Soviet-era science, translated into English

ON ANALYTIC
SOLUTIONS OF
THIRD-ORDER
PARTIAL
DIFFERENTIAL
EQUATIONS

1957

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195701.00224

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195701.00224

Abstract
Full Text
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ON ANALYTIC SOLUTIONS OF THIRD-
ORDER PARTIAL DIFFERENTIAL EQUA-
TIONS

(Presented by Academician S. L. Sobolev on 11 IX 1956)

The emergence of the analytic theory of partial differential equations is con-
nected with the work of S. V. Kovalevskaya (1), where the well-known theorem
on the existence and uniqueness of a solution of a system of Kovalevskaya type
was proved. But Kovalevskaya’ s theorem does not answer the question of the
existence and uniqueness of a solution if the system or the boundary conditions
are not reduced to the required form. This question was studied by Méray (?),
N. M. Giinter (3), S. L. Sobolev (%), and a number of other mathematicians.

Giinter proposed using, for the solution of a partial differential equation, a
finite-difference equation arising upon differentiating the original equation and
making it possible to determine the initial values of all derivatives of the un-
known function. Sobolev extended Giinter’ s method to a system of first-order
equations.

In the present paper Giinter’ s method is applied to the equation
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It is required to find a solution analytic in some neighborhood of the origin.
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(r1 >0, 175>0, 73>0, 7 +ry+7r3=23),

by differentiating the original equation and the boundary conditions we obtain
the difference equation

Z U ey [ 1y =1 o =1, g4+ —1) = (ly, 1, 13)  (3)
r1+ro+r3=3
71,72,7320

(l1>0, l2>0, l3>0, l1+l2+l3:n)

under the conditions

f(llvlza l3) =0 (111213 =0), (4)

where 1(1y,15,13) is expressed in terms of derivatives of v of order lower than
Iy +1y+15. Using (3) and (4), one can, knowing the derivatives of v up to order
n — 1 inclusive, obtain a difference equation for determining the derivatives of
order n, and so on. In doing this, it is necessary to find out whether the obtained
difference equation has a solution and whether the formally constructed power
series has a nonzero radius of convergence.

Let us introduce the notation

T1,.72,.."3 _
E Qe ryr, Ty T Tg™ = P(zy,24,73).

r1+ro+r3=3
r1,72,7320

The coefficients P and the variables z;,z,, x4 are considered in the complex
plane.

Theorem. Suppose

1) For no zy, x4,z satisfying the condition |z,| = |z5| = |z3] = 1 does P
vanish.
2) For any fixed z, and z; satisfying the condition |xzy| = |z3] = 1, there

exists a unique value x; such that

P(xq,29,24) =0, OP/0x, #0; |zq] < 1.

We shall denote this value of x; by z;(z,,25). Analogously, introduce the
notations x4 (s, ;) and x4(x,z5).

3) The system of integral equations
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has no nontrivial solutions. An analogous requirement is imposed on the two
other systems of integral equations obtained by cyclic permutations of all indices.

Then there exists a number n,, depending only on the coefficients of P, such
that for every n > n, equation (3) under conditions (4) has a solution satisfying
the inequality

|f(l17127 )‘<Cmax|w(l17127 )‘7 (6)

where C' is independent of n.

Proof. First we solve (3), disregarding conditions (4). Choose an arbitrary

0) 4(0) 400y

point (I} and require that

1, i (4 — 002+~ )2 + (s — 1Y) =0,

7
0, if (I, =12+ (1, — 1) + (1, — 1Y% > 0. @

¢(117127l3) = {

Form

ll ll l2 l2 l3 l3 dadead
f(lllealgv ll ,l(0> l(0> 1’1 £L'2 ;L'B

P(ml,xz,m:),)

|y =1 |

[zo|=1 Y]zs]=1
This integral exists by condition 1) of the theorem. As a function of Iy,ly, 15
it satisfies (3) for v (ly,1y,13) specified by (7). The solution of (3) for arbitrary

¥(ly,15,15) has the form

0 0 0 0 0 0
At = 3 w1 1) F 1, 1 11 1),
R
12190 19>

Making in equation (3) the substitution
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fy, 1, 13) = filly, by, 13) + foly, 1o, 1), (8)

we obtain the homogeneous equation

Z ar1r2r3 f2(ll +T1_1a l2+’f’2—17 lg+7'3—1):0 (9)
ri+ratry=3
71,792,730

with the nonhomogeneous boundary conditions

f2(llvl2713) = _f1<llal2vl3)a (111213 = O>~ (10)

To solve (9) under the conditions (10), we construct a certain system of functions.

Choose an arbitrary point (0,15, 1") and construct

0) (0 1 1 L0101
I AURR gxgyhm‘ e r (T, ) 2" 2wy’ 0 dayds.
To|=1 Y|zs|=1

Similarly we construct fy(ly, 1y, ly; 1Y), 1) and fy(ly, 1y, Iy 12, 1). In this
case:

1) each of the functions f, fs, f5, as a function of Iy, 1,15, satisfies (9);

2)

1, it (=192 4 1, — 192 =0
f1<o,12,13;z;0>,z;0>>:{7 il =0+~ )2 =0,

and similarly for f, and fs;

3) there exists a constant k£ (0 < k < 1) such that

[ Fulls by, By 17 1) < Rttt s,
For each point (l(lo)7 l(20)7 lg())) satisfying the condition

0),(0);(0)
1110 < o,
we form the corresponding f, f5, or fs; moreover, for the point (n,0,0) one
may choose arbitrarily f, or f3, and similarly for the points (0,n,0) and (0,0, 7).
We shall seck a solution of (9) under the conditions (10) in the form of a linear
combination of the f;. Any linear combination of them will be a solution of (9),
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and it remains only to satisfy the conditions (10). In doing so, complications
are possible near the points (n,0,0), (0,n,0), and (0,0,n). To avoid these
complications, we subject some f; to a transformation. Denote by p the least
nonnegative integer for which

2k_2p+2

Consider the case p > 0. For p = 0 the transformation described need not be
carried out.

Consider the set of points satisfying the condition

1)+ =n, Wi =0;, o< <p,  0<1Y <p.

Choose an arbitrary point from the indicated set. Form the function

By (o, s B0 180 = 37 e(m) £yl 1o, g mys n—m$)+
m9_g
3

+ Z 77 f3 llal27l37 méO)7 nim(20>)

(0)
my =0

and require that

syl 1010 10 = {1 =02+ (0 =2+ (5 =17 =0,

P 0, if (I — 12+ (I — )2 + (15— 1) >0, 1)) =o.
This requirement represents an infinite system of linear equations, whose solu-
tion, as can be verified, exists if (5) has no nontrivial solutions. In an analogous

manner we construct the functions
ho(ly, 1o, 155 1(10)’1(20)’lé0)) and hy(ly, 1y, l; lgo)»l(QO)’lg)))

Next we seek the solution of (9) under the conditions (10) in the form
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Bl i) = > €@ 1 1 hy 1y by, s 1015 1))+

l;o)lrsmzo;
o<iP 10 <p

0 0 0 0 0 0
+ > U s (1 by, by 115 1)+
10119 —o;
o<1, 110 <p
0 0 0 0 0 0
+ 3 ha (U, 1187 1)+
1157 =0; (11)
Ogl‘lo), z;‘”gp
+ > e D) £y 1 115+

o =
10=0; 19,15 >p

0 0 0 0 0
+ Z 5(1(1>7l(2>7l§’)>)f2<l13127l3; lé)vlg))+

o =
19=0; 1,19 >p

0 0 0 0 0
+ Z 5(1(1>7l(2)7l§’)>)f3<l13127l3; l(l)’l<2))

o =
19=0; 1,19 >p

Substituting the boundary conditions (10) into (11), we obtain a system of 3n lin-
ear algebraic equations with 3n unknowns (according to the number of boundary
points). This system can be solved by the method of iterations. Having obtained
(12,19 19 for all boundary points, from (11) we determine f,(I;,ly, 1), and
then from (8) we determine f(l,l5,13). The obtained f(ly,1,15) will satisfy the

estimate (6).

From the existence theorem proved above follows the uniqueness of the solu-
tion of (9) under the conditions (10), according to the general theory of linear
algebraic equations.

On the basis of the estimate (6) and the uniqueness of the solution, by a method
analogous to that used in (3,%), the existence and uniqueness of the solution of
the differential equation is proved.
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