Soviet-era science, translated into English

MATHEMATICS

G. I. NATANSON

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.02400

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.02400

Abstract

Full Text
MATHEMATICS
G. I. NATANSON

ON A THEOREM OF S. M. LOZINSKII

(Presented by Academician V. I. Smirnov on 28 V 1957)
1. S. M. Lozinskii proved (!) the following theorem.

Theorem. Let the matrix of multipliers {pﬁl?} n = 0,1,2,...; m =
0,1,2,...,n) be such that for every f(z) € C,,, uniformly on (—oo,+00), one
has

| ) ~ _
JLIEO Py g+ Z pm’ (a,, cosmz + b, sinmz) | = f(z)

m=1

(G by, are the Fourier coefficients of f(z)). Then, if f(z) € C,, and

m’ - m

n
T(z) = aén) + Z (aﬁ? cosmaz + b\ sin mx)
m=1
2k
2n+1

(k =

is a polynomial coinciding with f(z) at the nodes
0,1,2,...,2n), then

- () () . N~ () ((n) (n) . _
nhﬁnolo J +mZ::1pm (am cosmzx + by, s1nmx) = f(z)

uniformly on (—oo, +00).

2. This theorem carries over to the theory of series in ultraspherical polyno-
mials. Namely, the following theorem is valid:

Theorem. Let —1 < o < § and let J,(z) = Jy(,a)(x) be polynomials or-

thonormal on [—1,1] with weight p(z) = (1 — 2%)®. Let the matrix {pfg)}
(n=0,1,2,...; m =0,1,2,...,n) be such that for every f(z) € C([—1,1]) one
has

SEf5a) = pa, I (@) — f(z) 1 — oo
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uniformly on [—1 + h, 1 — h], where

1
a,, = / F)J,, ()p(t) dt, h €10,1).
-1

For the function f(z) € C([—1,1]), form the interpolation polynomial L, [f; ],

coinciding with f(x) at the roots x;ﬂn) of the polynomial J,(z). Expand L, [f;z]
in the polynomials J,,(x):

and form

Then

lim L[ f;2] = f(2)

n—o0

uniformly on [—1 + h, 1 — A].

3. Lemma. If T'(z) is an even trigonometric polynomial of degree not exceeding
n and § > 0, then

/ T ()| dz < 6(my)%n? / sin’ 2 |T'(z)| dz,
0 0

where v = [In(4/3)] L.
Proof. Obviously,

k=1
B 1 > (—DRT R (z)
T(x)=T (:E - 277> - ; (2yn) k!

Consequently,
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2

T(x )‘ i kk,/ 70 ()] dz, (1)

k=

/2 7/
/ IT()| dz < /
0 0
/ IT(2)] d < /

/2 /2

Applying k times Zygmund’ s inequality (see, for example, (?), p. 566), we find

/\T )| dz < (2n)F [T@)dx.

T(m——)‘ i kk'/|T o) dz. (2)

k=

Hence

o0

®)(2)] da < (€M7 — ") d —
> o | @l < @ -1 [

=1

[ r@ids. @)
0

Wl =

Adding (1) and (2) and using (3), we obtain

T 9 [T w/2+1/2yn m—1/2yn
[ r@lde=3 [ @< T@ldz+ [ [T)]dz,
0 0

1/2yn 7/2—1/2yn

or

T 7—1/2vn
/ |T(z)|dx < 6/ |T(x)| da.
0 1/2yn

1 1 1
For x € {—, m™— —] we have sinxz > ——. Therefore
2vn 2vn m™n

T 1/2vn
/ IT(2)] dz < 6/ (sinz - yn)°|T(z)| dz,
0 1/2yn

whence the lemma follows.

4. Passing to the proof of the theorem, let us note that Sff)[f; z] is a linear
operator from the space C([—1,1]) into the space C([—1+ h, 1 — h]) with norm
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1| n
SP| = / ST (@) ()] p(2) dt. 4
Ist= max S o @0 0] 0 (1)
By the well-known Banach theorem,
s =oa 5
A (1). ()
Put
n J,
W a) = J)(I), )
(@ =), ) ()
Then (J, (") = 0)
B @) = = [T @I @V ] Ve Pk el
x x
where
B (n+1)2a+n+1) 1 .
Ani1 = (2a+2n+1)(2a+2n+3) 4 + 0.
Denoting

[Jpia @I @ ] =4,

with the aid of the Christoffel-Darboux formula we obtain

B (@) = =" N T (@), ().
m=0

Consequently,
LY fral == " Fay) 7 o T () (),
k=1 m=0
(») | N ), )
Pl _ n n n
[ =, max, D20 3 o (el @) (6)
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For ultraspherical polynomials the following formulas hold (see, for example,
(3), pp. 83 and 232):

(n+1>\/(n+2a+1)(2n+2a+1)J

(n+1)(2n +2a + 3) i1 () =

= (n+ 20+ D, (2) — (1 - 2?)J, (@),

—— ka+3/2
T ()| :0<na+m> (0 <afl)y < <oy <al® <1).

Hence, putting xgb) = cos 0, we find

(n) _ 0(1) k.2a+3

F n2e+dsin? g,
For 6, the Markov-Stieltjes inequalities are known (see (4), p. 40):

%k—1__ . _ 2
m 1 = k=T

Thus, for 1 < k < [n/2],

q,in) =0(n1 sin?**! 0. (7)
By symmetry of J,(z), (7) is also valid for [n/2] < k < n. Let the sum on

the right-hand side of (6) attain its maximum at ¢ = z, € [-1+ h, 1 — Al.
Introducing the notation

S P, (€05 6)J, () = T(0)

m=0

(T'(0) is an even trigonometric polynomial of order n), we have

2041
sin®*™ g, T (‘)k)’

L3 = o) ZSID%H@ T(6,)] Z | m+1

where 0_;, = —0,.

If s,,(0) is a trigonometric polynomial of best approximation to sin* "' 6 of order
not exceeding n, then
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sin 2a+1 - (9) + O( —204—1) , (8)

"L |T(0
e = o Z a0l IO +o<n2a1>kzn2n<;>1'.

Exactly as in (%), p. 568, it is proved that

Sn
Z| 2n+1 B /'S o) db,

Z' = /\T )| dé.
= 2n+1 -

Therefore

12| = o /\s (0)] dO + O (n~20-1) / IT(0)| db,

and, by virtue of (8) and the evenness of T'(6),

L= 0w [ w0 r) o+ 0 ) [ ) do

Applying the lemma, we find

L] = o /\T )| sin® " 940 = O plt) dt.

me ()T (20)

Thus, by virtue of (4) and (5), the norms of the linear operators L.’ ) [f; x]
are uniformly bounded. It remains to observe that, if P(x) is an algebraic

polynomial, then lim L\ [P;x] = P(x), since for n greater than the degree of
n—oo
P(a),

LY [P;z] = SY)[P; ).

Starting from estimates for the deviation of S’ [f;x] from f(z), one can obtain

convergent estimates also for the deviation of L\’ [f; x] from f(z). We formulate
the simplest result of this kind.
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Let, for every f(z) € C([-1,1]),
(@) = S [f5a]] < Awslp(n))  (-1+h<z<1-h),

is

where w; is the modulus of continuity of f(z) on [—1,1]; the quantity )
np(n
bounded; lim ¢(n) = 0; and A and ¢ do not depend on n, x, and f(x). Then
n—oo

(@) — L [f;2]] < Bug(p(n))  (—1+h<z<1-h),

where B likewise does not depend on n, z, or f(x).
There is also a trigonometric analogue of this fact.
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