Soviet-era science, translated into English

E. 1. KIM

Consider singular integral equations of the form
1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.01558

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.01558

Abstract
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SOLUTION OF A CLASS OF SINGULAR IN-
TEGRAL EQUATIONS WITH A CONTOUR
INTEGRAL

(Presented by Academician S. L. Sobolev, 5 X 1956)

§ 1.

Consider singular integral equations of the form

(s t) = A / dr /C Ko(r2, b — )iy, ) ds + f(s,8)  (t>0), (1)

where 7, is the distance between the points p and p; with coordinates s and

51 in the arc-coordinate system,

1 o T;ipl TI2)I)1
Ko(rpp, t=7) = (157)3/2/0 o(2) {1 - W(z)(t—ﬂl P l_‘W(Z)(t—T) =
(2)

p(z) = (22 +a}) P2 +a3) 12 dP(2) =a3(® +a])/(® +a3).  (3)
In this equation the function f(s,t) has a derivative of bounded variation, and

o1 f(s,t)], VteOf(s,t)/0s) <M (0 <o < 1). (4)

In the present paper we shall show that equation (1), for arbitrary A, has no
solution in the class of functions satisfying the inequality

(51, 1) = P(s9,1)] < ME™7s; — 5o|* (5)

(0 and « independently satisfy the inequalities 0 < 0 < 1, 0 < a < 1), and
exists only for A < Ay, where )\, is a completely definite number. Consequently,
on the basis of Abel’ s theorem, the method of successive approximations cannot
be applied to equation (1), since this method does not give a complete solution.
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§ 2.

We investigate equation (1). In view of the periodicity of the functions 7,
and f(s,t) with respect to s, with period 2 (the length of the arc of the curve
(), the required function (s, t) must be periodic with period 2I. Therefore we
represent the solution in the form of a Fourier series, if it exists. If the Fourier
series of the function (s,t) diverges, then a solution of equation (1) cannot
exist in the class of functions satisfying inequality (5). Let

W(s,t) = w + f: (wgﬁ(t) cos =2 4 2 (t) sin ?) . (6)
k=1

On the basis of (4), the function f(s,t) is also expanded in a Fourier series

f(s,t

(fk: Jrfk (t) 'n?), (7)

moreover

A0 < MR (i=1,2). ®)

It is easy to show that, if the curve C is sufficiently smooth, then

Top = (5= 51)%0(s,51), 9)

where ¢(s, s1) is a known function depending on the form of the curve C'. Mul-
tiply the function %COS 27 by both sides of equation (1) and integrate along
the contour C. Then

t
0= [Lar [ [ olls=sptnm) =) os S5 s ey o) 200,

Making the substitution s — s; = s’, we obtain

+1 /
o (t) = /\/ /{ / Ky(s0(s" + s1,51), t—r)cosm;s ds’}w(sl, T) cos llds1

+l
—l—/\/ dr/{ / Ky(s?¢(s —l—sl,sl)t—T)sinmrS

+ V(). 0)
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The inner integrals are not computed in explicit form. Therefore we shall sepa-
rate the principal parts from these integrals, and estimate the remainder. As a
result we shall have

LY () = A /0 t {Mﬂn /0 h p(2)a(z) exp [-A2a2(z)(t — 7)) dz} () dr+ /0 t dr /C W (s, t—1)U(sy, 7) dsy
(11)

Entirely analogously, we obtain:

B2 (t) = A /O t {4\/%An /0 h p(2)a(z) exp [-A2a2(2)(t — 7)) dz} () dr+ /0 t dr /C 2 (sy,t—7)0(sy,7) dsy-

(12)
where A\, = nn/l, and @5?(51, t — 1) satisfy the inequality
|04 (sy,t —7)| < Mn=32(t — )34 (i =1,2). (13)

Equations (11) and (12) shall be called the equations associated with the singular
equation (1).

§ 3. We now consider the integral equation

¢A0=A41Q@—TWAﬂdr+h@% (14)

where

KOt —71) =47\, / p(2)a3(z) exp [-A2a2(2)(t — 7)) dz.  (15)
0

Equation (14) is obtained from equations (11) and (12) by dropping the second
terms. We shall call it the characteristic equation of the adjoint equa-
tions.

Applying the operational method to equation (14), we obtain the solution in
explicit form

wAw:f4w+A/ﬁ%@—ﬂAﬁAﬂdn (16)
0

where
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232 (|v| — v)
(v2 = 1)(aiv? — a3)

T, t—7A) = A2 exp[—A2d,(t — )]+

2

g ) SRl an)

+4ﬁa3u2An/
? o (22 +a3)

do = (32 —ad) /02 —1), v=p—1, p=(a—ad)/2m Y2\ (18)

It is obvious that our solution is meaningful if v # 41, v # +ay/aq, but by
direct verification one can establish that for v = 1, v = +a,/a; the solution can
be obtained from (16) by a limiting passage; if, however, v = —1, then it follows
from (18) that A = co. Therefore the latter case is excluded from consideration.

It is easy to verify that the resolvent I', (¢t — 7; \) satisfies the equations:

t
rn<t—T;A):Kg(t—T)+A/ D (t—tp VKOt — 1) dty,  (19)

t
L, (t—70)=K.(t—T1) +)\/ KOt — )T, (t; — 73 \) dty; (20)
0

For what follows we introduce the operators
t
BLb(t) = vit) =\ [ K3t = ryu(r)dr (21)
0

B1(t) = (1) + A / T, (t— 7 \)(r) dr. (22)
0

On the basis of formulas (19) and (20), these operators have the following prop-
erties:

BB~1y(t) = B~ By(t) = (t). (23)

It follows directly from these equalities that the equations

B,y(t) =0,  B,'(t)=0 (24)

have only the trivial solution. Consequently, equalities (14) and (16) are equiv-
alent.
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§ 4. We rewrite equations (11) and (12) with the aid of the operators (21) and
(22):

B, (1) = / dr /C O (st — T)0(sy, ) dsy + fi (1), (11,)

t
2(4) = / dr /C 82 ()t — (s ) dsy + 120, (12,)

Applying the operator B, to these equalities, on the basis of (23) we obtain

t
WD (t) = / dr / B (5,1 — m)(sym) ds, + BV, (25)
0 C

t
W2 (1) = / dr /C BP (s, t — 1)i(sy,7) dsy + BP0, (26)
0

It is clear that these equalities are equivalent to equalities (11) and (12). Sub-
stituting (25) and (26) into the series (6) and assuming that the resulting series
converges uniformly, we obtain

t

v) = [ ar [ Klssyt—nutsnds + fis0. @)

0 c
where
1 o~ [ o1 g (1 2 . nms

K(s,sl,t—T):§<I>o(t)+; [Bn1<1>(n>(sl,t77')cos 7 + B, 1<I>()(51,t77)s1nT],

(28)

o0 nws (o . nms
Fi(s,0) = 5ot )+ 2 B ) cos T+ By P @sin ] 29

If dy < 0 and v < 0, then the operator B, ! grows exponentially, or as n? as n

increases, and in this case the series (28) and (29) diverge. In order for these
series to converge uniformly, it is necessary and sufficient that d, > 0 or v > 0.
Translating these conditions into A\, we have:

A<aq(ay + a2>/2ﬂ’3/2 = )Ao- (30)

On the basis of (30) and (13),
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|K(s,81,t—T)] SMl(t—T)_3/4, (31)

|K (s, 81,t—7)—K (8", 81,t—7)| < Ml(t—T)_3/4|s’—s”|°‘ 0<a<1/2), (32)

and on the basis of (8)

[fi(s, )] < Mat™, [ f1(s"8) = fr(s", )] < Myt™?]s” —s"|" (0 <y <1).
(33)

The integral equation (27) can now be integrated by the method of successive
approximations, and its solution will satisfy condition (5).
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