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Abstract
Full Text

MATHEMATICS
B. I. KORENBLUM

ON A NORMED RING OF FUNCTIONS WITH
CONVOLUTION
(Presented by Academician N. N. Bogolyubov on February 24, 1957)

In the present note we continue the study of the ideals of the ring 𝐿(−∞, ∞; 𝛼),
begun by us in (1). A complete description is given of the ideals of this ring
with a finite hull (see Definition 3), situated inside the strip | Im 𝑧| ⩽ 𝛼. This
makes it possible to solve the problem of harmonic synthesis for certain general
classes of rapidly increasing functions (1). The results obtained find application
to homogeneous integral equations of convolution type.

1∘. In accordance with the notation of note (1), 𝐿(−∞, ∞; 𝛼) is a commutative
normed ring of measurable functions

𝑓(𝑥) (−∞ < 𝑥 < ∞)

with norm

‖𝑓‖ = ∫
∞

−∞
|𝑓(𝑥)|𝑒𝛼|𝑥| 𝑑𝑥 < ∞ (𝛼 > 0 fixed)

and with the convolution operation as multiplication of elements; 𝑀(−∞, ∞; 𝛼)
is the space of measurable functions 𝑔(𝑥) (−∞ < 𝑥 < ∞) with norm

‖𝑔‖ = vraimax
−∞<𝑥<∞

{𝑒−𝛼|𝑥||𝑔(𝑥)|} < ∞.

Obviously, the space 𝑀(−∞, ∞; 𝛼) is conjugate to 𝐿(−∞, ∞; 𝛼), and the gen-
eral form of a linear functional in 𝐿(−∞, ∞; 𝛼) is given by the formula

𝑔(𝑓) = ∫
∞

−∞
𝑔(𝑥)𝑓(𝑥) 𝑑𝑥.

Let us formally adjoin to the ring 𝐿(−∞, ∞; 𝛼) a unit element 𝑒. The ring 𝐿𝑒
thus obtained consists of elements 𝜆𝑒 + 𝑓(𝑥), where 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼), and
𝜆 is an arbitrary complex number; the operations of addition, multiplication,
and the norm are defined in the natural way. Rings of this type were first
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considered by I. M. Gelfand, D. A. Raikov, and G. E. Shilov (2). In particular,
they gave a complete description of the maximal ideals of the ring 𝐿𝑒. The
space of these ideals is homeomorphic to the complex strip | Im 𝑧| ⩽ 𝛼 with the
point at infinity adjoined, to which corresponds the ideal 𝐼∞ = 𝐿(−∞, ∞; 𝛼).
In the classical case 𝛼 = 0, the strip degenerates into the line Im 𝑧 = 0. The
well-known theorem of Wiener (3) asserts in this case that there does not exist a
single primary ideal* contained in the ideal 𝐼∞. Subsequently this theorem was
extended by G. E. Shilov (4) to more general rings of functions with convolution.

A fundamentally different situation arises in the case considered by us. From
the results of note (1) it follows that there exist primary ideals contained in
𝐼∞ = 𝐿(−∞, ∞; 𝛼) (𝛼 > 0). Below a complete description of these primary
ideals is given. For convenience we introduce the following definitions.

* An ideal (closed) is called primary if it is contained in only one maximal
ideal.

Definition 1. Let 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼) and

𝐹(𝑧) = 𝐹(𝑥 + 𝑖𝑦) = ∫
∞

−∞
𝑓(𝑡)𝑒−𝑖𝑧𝑡 𝑑𝑡 (|𝑦| ⩽ 𝛼). (1)

Denote∗

𝛾+(𝑓) = lim
𝑥→+∞

ln |𝐹 (𝑥)|
𝑒−𝜋𝑥/2𝛼 , 𝛾−(𝑓) = lim

𝑥→−∞
ln |𝐹 (𝑥)|
𝑒𝜋𝑥/2𝛼 .

Definition 2. 𝐼+
𝛾 (−∞ < 𝛾 ⩽ 0) is the totality of all 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼) for

which 𝛾+(𝑓) ⩽ 𝛾; 𝐼−
𝛾 (−∞ < 𝛾 ⩽ 0) is the totality of all 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼)

for which 𝛾−(𝑓) ⩽ 𝛾. Obviously, 𝐼+
0 = 𝐼−

0 = 𝐿(−∞, ∞; 𝛼); 𝐼+
𝛾1

⊂ 𝐼+
𝛾2
, 𝐼−

𝛾1
⊂ 𝐼−

𝛾2(−∞ < 𝛾1 < 𝛾2 ⩽ 0); 𝐼+
−∞ = ⋂𝛾⩽0 𝐼+

𝛾 = 0, 𝐼−
−∞ = ⋂𝛾⩽0 𝐼−

𝛾 = 0.

Theorem 1. 𝐼+
𝛾 and 𝐼−

𝛾 (−∞ < 𝛾 < 0) are closed prime ideals of the ring 𝐿𝑒.
𝐼+

𝛾 consists of those and only those functions 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼) which satisfy
the equation

∫
∞

−∞
𝑓(𝑥 − 𝑦) 𝑒−𝑖𝜇1𝑥 𝑑𝑥

Γ( 1
2 + 2𝛼𝑥𝑖

𝜋 ) = 0 (−∞ < 𝑦 < ∞), (2)

where 𝜇1 = −2𝛼
𝜋 ln |𝛾|. 𝐼−

𝛾 consists of those and only those functions 𝑓(𝑥) ∈
𝐿(−∞, ∞; 𝛼) which satisfy the equation

∫
∞

−∞
𝑓(𝑥 − 𝑦) 𝑒−𝑖𝜇2𝑥 𝑑𝑥

Γ( 1
2 − 2𝛼𝑥𝑖

𝜋 ) = 0 (−∞ < 𝑦 < ∞), (3)
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where 𝜇2 = 2𝛼
𝜋 ln |𝛾|. Every prime ideal contained in 𝐿(−∞, ∞; 𝛼) has the form

𝐼+
𝛾1

∩ 𝐼−
𝛾2
, where 𝛾1, 𝛾2 do not vanish simultaneously.

Let us note that, for the first time, such continuous systems of prime ideals in
rings of analytic functions were indicated by G. E. Shilov (5).
Definition 3. Let 𝔐 be an arbitrary set of functions from 𝐿(−∞, ∞; 𝛼). We
shall call the spectrum (6) of 𝔐, and denote it by 𝜎(𝔐), the set of points
of the strip | Im 𝑧| ⩽ 𝛼 at which the Fourier transforms 𝐹(𝑧) of all functions
𝑓(𝑥) ∈ 𝔐 vanish.

Obviously, Theorem 1 gives a description of all ideals 𝐼 ⊂ 𝐿(−∞, ∞; 𝛼) with
empty spectrum.

Theorem 2. Let 𝐼 ⊂ 𝐿(−∞, ∞; 𝛼) be a closed ideal whose spectrum consists of
a finite number of interior points of the strip | Im 𝑧| < 𝛼: 𝜎(𝐼) = {𝑧𝜈}, |𝑧𝜈| < 𝛼
(𝜈 = 1, 2, … , 𝑘). Let 𝑛𝜈 (𝜈 = 1, 2, … , 𝑘) be the largest natural number 𝑛 having
the property

𝐹(𝑧𝜈) = 𝐹 ′(𝑧𝜈) = … = 𝐹 (𝑛−1)(𝑧𝜈) = 0,

where 𝐹(𝑧) is the Fourier transform of any function 𝑓(𝑥) ∈ 𝐼 . Put 𝛾1 =
sup 𝛾+(𝑓), 𝛾2 = sup 𝛾−(𝑓) (𝑓 ∈ 𝐼). Then 𝐼 consists of those and only

∗ It is not difficult to show that the numbers 𝛾+(𝑓) and 𝛾−(𝑓) are always finite
and nonpositive (𝑓 ≠ 0).
of those functions which belong to 𝐼+

𝛾1
∩ 𝐼−

𝛾2
and whose Fourier transforms have

at 𝑧𝜈 zeros of multiplicity not less than 𝑛𝜈 (𝜈 = 1, 2, … , 𝑘).
Theorems 1 and 2 give a negative answer to a number of questions posed by
Mackey (7), p. 105; (8), p. 395).
2∘. Each closed ideal 𝐼 of the ring 𝐿(−∞, ∞; 𝛼) determines a certain subspace
𝐽 ⊂ 𝑀(−∞, ∞; 𝛼), consisting of functions 𝑔(𝑥) for which

∫
∞

−∞
𝑔(𝑥)𝑓(𝑥) 𝑑𝑥 = 0 (𝑓 ∈ 𝐼).

It is easy to see that 𝐽 is a weakly closed* subspace of 𝑀(−∞, ∞; 𝛼) invariant
with respect to the shift operation. We shall call such subspaces ideals of the
space 𝑀(−∞, ∞; 𝛼). From the general theory of Banach spaces it follows that
the correspondence 𝐼 → 𝐽 is a one-to-one mapping of the set of all ideals
of 𝐿(−∞, ∞; 𝛼) (including 0 and the whole space) onto the set of all ideals
of 𝑀(−∞, ∞; 𝛼). We shall denote by 𝐽+

𝛾 , 𝐽−
𝛾 (−∞ ≤ 𝛾 ≤ 0) the ideals of the
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space 𝑀(−∞, ∞; 𝛼) corresponding to the ideals 𝐼+
𝛾 , 𝐼−

𝛾 of the ring 𝐿(−∞, ∞; 𝛼).
Clearly,

𝐽+
−∞ = 𝐽−

−∞ = 𝑀(−∞, ∞; 𝛼), 𝐽+
0 = 𝐽−

0 = 0.

Theorem 3. The ideal 𝐽+
𝛾 (−∞ < 𝛾 < 0) consists of functions of the form

𝑒−𝑖𝜇1𝑥𝜒+(𝑥)/Γ (1
2 + 2𝛼𝑥𝑖

𝜋 ) (𝜇1 = −2𝛼
𝜋 ln |𝛾|) ,

where 𝜒+(𝑥) is the boundary value of a function 𝜒+(𝑧), holomorphic and
bounded in the half-plane Im 𝑧 < 0. The ideal 𝐽−

𝛾 (−∞ < 𝛾 < 0) consists of
functions of the form

𝑒−𝑖𝜇2𝑥𝜒−(𝑥)/Γ (1
2 − 2𝛼𝑥𝑖

𝜋 ) (𝜇2 = 2𝛼
𝜋 ln |𝛾|) ,

where 𝜒−(𝑥) is the boundary value of a function 𝜒−(𝑧), holomorphic
and bounded in the half-plane Im 𝑧 > 0. Any pair of ideals 𝐽+

𝛾1
, 𝐽−

𝛾2(−∞ < 𝛾1, 𝛾2 ≤ 0) has only one common element—the zero of the space
𝑀(−∞, ∞; 𝛼).
In particular, 𝐽+

𝛾 contains all functions

𝑒−𝑖𝜇𝑥/Γ (1
2 + 2𝛼𝑥𝑖

𝜋 )

(𝜇1 ≤ 𝜇 < ∞), and the ideal 𝐽−
𝛾 contains all functions

𝑒−𝑖𝜇𝑥/Γ (1
2 − 2𝛼𝑥𝑖

𝜋 )

(−∞ < 𝜇 ≤ 𝜇2).
It can be shown that 𝐽+

𝛾 and 𝐽−
𝛾 are the weakly closed linear hulls of the corre-

sponding sets of these functions.

From the point of view of the spectral theory of rapidly increasing functions (1),
Theorem 3 solves one of the simplest problems of harmonic synthesis. A more
general result is given by Theorem 4.

Theorem 4. The general form of functions 𝑔(𝑥) ∈ 𝑀(−∞, ∞; 𝛼) whose har-
monic spectrum consists of a finite set {𝑧𝜈}𝑘

1 of interior points of the strip
| Im 𝑧| ≤ 𝛼, and whose nonharmonic spectra are [𝜇1, ∞) and (−∞, 𝜇2], is given
by the formula

𝑔(𝑥) =
𝑘

∑
𝜈=1

𝑃𝜈(𝑥)𝑒−𝑖𝑧𝜈𝑥 + ̃𝑔(𝑥), (4)
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where 𝑃𝜈(𝑥) are polynomials; ̃𝑔(𝑥) ∈ 𝐽+
𝛾1

+ 𝐽−
𝛾2
** (𝛾1 = −𝑒−𝜋𝜇1/2𝛼, 𝛾2 =

−𝑒𝜋𝜇2/2𝛼).
* In the sense of the topology determined by the weak convergence of the func-
tionals 𝑔(𝑓).
** Thus we denote the linear weakly closed hull of the set 𝐽+

𝛾1
∪ 𝐽−

𝛾2
, i.e. the

minimal weakly closed subspace of 𝑀(−∞, ∞; 𝛼) containing 𝐽+
𝛾1

∪ 𝐽−
𝛾2
.

If one or both of the nonharmonic spectra of 𝑔(𝑥) are empty, one should put,
respectively, 𝜇1 = +∞, or 𝜇2 = −∞, or both. The representation (4) is unique.

Let us note that this theorem is “dual”to Theorem 2 and is easily obtained
from it.

From Theorem 4 it follows immediately:

Theorem 5. Let the integral equation be given

∫
∞

−∞
𝑓(𝑥 − 𝑦)𝑔(𝑦) 𝑑𝑦 = 0, (5)

where the kernel 𝑓(𝑥) ∈ 𝐿(−∞, ∞; 𝛼), and the unknown function 𝑔(𝑥) ∈
𝑀(−∞, ∞; 𝛼).
If the Fourier transform

𝐹(𝑧) = ∫
∞

−∞
𝑓(𝑥)𝑒−𝑖𝑧𝑥 𝑑𝑥 (| Im 𝑧| ⩽ 𝛼)

has only a finite number of zeros {𝑧𝜈}𝑘
1, with |𝑧𝜈| < 𝛼 (𝜈 = 1, 2, … , 𝑘), and 𝑛𝜈

are the multiplicities of these zeros, then the general solution of equation (5) is
given by the formula

𝑔(𝑥) =
𝑘

∑
𝜈=1

𝑃𝜈(𝑥)𝑒𝑖𝑧𝜈𝑥 + ̃𝑔(𝑥),

where 𝑃𝜈(𝑥) is a polynomial of degree ⩽ 𝑛𝜈 − 1, and ̃𝑔(𝑥) ∈ 𝐽+
𝛾1

+ 𝐽−
𝛾2

(𝛾1 =
𝛾−(𝑓), 𝛾2 = 𝛾+(𝑓)).
The author expresses his gratitude to G. E. Shilov for a number of valuable
remarks.

Kiev
Civil Engineering Institute

Received
10 XII 1956
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