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Abstract
Full Text
PHYSICAL CHEMISTRY
Corresponding Member of the Academy of Sciences of the USSR B. V. DERYA-
GIN

THE CORRECT FORM OF THE EQUA-
TION OF CAPILLARY CONDENSATION IN
POROUS BODIES AS APPLIED TO DETER-
MINING THEIR STRUCTURE FROM AD-
SORPTION AND SORPTION ISOTHERMS,
AND CONVERSELY
In the absence of adsorption, the calculation of the vapor-sorption isotherm for
a porous body of known structure, as well as the solution of the inverse problem,
are possible on the basis of Kelvin’s formula. The presence of adsorption layers
complicates the calculation, requiring that their total mass and the difference
between half the pore width at the positions of the menisci and the radius of
their curvature be taken into account. To overcome the second difficulty, it is
customary, when applying Kelvin’s equation, to take this difference as equal to
the thickness of the corresponding adsorption layers.

However, I have shown (1) that this method of allowing for the influence of
adsorption on capillary condensation is erroneous*, since the curvature of the
meniscus surface does not remain constant (dashed line in Fig. 1) up to the
surface of the adsorption layers 𝐴𝐴, after which it would have to decrease dis-
continuously; rather, this change in curvature occurs gradually (solid curve)
under the influence of the same forces that determine polymolecular adsorp-
tion. Let us set forth the derivation of the equation of capillary condensation
in porous bodies, exactly applicable when the influence of the curvature of the
pore walls on the adsorption equilibrium may be neglected**.

Consider the equilibrium of a sorbent with vapor of pressure 𝑝, and denote by: 𝑆
—the total area of the adsorption layer 𝐴𝐴; 𝑉—the volume filled by the capillary-
condensed phase (in the diagram of Fig. 1, shaded***) with molar volume 𝑣;
𝑊—the sorption in moles; Γ—the adsorption in mol/cm2. Let us consider (Fig.
2) a virtual process of “desorption”(at 𝑝 = const, Γ = const) of −𝑑𝑊 moles
(shading) by isothermal reversible distillation into a liquid phase with vapor
pressure 𝑝0. In this process 𝑆 increases by 𝑑𝑆, while 𝑉 changes by

𝑑𝑉 = 𝑣(𝑑𝑊 − Γ 𝑑𝑆), (1)
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Fig. 1

Figure 1: Fig. 1

where 𝑣 is the molar volume of the capillary-condensed phase.

From the definition of the chemical potential, it follows for the corresponding
increase in free energy 𝑑𝑈 :

𝑑𝑈 = −(𝜇0 − 𝜇) 𝑑𝑊, (2)

where 𝜇 is the chemical potential of the vapor at pressure 𝑝; 𝜇0, at pressure 𝑝0.
If 𝑈0 is the free energy of the system at 𝑝 = 𝑝0, when all pores are filled, then

𝑈 − 𝑈0 = 𝑆(𝜔 − 𝜔0) + (𝑠 − 𝑠0)𝜎 + 𝐹 − 𝐹0, (3)

* A similar error was made by Langmuir in an attempt to take into account the
influence of the thickness of wetting films on capillary rise (3).

** The same approach is applicable in the absence of the latter restriction, but
leads to considerably less simple formulas (1).

*** The considerations set forth are of a very general nature and are not con-
nected with any special pore shape; in the diagram, for simplicity, a single
slit-shaped pore is depicted.

where 𝜔0 and 𝜔 are the free energies per unit area of the interface between the
sorbent and the liquid phase and, respectively, of the sorbent (together with the
adsorbed film of thickness ℎ) and vapor of pressure 𝑝; 𝜎 is the surface tension
of the liquid at its boundary with the vapor; 𝑠 is the total area of the menisci in
the state under consideration; 𝑠0 is the same at 𝑝 = 𝑝0; 𝐹 is the excess volume
(without taking into account the contribution of the term with 𝜔0) of the free
energy of the capillary-condensed liquid, as compared with the bulk phase; 𝐹0 is
the analogous quantity at 𝑝 = 𝑝0. Differentiating (3) at 𝜔 = const, and taking
(2) into account, we obtain

(𝜇0 − 𝜇) 𝑑𝑊 = −(𝜔 − 𝜔0) 𝑑𝑆 − 𝜎 𝑑𝑠 − 𝑑𝐹 . (4)

Fig. 1

For complete wetting, for a layer of sufficiently large thickness ℎ, 𝜔 = 𝜔0 + 𝜎.
For smaller(1) ℎ,

𝜔 = 𝜔0 + 𝜎 cos 𝜃 + 𝑓(ℎ), (5)

where 𝜃 is the contact angle;
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Fig. 2

Figure 2: Fig. 2

𝑓(ℎ) = ∫
ℎ0

ℎ
𝑃(ℎ) 𝑑ℎ;

𝑃 (ℎ) is the disjoining pressure(2) of the layer; ℎ0 is the thickness of the film in
equilibrium with saturated vapor(7) (ℎ0 ≠ ∞ when 𝜃 ≠ 0).
Fig. 2

In the simplest case, when it is permissible to neglect the influence of the cur-
vature of the surface of the adsorption layers on their vapor elasticity, i.e., on
adsorption equilibrium, we have, introducing the specific volume 𝑣:

𝑣𝑃(ℎ) = 𝜇0 − 𝜇; 𝑓(ℎ) = ∫
Γ0

Γ
(𝜇0 − 𝜇) 𝑑Γ, (6)

whence, taking (5) into account, we obtain:

𝜔 − 𝜔0 = 𝜎 cos 𝜃 + ∫
Γ0

Γ
(𝜇0 − 𝜇) 𝑑Γ = 𝜎 cos 𝜃 + 𝑅𝑇 ∫

Γ0

Γ
ln(𝑝0

𝑝 ) 𝑑Γ. (7)

It is obvious that the second term on the right-hand side of equation (4) may be
neglected when 𝑑𝑠/𝑑𝑆 ≪ 1, i.e., when the pore cross sections change smoothly.

The third term on the right-hand side of equation (4) may be omitted under
the following conditions: 1) the difference between the densities of the capillary-
condensed and the free liquid may be neglected; 2) the width of the slit is so
large that the regions of influence of opposite sections of the wall surface on the
layer of capillary-condensed liquid enclosed between them do not overlap; 3) the
molecular structure does not differ from that of the bulk phase, except for the
boundary layers of the first kind, satisfying condition 2.

In this case, from (1), (4), and (7) one may obtain the relation

−𝑑𝑉
𝑑𝑆 = 𝑣Γ + 𝑣

𝜇0 − 𝜇 [𝜎 cos 𝜃 + ∫
Γ0

Γ
(𝜇0 − 𝜇) 𝑑Γ] , (8)

or, integrating by parts and transforming:
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−𝑑𝑉
𝑑𝑆 = 𝑣

𝜇0 − 𝜇 [𝜎 cos 𝜃 + ∫
𝜇0

𝜇
Γ 𝑑𝜇] = 𝑣

𝑅𝑇 ln 𝑝𝑠
𝑝

[𝜎 cos 𝜃 + 𝑅𝑇 ∫
𝑝𝑠

𝑝

Γ
𝑝 𝑑𝑝] .

(9)

The derivative, −𝑑𝑉 /𝑑𝑆, which has the dimension of length, for the simplest
case of a plane slit with nearly parallel walls (for example, near the point of
contact of two spheres, or of a sphere and a plane) is equal to 𝐷/2 (Fig. 1),
where 𝐷 is the width of the slit. In the case of pores of nearly cylindrical
shape, −𝑑𝑉 /𝑑𝑆 is equal to one half of the hydraulic radius. In the general case,
−𝑑𝑉 /𝑑𝑆 ≡ 𝐻 may be regarded as a measure of the pore width in those sections
where the capillary menisci are located. Equation (9) generalizes the Kelvin
formula by taking into account the influence of adsorption layers on capillary
condensation.

Let us apply this equation to the solution of the following problems:

1. To find the sorption isotherm of vapors by a porous body with a specified
structural characteristic, for example, when the function 𝑉 = 𝑉 (𝐻) is
known,* if the adsorption isotherm of the same vapors on a plane surface
of the same nature as the pore walls is known.

2. To find the structural characteristic of a porous body, knowing the vapor
sorption isotherm and the isotherm of their adsorption on a plane surface
of the same nature as the pore walls.

3. To find, from the sorption isotherm for a porous body of known structure,
the pore width at the places where menisci are located as a function of
vapor pressure.

4. To find the adsorption isotherm Γ = Γ(𝑝) from sorption observations in the
presence of capillary condensation in a porous body of known structure.

Problem 1. Having determined from (9) 𝐻 = −𝑑𝑉 /𝑑𝑆, we can, using the
structural characteristic, find 𝑉 —the volume of filled pores—and, adding 𝑆Γ(𝑝),
find the vapor sorption 𝑊 for the given vapor pressure 𝑝. In this way the
sorption isotherm can be constructed point by point.

Problem 2. The change in free energy in an actual (not virtual) equilibrium
desorption process can be found directly from the definition of the chemical
potential:

𝑈 − 𝑈𝑠 = ∫
𝑊0

𝑊
(𝜇0 − 𝜇) 𝑑𝑊, (10)

where 𝜇 is a function of the variable of integration 𝑊 .

Comparing (10) with equation (3), in which the second and third terms on the
right-hand side are neglected as small, we obtain:
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𝑆 =
∫

𝑊0

𝑊
(𝜇0 − 𝜇) 𝑑𝑊

𝜎 cos 𝜃 + ∫
Γ0

Γ
(𝜇0 − 𝜇) 𝑑Γ

≃
𝑅𝑇 ∫

𝑊0

𝑊
(ln 𝑝0

𝑝 ) 𝑑𝑊

𝜎 cos 𝜃 + 𝑅𝑇 ∫
Γ0

Γ
(ln 𝑝0

𝑝 ) 𝑑Γ
. (11)

In particular, for the total surface of the sorbent we obtain

𝑆0 ≃
𝑅𝑇 ∫

𝑊0

𝑊𝑐

(ln 𝑝0
𝑝 ) 𝑑𝑊

𝜎 cos 𝜃 + 𝑅𝑇 ∫
Γ0

Γ𝑐

(ln 𝑝0
𝑝 ) 𝑑Γ

, (12)

where 𝑊𝑐 and Γ𝑐 correspond to any vapor pressure at which capillary con-
densation is already absent. Of course, if desorption proceeds not entirely at
equilibrium (as, for example, in the presence of bottle-shaped pores), then the
true 𝑆 and 𝑆0 are smaller than those calculated from formulas (11) and (12).

We see from (9) and (11) that, knowing 𝑊 = 𝑊(𝑝) and Γ = Γ(𝑝) from experi-
mental data, it is possible, by simple graphical integration, assigning arbitrary
values 𝑝 < 𝑝𝑠, to obtain a series of pairs of corresponding values of 𝑆 and
𝐻 = −𝑑𝑉 /𝑑𝑆. This will make it possible to construct point by point the graph
of de—

* For example, from measurements by the mercury-intrusion method.

dependence −𝑑𝑉 /𝑑𝑆 on 𝑆; hence, by graphical integration, one can find
𝑉 = 𝑉 (𝑆), and consequently construct the graph of the dependence
𝑉 = Φ(−𝑑𝑉 /𝑑𝑆).
Problem 3. From equations (8) and (11) we have

−𝑆𝑑 (𝑑𝑉
𝑑𝑆 ) = 𝑣 𝑑𝜇″

(𝜇0 − 𝜇′)2 ∫
𝑊0

𝑊 ″
(𝜇0 − 𝜇′) 𝑑𝑊 ′, (13)

where 𝑊 ′ is a function of 𝜇′; 𝑊 ″ is a function of 𝜇″.

Taking the integral of both sides of the equation and integrating by parts on
the left, while on the right changing the order of integration, we obtain

𝑍 ≡ (𝑉0 − 𝑉 ) − 𝑆𝐻 = 𝑣 ∫
𝑊0

𝑊

(𝜇′ − 𝜇)
(𝜇0 − 𝜇) 𝑑𝑊 ′ = (14)

= 𝑣(𝜇0 − 𝜇)−1 ∫
𝑊0

𝑊
(𝜇′ − 𝜇) 𝑑𝑊 ′.
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Finally, integrating by parts, we obtain:

𝑍 = 𝑣(𝜇0 − 𝜇)−1 ∫
𝜇0

𝜇
(𝑊0 − 𝑊 ′) 𝑑𝜇′. (15)

If the structure of the body is known, and consequently 𝑉 and 𝑆 are known as
functions of 𝐻, then 𝑍 may be regarded as a known function of 𝐻: 𝑍 = Ψ(𝐻).
Then from equation (16) one can find 𝐻 by the formula:

𝐻 = Ψ−1 [ 𝑣
𝜇0 − 𝜇 ∫

𝜇0

𝜇
(𝑊0 − 𝑊 ′) 𝑑𝜇′] , (16)

i.e., by graphical integration followed by use of the graph of the dependence of
𝐻 on 𝑍.

Problem 4. If 𝐻 is known as a function of 𝑝, either by the above-described
method for solving problem 3, or from optical observations, as in the experiments
of K. V. Chmutov* (5), then the adsorption Γ can be found, as is seen from (9),
by the formula:

Γ = −1
𝑣

𝑑[(𝜇0 − 𝜇)𝐻]
𝑑𝜇 = −𝐻

𝑣 + (𝜇0 − 𝜇)
𝑣

𝑑𝐻
𝑑𝜇 = −1

𝑣
𝑑(𝐻 ln(𝑝0/𝑝))

𝑑 ln(𝑝0/𝑝) . (17)

In the case where 𝐻 has been obtained by using the sorption isotherm, it is
simpler and more accurate to use the equation

Γ = 𝑊 − 𝑉 /𝑣
𝑆 ,

where 𝑉 and 𝑆, by assumption, are known functions of 𝐻.
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