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Abstract
Full Text
MATHEMATICS

K. M. FISHMAN

ON THE QUESTION OF REPRESENTA-
TION OF CERTAIN CLASSES OF ANALYTIC
FUNCTIONS
(Presented by Academician V. I. Smirnov on 27 February 1957)

1. Let there be two separable Hilbert spaces with reproducing kernels (1),
consisting respectively of functions {𝑓(𝑧)} (𝑧 ∈ 𝐺) and {𝜑(𝜁)} (𝜁 ∈ 𝒢),
where 𝐺 and 𝒢 are certain sets. Denote by ( , ) and [ , ], respectively, the
scalar products in 𝐻 and ℋ. If {𝑝𝑛(𝑧)}∞

1 and {𝑞𝑛(𝑧)}∞
1 are orthonormal

bases respectively in 𝐻 and ℋ, then, as is known, ∑∞
1 |𝑝𝑛(𝑧)|2 < ∞

(𝑧 ∈ 𝐺) and ∑∞
1 |𝑞𝑛(𝜁)|2 < ∞ (𝜁 ∈ 𝒢), and the reproducing kernels

𝑔(𝑧1, 𝑧2) and ℎ(𝜁1, 𝜁2) of these spaces are expressed through them in the
form

𝑔(𝑧1, 𝑧2) =
∞

∑
1

𝑝𝑛(𝑧1)𝑝𝑛(𝑧2)

and
ℎ(𝜁1, 𝜁2) =

∞
∑

1
𝑞𝑛(𝜁1)𝑞𝑛(𝜁2) (𝑧1, 𝑧2 ∈ 𝐺; 𝜁1, 𝜁2 ∈ 𝒢).

We now construct the kernel

𝑘(𝑧, 𝜁) =
∞

∑
1

𝑝𝑛(𝑧)𝑞𝑛(𝜁) (𝑧 ∈ 𝐺, 𝜁 ∈ 𝒢). (1)

Obviously, 𝑘(𝑧, 𝜁) ⊂ 𝐻 (𝜁 ∈ 𝒢) and 𝑘(𝑧, 𝜁) ⊂ ℋ (𝑧 ∈ 𝐺).
Theorem 1. By the relations

𝑓(𝑧) = [𝜑(𝜁), 𝑘(𝑧, 𝜁)], 𝜑(𝜁) = (𝑓(𝑧), 𝑘(𝑧, 𝜁)) (2)

the kernel 𝑘(𝑧, 𝜁) defines an isometric operator 𝑉 , mapping ℋ onto 𝐻; here
𝑓(𝑧) and 𝜑(𝜁) correspond to each other in this isometry. Conversely, to every
isometric operator 𝑉 mapping ℋ onto 𝐻 there corresponds a kernel of the form
(1), through which the action of the operator 𝑉 and of its inverse 𝑉 −1 is written
by formulas (2).
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The proof of this theorem is obtained directly by expanding the scalar products
(2). By formulas (2), to each function

𝜑(𝜁) =
∞

∑
1

𝛼𝑛𝑞𝑛(𝜁) ⊂ ℋ

there is put in correspondence the function

𝑓(𝑧) =
∞

∑
1

𝛼𝑛𝑝𝑛(𝑧) ⊂ 𝐻,

and conversely. The kernel for a prescribed operator 𝑉 can be obtained if one
chooses 𝑝𝑛(𝑧) = 𝑉 𝑞𝑛(𝜁), where {𝑞𝑛(𝜁)} is any orthonormal basis in ℋ.

Let us also note that the kernel 𝑘(𝑧, 𝜁) is connected with the reproducing kernels
of 𝐻 and ℋ by the relations

𝑔(𝑧1, 𝑧2) = [𝑘(𝑧2, 𝜁), 𝑘(𝑧1, 𝜁)] (𝑧1, 𝑧2 ∈ 𝐺)

and
ℎ(𝜁1, 𝜁2) = (𝑘(𝑧, 𝜁2), 𝑘(𝑧, 𝜁1)) (𝜁1, 𝜁2 ∈ 𝒢).

In particular, when 𝐻 = ℋ and ( , ) = [ , ], formulas (2) give the general form
of a unitary operator in 𝐻 (1,2 ).

2. Suppose now that the space ℋ is embedded in a broader Hilbert space ℋ̃,
which may fail to possess a reproducing kernel. We shall denote the scalar
product in ℋ̃ also by [ , ]. Then any element 𝜑 ⊂ ℋ̃ can be decomposed
as 𝜑 = 𝜑(𝜁) + 𝜓, where 𝜑(𝜁) ⊂ ℋ and 𝜓 ⟂ ℋ, and

[𝜑, 𝑘(𝑧, 𝜁)] = [𝜑(𝜁) + 𝜓, 𝑘(𝑧, 𝜁)] = [𝜑(𝜁), 𝑘(𝑧, 𝜁)] = 𝑓(𝑧).

Thus we have obtained the following generalization of Aronszajn’s embedding
theorem (1):

Theorem 2. If the space ℋ is embedded in a broader Hilbert space ℋ̃, then
every element 𝑓(𝑧) ⊂ 𝐻 is representable in the form

𝑓(𝑧) = [𝜑, 𝑘(𝑧, 𝜁)] (𝜑 ⊂ ℋ̃). (3)

Among all elements 𝜑 representing one and the same function 𝑓(𝑧) ⊂ 𝐻, the
least norm in ℋ̃ is attained by the function 𝜑 = 𝜑(𝜁) = (𝑓(𝑧), 𝑘(𝑧, 𝜁)).
This theorem can be used to obtain various integral representations of classes
of analytic functions that form Hilbert spaces with a reproducing kernel. For
example, let 𝐻 ≡ 𝑀(2𝜎, 𝛼) of Djrbashian (3), ℋ ≡ 𝐻2 of Riesz (4), and let ℋ̃
be the set of all 𝜑(𝑒𝑖𝜃) for which
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∫
2𝜋

0
|𝜑(𝑒𝑖𝜃)|2 𝑑𝜃 < ∞.

In this case,

𝑝𝑛(𝑧) =
√

2𝜎𝛼 (2𝜎)𝑛/𝛼 [Γ (1 + 2𝑛
𝛼 )]

−1/2
𝑧𝑛 (𝑛 = 0, 1, …),

𝑞𝑛(𝜁) = 𝜁𝑛 (𝑛 = 0, 1, …).

Taking into account the definition of the scalar products in these spaces, on the
basis of Theorem 2 we have: every entire function 𝑓(𝑧) of class of growth less
than [𝛼, 𝜎] is representable in the form

𝑓(𝑧) =
√

2𝜎𝛼 (2𝜋)−1 ∫
2𝜋

0
𝜑(𝑒𝑖𝜃) {

∞
∑

0
(2𝜎)𝑛/𝛼 [Γ (1 + 2𝑛

𝛼 )]
−1/2

(𝑧𝑒−𝑖𝜃)𝑛} 𝑑𝜃,

where 𝜑(𝑒𝑖𝜃) is some function satisfying the condition

‖𝜑‖2 = 1
2𝜋 ∫

2𝜋

0
|𝜑(𝑒𝑖𝜃)|2 𝑑𝜃 < ∞.

Among all functions 𝜑 representing one and the same function 𝑓(𝑧), min ‖𝜑‖ is
attained by the function

𝜑(𝑒𝑖𝜃) = lim
𝑟→1−0

√
2𝜎𝛼 (2𝜋)−1 ∫

∞

0
∫

2𝜋

0
𝑓(𝜌𝑒𝑖𝜑) 𝑒−2𝜎𝜌𝛼𝜌𝛼−1×

× {
∞

∑
𝑛=0

(2𝜎)𝑛/𝛼 [Γ (1 + 2𝑛
𝛼 )]

−1/2
(𝜌𝑟)𝑛𝑒𝑖𝑛(𝜃−𝜑)} 𝑑𝜌 𝑑𝜑.

3. To represent various classes of analytic functions by means of real functions
subject to one or another condition of quadratic summability, we introduce
the following spaces of harmonic functions in the disk 𝐶𝑅 (|𝑧| < 𝑅). Let

𝐸(𝑧) =
∞

∑
0

𝛼−1
𝑛 𝑧𝑛 (0 < 𝛼𝑛 < ∞)

be analytic in the disk 𝐶𝑅 (0 < 𝑅 ≤ ∞). Consider the class 𝑈2
𝐸 of all functions

{𝑢(𝑧)} harmonic in the disk 𝐶𝑅, for which the corresponding⋯

sovietrxiv.org/items/ru-195701.01132 Machine Translation

https://sovietrxiv.org/items/ru-195701.01132


analytic functions 𝑓𝑢(𝑧) (Re 𝑓𝑢(𝑧) = 𝑢(𝑧)) belong to 𝑍2
𝐸 (5). We introduce in

𝑈2
𝐸 the norm

‖𝑢(𝑧)‖𝑈2
𝐸

= inf
𝑓𝑢

‖𝑓𝑢(𝑧)‖𝑍2
𝐸

. (4)

If 𝑢(𝑧) = 𝑎0 + ∑∞
1 𝑟𝑛(𝑎𝑛 cos 𝑛𝜃 + 𝑏𝑛 sin 𝑛𝜃), then, obviously,

‖𝑢(𝑧)‖2 = 𝑑2
0𝑎2

0 +
∞

∑
1

(𝑎2
𝑛 + 𝑏2

𝑛)𝛼𝑛.

If 𝑢̃(𝑧) = ̃𝑎0 + ∑∞
1 𝑟𝑛( ̃𝑎𝑛 cos 𝑛𝜃 + ̃𝑏𝑛 sin 𝑛𝜃) also belongs to 𝑈2

𝐹 , then the scalar
product consistent with (4) has the form

(𝑢(𝑧), 𝑢̃(𝑧)) = 𝑎0 ̃𝑎0𝛼0 +
∞

∑
1

(𝑎𝑛 ̃𝑎𝑛 + 𝑏𝑛 ̃𝑏𝑛)𝛼𝑛. (5)

Thus we turn 𝑈2
𝐸 into a complete separable Hilbert space with the orthonormal

basis
1√𝛼0

, {𝑟𝑛 cos 𝑛𝜃√𝛼𝑛
, 𝑟𝑛 sin 𝑛𝜃√𝛼𝑛

}
∞

1
.

Taking (5) into account, we obtain Theorem 3.

Theorem 3. The space 𝑈2
𝐸 possesses the reproducing kernel 𝐹(𝑧 ̄𝜁), where

𝐹(𝑧) = Re 𝐸(𝑧), i.e. for every function 𝑢(𝑧) ⊂ 𝑈2
𝐸 one has

𝑢(𝜁) = (𝑢(𝑧), 𝐹 (𝑧 ̄𝜁)) (|𝜁| < 𝑅). (6)

Let us also note that weak convergence in 𝑈2
𝐸 entails uniform convergence in

any circle 𝐶𝑟 (𝑟 < 𝑅), while strong convergence implies uniform convergence in
𝐶𝑅 with weight [𝐸(|𝜁|2)]−1/2. All properties of the space 𝑍2

𝐸 can be transferred
to these spaces, and on the basis of (6) one can obtain various representations
of these classes of functions by embedding 𝑈2

𝐸 in a broader space 𝑈 , or by
using mappings of various spaces of type 𝑈2

𝐸. Formula (6) may be regarded as
a generalization of the Poisson formula, which can be obtained from it if one
chooses

𝐸(𝑧) = 𝑅2 + 𝑧
2(𝑅2 − 𝑧) .

4. For the representation of analytic functions through real-valued functions
we need to find an analogue of Schwarz’s formula (7) for our spaces 𝑍2

𝐸
and 𝑈2

𝐸. Let

𝑓(𝑧) =
∞

∑
0

(𝑎𝑛 + 𝑖𝑏𝑛)𝑧𝑛 = 𝑢(𝑧) + 𝑖𝑣(𝑧) ⊂ 𝑍2
𝐸

sovietrxiv.org/items/ru-195701.01132 Machine Translation

https://sovietrxiv.org/items/ru-195701.01132


(𝑧 = 𝑟𝑒𝑖𝜃). Then

𝑢(𝑧) = 𝑎0 +
∞

∑
1

𝑟𝑛(𝑎𝑛 cos 𝑛𝜃 − 𝑏𝑛 sin 𝑛𝜃)

and
𝑣(𝑧) = 𝑏0 +

∞
∑

1
𝑟𝑛(𝑏𝑛 cos 𝑛𝜃 + 𝑎𝑛 sin 𝑛𝜃).

Let 𝑅 be the subspace of 𝑈2
𝐸 generated by the orths

{𝑟𝑛 cos 𝑛𝜃√𝛼𝑛
, 𝑟𝑛 sin 𝑛𝜃√𝛼𝑛

}
∞

1
.

Define an isometric operator 𝑉 in 𝑅 as follows:

𝑉 (𝑟𝑛 cos 𝑛𝜃) = 𝑟𝑛 sin 𝑛𝜃, 𝑉 (𝑟𝑛 sin 𝑛𝜃) = −𝑟𝑛 cos 𝑛𝜃 (𝑛 = 1, 2, …).
(7)

Then, obviously,
𝑉 (𝑢(𝑧) − 𝑎0) = 𝑣(𝑧) − 𝑏0.

According to (1), (2), to the operator 𝑉 there corresponds the kernel

𝑉 (𝑧, 𝜁) =
∞

∑
1

𝛼−1
𝑛 (𝜌𝑟)𝑛 sin 𝑛(𝜑 − 𝜃) = − Im 𝐸(𝑧 ̄𝜁).

(𝑧 = 𝑟𝑒𝑖𝜃, 𝜁 = 𝜌𝑒𝑖𝜑). Taking into account that (𝑎0, 𝑉 (𝑧, 𝜁)) = 0, we have

𝑣(𝜁) − 𝑏0 = (𝑢(𝑧), 𝑉 (𝑧, 𝜁)). (8)

Multiplying (8) by 𝑖 and adding to (6), we obtain

𝑢(𝜁) + 𝑖𝑣(𝜁) − 𝑖𝑏0 = (𝑢(𝑧), Re 𝐸(𝑧 ̄𝜁) − 𝑖 Im 𝐸(𝑧 ̄𝜁)) = (𝑢(𝑧), 𝐸(𝑧 ̄𝜁)).

Theorem 4. Every function 𝑓(𝑧) ⊂ 𝑍2
𝐸 is recovered from its real part by the

formula

𝑓(𝑧) = 𝑖 Im 𝑓(0) + (𝑢(𝜁), 𝐸( ̄𝜁𝑧))𝑈2
𝐸

, (9)

where the scalar product in (9) is to be understood in the sense

(𝑢, 𝑢̃ + 𝑖 ̃𝑣) = (𝑢, 𝑢̃) + 𝑖(𝑣, ̃𝑣) (𝑢, 𝑢̃, 𝑣 ⊂ 𝑈2
𝐸).

We note that in operator form formula (9) can be written as
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𝑓(𝑧) − 𝑖 Im 𝑓(0) = [𝐼 + 𝑖𝑉 (𝐼 − 𝑃)]𝑢(𝑧) (𝑢(𝑧) = Re 𝑓(𝑧)), (10)

where 𝐼 is the identity operator; 𝑉 is the isometric operator defined in (7), and
𝑃 is the projecting operator 𝑃𝑢(𝑧) = 𝑢(0).
For simplicity let 𝑅 = 1. Then, for

𝐸(𝑧) = 1 + 𝑧
2(1 − 𝑧) ,

𝑍2
𝐸 = 𝐻2 of Riesz, 𝑈2

𝐸 = 𝑈2 of Walsh(6), and 𝐸( ̄𝑧𝜁) coincides with the kernel
from Schwarz’s formula, while the scalar product is expressed by an integral
over the unit circle. To obtain from this the usual Schwarz formula, it is enough
to note that if 𝑓(𝑧) is analytic in 𝐶1, then 𝑓(𝑘𝑧) ⊂ 𝐻2 of Riesz for 𝑘 < 1.
The integral from formula (9) will now be taken along a circle of radius 𝑟 < 1.
Formula (9) also gives a parametric representation of the class 𝑍2

𝐸 through 𝑈2
𝐸.

If 𝑈2
𝐸 is embedded in a broader real Hilbert space ̃𝑈 , then we obtain:

Theorem 5. Every function 𝑓(𝑧) ⊂ 𝑍2
𝐸 is representable in the form

𝑓(𝑧) = 𝑖 Im 𝑓(0) + (𝑢̃, 𝐸( ̄𝜁𝑧))𝑈̃ (𝑢̃ ⊂ ̃𝑈). (11)

Among all functions 𝑢̃ representing 𝑓(𝑧) by formula (11), the function 𝑢̃ =
𝑢(𝑧) = Re 𝑓(𝑧) has the least norm in ̃𝑈 .

In conclusion we also note that, with additional isometric mappings of various
spaces 𝑈2

𝐸, in concrete cases we could obtain integral representations of the
spaces 𝑍2

𝐸 by real functions subject to one or another condition of quadratic
summability.
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University
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25 II 1957

CITED LITERATURE
1 N. Aronszayn, Trans. Am. Math. Soc., 68, No. 3 (1950).
2 H. Meschkowski, Arch. Math., 6, No. 2 (1955).
3 M. M. Dzhrbashyan, Reports of the Institute of Mathematics and Mechanics,
Academy of Sciences of the Armenian SSR, vol. 2 (1948).
4 I. I. Privalov, Boundary Properties of Analytic Functions, M., 1950.
5 K. M. Fashman, DAN, 107, No. 1 (1956).
6 J. L. Walsh, Am. J. Math., 76, No. 1 (1954).
7 A. I. Markushevich, Theory of Analytic Functions, M., 1950.

Note: Figure translations are in progress. See original paper for figures.

sovietrxiv.org/items/ru-195701.01132 Machine Translation

https://sovietrxiv.org/items/ru-195701.01132


Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195701.01132 Machine Translation

https://sovietrxiv.org/items/ru-195701.01132

	Abstract
	Full Text
	ON THE QUESTION OF REPRESENTATION OF CERTAIN CLASSES OF ANALYTIC FUNCTIONS
	CITED LITERATURE


