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Abstract
Full Text
THEORY OF ELASTICITY
Yu. M. LIBERMAN

ON THE QUESTION OF THE TYPE OF
EQUATIONS OF THE THEORY OF PLAS-
TICITY
(Presented by Academician L. I. Sedov on 3 IV 1957)

V. V. Sokolovskii (1) showed that, in the case of a plane stress state, when
the plasticity condition is used in the Mises form, plastic equilibrium can be
described by both hyperbolic and elliptic equations. In this note the general
connection is clarified between the form of the plasticity condition and the type
of the corresponding equations in plane strain and plane stress states.

As is known, in the plane case the plasticity condition can always be written in
the form

𝑆2 = 𝑓(𝑝),

where

𝑆2 = 1
4(𝜎𝑥 − 𝜎𝑦)2 + 𝜏2

𝑥𝑦;

𝑝 = 1
2(𝜎𝑥 + 𝜎𝑦)

are two independent invariants of the stress tensor; 𝑓 is a function determining
the form of the plasticity condition. Geometrically, this condition represents a
family of limiting Mohr circles in the 𝜎, 𝜏 plane.

We wish to show that the equations of the theory of plasticity will be of hyper-
bolic type for those values of the parameter 𝑝 for which this family of circles has
an envelope, parabolic when the envelope degenerates into a point, and elliptic
for the remaining values of 𝑝 (Fig. 1).

For this purpose let us consider the system of equations of plasticity and deter-
mine under what condition it can have real characteristics. To this end, in the
equilibrium equations
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𝜕𝜎𝑥
𝜕𝑥 + 𝜕𝜏𝑥𝑦

𝜕𝑦 = 0, 𝜕𝜏𝑥𝑦
𝜕𝑥 + 𝜕𝜎𝑦

𝜕𝑦 = 0

we shall regard 𝜏𝑥𝑦 as a known function of 𝜎𝑥 and 𝜎𝑦, determined by the plas-
ticity condition (1). Then the equilibrium equations will constitute a system of
two equations for the two unknowns 𝜎𝑥 and 𝜎𝑦 of the form

𝜕𝜎𝑥
𝜕𝑥 + 𝜕𝜏𝑥𝑦

𝜕𝜎𝑥

𝜕𝜎𝑥
𝜕𝑦 + 𝜕𝜏𝑥𝑦

𝜕𝜎𝑦

𝜕𝜎𝑦
𝜕𝑦 = 0,

𝜕𝜏𝑥𝑦
𝜕𝜎𝑥

𝜕𝜎𝑥
𝜕𝑥 + 𝜕𝜏𝑥𝑦

𝜕𝜎𝑦

𝜕𝜎𝑦
𝜕𝑥 + 𝜕𝜎𝑦

𝜕𝑦 = 0.

Adjoining here the relations

𝑑𝜎𝑥 = 𝜕𝜎𝑥
𝜕𝑥 𝑑𝑥 + 𝜕𝜎𝑥

𝜕𝑦 𝑑𝑦,

𝑑𝜎𝑦 = 𝜕𝜎𝑦
𝜕𝑥 𝑑𝑥 + 𝜕𝜎𝑦

𝜕𝑦 𝑑𝑦.

we obtain a system of four equations for the derivatives of 𝜎𝑥 and 𝜎𝑦 with
respect to 𝑥 and 𝑦. Equating the determinant of this system to zero, we obtain
the differential equations of the characteristic projections

𝑑𝑦
𝑑𝑥 = − 1

2 𝜕𝜏𝑥𝑦
𝜕𝜎𝑦

(1 ± √1 − 4𝜕𝜏𝑥𝑦
𝜕𝜎𝑥

𝜕𝜏𝑥𝑦
𝜕𝜎𝑦

) .

In order that the system be hyperbolic or parabolic, it is necessary and sufficient
that the inequality

𝜕𝜏𝑥𝑦
𝜕𝜎𝑥

𝜕𝜏𝑥𝑦
𝜕𝜎𝑦

≤ 1
4

be satisfied.

Let us see what restrictions this inequality imposes on the function 𝑓(𝑝) in
condition (1). Using (1), (2), and (3), we can write

𝜏𝑥𝑦 = √𝑓 [1
2(𝜎𝑥 + 𝜎𝑦)] − 1

4(𝜎𝑥 − 𝜎𝑦)2.
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Fig. 1. Relative arrangement of Mohr circles and the envelope. Circles 1, 2, 3
have an envelope; for circles 3, 4, 5 it degenerates into a point; circles 5, 6 have

no envelope

Figure 1: Fig. 1. Relative arrangement of Mohr circles and the envelope. Circles
1, 2, 3 have an envelope; for circles 3, 4, 5 it degenerates into a point; circles 5,
6 have no envelope

Differentiating this expression with respect to 𝜎𝑥 and 𝜎𝑦 and substituting into
(5), after elementary operations, we obtain that inequality (5) is equivalent to
the inequality

[𝑑𝑓(𝑝)
𝑑𝑝 ]

2
≤ 4𝑓(𝑝).

Fig. 1. Relative arrangement of Mohr circles and the envelope. Circles 1, 2, 3
have an envelope; for circles 3, 4, 5 it degenerates into a point; circles 5, 6 have
no envelope.

We shall now show that inequality (6) is at the same time the condition for the
existence of an envelope. Recalling that 𝑆2 is the square of the radius of the
limiting circle of plasticity, and (𝑝, 0) are the coordinates of its center, we can
rewrite (1) in the coordinates 𝜎, 𝜏 in the form

(𝜎 − 𝑝)2 + 𝜏2 = 𝑓(𝑝).

Differentiating this equality with respect to 𝑝 and equating the derivative to
zero, we obtain

𝜎 = 𝑝 − 1
2𝑓 ′(𝑝).

To obtain a parametric representation of the envelope, substitute this expression
into (7). We find

𝜏 = √𝑓(𝑝) − 1
4 [𝑑𝑓(𝑝)

𝑑𝑝 ]
2
,

which is possible only if (6) is satisfied. Thus, the condition for the existence
of an envelope coincides with the condition for hyperbolicity of system (4). If
equality holds in (6) on some interval of variation of 𝑝, then system (4) is
parabolic, and the envelope degenerates into a point. This proves our assertion.

As an example, consider the Mises plasticity condition mentioned above. In the
case of a plane stress state it is written in the form
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𝑆2 = 𝜎2
𝑠 − 𝑝2

3 = 𝑓(𝑝),

where 𝜎𝑠 is the yield limit.

Let us use inequality (6). We have

𝑓 ′(𝑝) = −2
3 𝑝;

4
9 𝑝2 < 4

3 (𝜎2
𝑠 − 𝑝2),

whence

|𝑝| < 𝜎𝑠
√

3
2 .

For values of 𝑝 satisfying this inequality, plastic equilibrium is described by
hyperbolic equations. For

𝜎𝑠
√

3
2 < |𝑝| < 𝜎𝑠

the equations pass over into the elliptic type.

An example of the parabolic type is furnished by a plane stress state under the
Saint-Venant plasticity condition in the region 𝜎1𝜎2 > 0.

Indeed, in this case the plasticity condition is written in the form

𝑆2 = (𝜎𝑠 − 𝑝)2 = 𝑓(𝑝).

Then

𝑓 ′(𝑝) = −2(𝜎𝑠 − 𝑝), [𝑑𝑓(𝑝)
𝑑𝑝 ]

2
= 4𝑓(𝑝).

System (4) under this condition has one family of real characteristics.
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