the case considered by Weil, so that the following theorem holds.

Theorem 5. The group of principal homogeneous algebraic spaces over 𝑘 with
a given commutative abelian group 𝐺 is isomorphic to the one-dimensional
cohomology group 𝐻1(𝔊, 𝔄𝑘̃), where 𝔊 is the Galois group of the separable
algebraic closure 𝑘̃/𝑘; 𝔄𝑘̃ is the group of points on 𝜔 with coordinates in 𝑘̃.
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