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Abstract

Previous polytomous scoring models use multiple difficulty parameters, which
cannot accommodate the diverse scoring-point structures of polytomously scored
items and cannot reflect the weighting effect of scores. This paper elaborates
two basic measurement characteristics of polytomously scored items in abil-
ity tests: the existence of multiple types of scoring-point structures and the
score-weighting effect of polytomous scoring. Correspondingly, it proposes the
theoretical hypothesis of the average difficulty parameter and the theoretical
hypothesis of the score-weighting effect. The Logistic weighted model includes
an average difficulty parameter and a score-weighting parameter, corresponding
respectively to the theoretical hypothesis of the average difficulty parameter
and the theoretical hypothesis of the score-weighting effect. It can accommo-
date multiple types of scoring-point structures and non-continuous scoring forms
in polytomously scored items, and can also express the score-weighting effect.
The theoretical hypothesis of the score-weighting effect for polytomously scored
items will help improve the measurement theory system of item response theory.
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Abstract: Previous polytomous scoring models have used multiple difficulty pa-
rameters, which cannot accommodate the various score-point structures of poly-
tomous scored items and also cannot reflect the score-weighting effect. This pa-
per expounds two basic measurement characteristics of polytomous scored items
in ability tests: the existence of multiple types of score-point structures, and the
presence of a score-weighting effect in polytomous scoring. Correspondingly, it
proposes the theoretical assumption of an average difficulty parameter and the
theoretical assumption of a score-weighting effect. The Logistic weighted model
contains an average difficulty parameter and a score-weighting parameter, cor-
responding respectively to the theoretical assumption of the average difficulty
parameter and the theoretical assumption of the score-weighting effect. It can
fit the various score-point structure types of polytomous scored items and dis-
continuous scoring forms, and can also express the score-weighting effect. The
theoretical assumption of the score-weighting effect for polytomous scored items
will help improve the measurement-theory system of item response theory.
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Abstract:

Previous polytomous models also cannot be effectively applied to polytomous
items in aptitude tests, and thus constitute a technical bottleneck in educational
and psychological measurement under item response theory. The appropriate
and effective polytomous model for polytomous items remains both a research
objective and a research difficulty. This article summarizes the limitations and
deficiencies of previous polytomous models. It analyzes the nature and charac-
teristics of polytomous items in aptitude tests. First, in the scoring form of a
polytomous item, there are multiple structural types of scoring points; second,
the full score of the polytomous item reflects the importance of the examination
content and has the function of score weighting. In a polytomous item, the val-
ues of the scoring points are different, and score values have the characteristics
of both continuity and discontinuity. According to the two basic measurement
characteristics of the polytomous item, the mean-difficulty-parameter hypothe-
sis and the score-weighting-function hypothesis are proposed respectively, and
their theoretical basis is discussed from many angles. This is a breakthrough in
the measurement theory of the polytomous item. The weighted-score parameter
of the weighted-score logistic model (WSLM) can conform to the mean-difficulty-
parameter hypothesis and the score-weighting-function hypothesis in the apti-
tude test. The WSLM can be better suited to the six types of scoring-point
structures in the aptitude test, and the weighted-score logistic model also fits
discontinuous scores. WSLM is the proper way to solve the bottleneck problem
of polytomous measurement under item response theory. However, the Graded-
Response Model, General Partial Credit Model, and other polytomous models
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are not suitable for the aptitude test.

Key words polytomous item; mean-difficulty parameter; weighted-score pa-
rameter; weighted-score Logistic model;

1 Introduction

Under modern psychological and educational measurement theory (primarily
item response theory), previous researchers have proposed many polytomous
scoring models or methods. However, in practical measurement applications,
ability tests with polytomously scored items involve multiple item types, com-
plex and diverse scoring-point structures, and discontinuous scoring formats. As
a result, previous polytomous scoring models often cannot be effectively applied
to ability tests in real measurement situations. This is one of the bottlenecks in
the measurement technology for polytomously scored test items.

1.1 Polytomous scoring models or methods proposed by
previous researchers

van der Linden (1997, 2016) summarized multiple models previously proposed
by researchers that are applicable to polytomously scored test items, including
the Graded-Response Model (GRM) proposed by Samejima (1969); the Rating
Scale Model (RSM) proposed by Andersen (1977); the Nominal Response Model
(NRM) proposed by Bock (1972); the General Partial Credit Model (PCM) pro-
posed by Masters (1982); the General Partial Credit Model (GPCM) proposed
by Muraki (1992); and several other polytomous scoring models. Nering and
Ostins (2010) also summarized previous polytomous scoring models or meth-
ods in their monograph and discussed, in separate chapters, polytomous scoring
models such as GRM, NRM, PCM, and RSM, while also briefly listing several
other less commonly used polytomous scoring models or methods. In recent
years, measurement methods for polytomously scored items have included the
D-scoring method proposed by Dimitrov and Luo (2019). The D-scoring method
adapts the polytomous scoring format in ability tests by virtually constructing
a dichotomous scoring format. The research results of Dimitrov and Luo (2019)
showed that the D-scoring method did not differ significantly from the GRM
in ability parameters and item difficulty parameters. In China, Xiao Hanmin,
Du Wenjiu, and Zhang Tingting (2011) proposed an analysis method for poly-
tomously scored items in ability tests, namely test item sample space theory,
which explores the relationships among item score levels and among polyto-
mously scored items from the perspective of the knowledge-relationship nodes
in polytomously scored items. However, test item sample space theory methods
are often applicable only to certain special polytomous item types and special
testing contexts in ability tests.

Some researchers have summarized and classified previous polytomous scoring
models from the perspective of the form and structure of measurement models.
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Thissen and Steinberg (1986) divided dichotomous and polytomous scoring mod-
els under item response theory (IRT models containing item parameters) into
three categories: classifying the GRM as a difference model, classifying the RSM,
NRM, and PCM models as divide-by-total models, and classifying measurement
models containing guessing parameters as left-addition models. Bockenholt and
Meiser (2017) divided polytomous scoring models into two model frameworks:
threshold-based models and item response tree (IR tree models), and used the
measurement models under these two frameworks to analyze and compare the
evaluation of response styles in psychological scale rating data. Tutz (2020) ana-
lyzed the mathematical formal structures of several previous scoring models and
argued that dichotomous scoring models are a basic component of polytomous
scoring models, further dividing them into several types, such as cumulative,
sequential, adjacent-category, and category-response models. This paper holds
that the above researchers’ summarized classifications are often based on the
mathematical forms used to construct the mathematical models, rather than on
the measurement properties of polytomously scored items, thereby departing
from the measurement foundations of polytomously scored items in practical
tests.

1.2 Analysis of the causes of measurement-technology bot-
tlenecks in polytomously scored items

Of course, the fact that many previous researchers have proposed so many poly-
tomous scoring models and conducted numerous studies indicates that polyto-
mously scored items’

Measurement models have attracted the attention of many researchers, but
they also indirectly indicate the complexity inherent in measuring polytomously
scored items. Although previous researchers have proposed many polytomous
scoring models or methods, no polytomous-scoring measurement model can be
comprehensively and effectively applied to polytomously scored items in ability
tests. This is a bottleneck problem in measurement techniques for polytomously
scored items.

The fact that previous polytomous-scoring measurement models have not been
widely applied in empirical testing can be summarized as arising from the fol-
lowing two aspects:

First, in empirical tests, the measurement and scoring forms of polytomously
scored items are complex: there are multiple types of score-point structures, and
there is also a score-weighting effect, that is, the phenomenon of discontinuous
scoring forms. This has led previous polytomous-scoring models (or methods)
to be unable simultaneously to accommodate the multiple score-point structural
forms and discontinuous scoring forms of polytomously scored items.

Second, the modeling ideas adopted by previous researchers when proposing
polytomous-scoring models have limitations, including two points: (1) When
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constructing mathematical models, previous polytomous-scoring models have of-
ten used relational expressions involving multiple difficulty parameters to repre-
sent polytomous scoring forms, thereby confounding two different measurement
properties of polytomously scored items in ability tests: score-weight properties
and difficulty-parameter properties. For example, the graded response model
proposed by Samejima (1969) and the partial credit model proposed by Masters
both use multiple item difficulty parameters to express the grade relationships of
polytomous scoring. Jian Xiaozhu and Dai Buyun (2022) discussed from multi-
ple perspectives the use of multiple continuously increasing difficulty parameters
under the graded response model to represent polytomous scoring forms; this
form of expression cannot effectively embody the score-weighting effect of poly-
tomously scored items in ability tests. (2) Previous polytomous-scoring models
have been constructed only according to a particular special form of polyto-
mously scored items or a particular scoring context, “ignoring” the fact that, in
ability tests, polytomously scored items have multiple types of score-point struc-
tures and discontinuous scoring forms. For example, the partial credit model
(PCM) proposed by Masters (1982) applies only to polytomously scored items in
which the polytomous scoring form increases successively (incrementally), such
as scores of 0, 1, 2, and 3, with no discontinuous score in between; the two-
parameter Logistic testlet response model (2-PLBTM) proposed by Bradlow,
Wainer, and Wang (1999) applies only to the special context of polytomously
scored items in which one large item contains multiple subitems.

1.3 Research Ideas of This Paper

The study by Jian Xiaozhu, Dai Buyun, and Dai Haiqi (2016) mainly dis-
cussed the model-construction ideas of the Logistic weighted model, the fea-
sibility of model-parameter estimation, and the good fidelity of simulation in
test-simulation research, and used empirical test data for empirical estimation.
Different from Jian Xiaozhu et al. (2016), this paper further discusses the is-
sue from two perspectives: (1) From the perspective of measurement theory,
it analyzes the specific connotations of the measurement-theory assumptions
for polytomously scored items (the average difficulty-parameter theoretical as-
sumption and the score-weighting-effect theoretical assumption). The average
difficulty parameters of the Logistic weighted model reflect the average-difficulty
theoretical assumption, and the weight parameters reflect the score-weighting-
effect theoretical assumption; Logistic weighted models can better express the
meaning of the score weights of polytomously scored items in empirical tests.
The proposal of the theoretical assumption of score-weighting effects for poly-
tomously scored items will help enrich and improve the measurement-theory
system of item response theory. By contrast, the model structures of previous
polytomous-scoring models have been unable to effectively express the score-
weighting effect of polytomous scoring. (2) From the perspective of test-data
forms, previous polytomous-scoring models have often been constructed accord-
ing to one or two types of polytomous-scoring categories, and therefore cannot
accommodate bottleneck problems such as the simultaneous existence of multi-
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ple score-point types in polytomously scored items in tests, nor can they accom-
modate discontinuous scoring forms. Compared with other polytomous-scoring
models, Logistic

The weighted model, in the simplified structural form of the average difficulty pa-
rameter, can accommodate complex and diverse scoring-point structural types,
and can also accommodate multilevel-scoring test items with discontinuous scor-
ing forms. This is an advantage of the Logistic weighted model.

The logic of the argument in this paper will unfold in detail from the above
two perspectives. First, it will describe two basic measurement characteristics
of multilevel-scoring test items in ability testing: the existence of multiple types
of scoring-point structures, the role of score weights in multilevel scoring, and
the existence of discontinuous scoring forms. Second, on the basis of these two
basic measurement characteristics of multilevel-scoring test items, two corre-
sponding measurement-theoretical assumptions will be proposed. Third, it will
analyze whether previous multilevel-scoring models can be applied to the two ba-
sic measurement characteristics of multilevel-scoring test items (multiple types
of scoring-point structures and discontinuous scoring forms), and show that the
Logistic weighted model is constructed on the basis of the two measurement-
theoretical assumptions of multilevel-scoring test items. The simulation study
by Jian Xiaozhu et al. (2016) demonstrated that the Logistic weighted model
can fit multilevel-scoring test items (under continuous scoring forms), and the
simulation study by Jian Xiaozhu and Dai Buyun (2025) demonstrated that
the Logistic weighted model can fit multilevel-scoring test items with discon-
tinuous scoring forms. Therefore, the Logistic weighted model can better solve
the measurement-technical bottleneck problems that exist in multilevel-scoring
test items. Finally, the applicability of the Logistic weighted model will be dis-
cussed and summarized; the advantage of the Logistic weighted model is that
it expresses the measurement characteristics of multilevel-scoring test items in
a concise measurement-model form.

2 Two Basic Measurement Characteristics of Multilevel-
Scoring Test Items in Ability Testing

2.1 The first measurement characteristic of multilevel-scoring test
items: the existence of multiple types of scoring-point structures

The types of multilevel-scoring test items in ability testing include objective
item types such as single-choice items, multiple-choice items, fill-in-the-blank
items, and ordering items, as well as subjective item types such as short-answer
items, essay items, computational-solution items, and application items. The
forms and names of these item types are mainly named from the perspectives
of how examinees respond and what the response content is. When expressing
multilevel-scoring test items with mathematical models, it is not necessary to
consider the item-type forms and names of multilevel-scoring test items; instead,
the focus should be on analyzing the structural relations among the scoring
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points within multilevel-scoring test items. In the past, when researchers pro-
posed multilevel-scoring models, they analyzed only the testing situations in
which multilevel-scoring test items had continuous scoring forms, and they gave
examples of one or two types of scoring-point structures for multilevel-scoring
test items. When Samejima (1969) proposed the GRM model, she listed three
examples of ability tests. Each scoring point in these three examples was worth
1 point, which made the scoring of these multilevel-scoring test items contin-
uous. The scoring-point structural relations in these three examples belonged
respectively to two types of scoring-point structures: parallel relations and step-
wise progressive relations. When Masters (1982) proposed the partial credit
model, he listed three multilevel-scoring test items: (1) the first was a mathe-
matics item, in which the scoring points had a stepwise progressive form; (2)
the second was a screen-picture item, in which a circle was drawn and points
were awarded according to the degree of agreement between the examinee’ s
response content and the answer, belonging to a content-progressive form; (3)
the third was a geography item, in which points were also awarded according
to the degree of agreement between the examinee’ s response content and the
answer, belonging to a content-progressive form. It should be noted here that,
in previous studies such as Samejima (1969) and Masters (1982), when these
multilevel-scoring examples were listed, the scoring-point structural relations of
the examples were not discussed.

On the basis of the types of multilevel-scoring test items listed by previous
researchers, as well as the various possible types of scoring-point structures in
multilevel-scoring test items in ability tests found in actual tests, this paper,
according to the logical relations among the scoring points of multilevel-scoring
test items, classifies the scoring-point structural forms of multilevel-scoring test
items in ability testing into the following six forms (or types):

Type 1: simple additive form, that is, the multilevel scoring of a multilevel-
scoring test item is in a simple additive form. In academic proficiency ability
tests, the commonly used item type is the single-choice item, and the multilevel
scoring of single-choice items often adopts a simple additive form. For example,
in a Chinese-subject ability test, selecting

for an item of Type 1 is 2 points, with scoring levels of 0 and 2; in a mathematics
subject-ability test, the full score for a Type 1 multiple-choice item is 3 points,
with scoring levels of 0 and 3. These all belong to a simple weighted form and
are non-continuous scoring forms.

The second category is the parallel form, that is, the multiple scoring points of a
polytomously scored item are in a parallel relationship. In other words, whether
a score is obtained at each scoring point of a polytomously scored item does not
affect the score obtained at other scoring points. For example, in a matching
cloze item in an English subject-ability test, each subitem requires selecting one
word from a set of alternatives to fill in the blank; each correctly answered blank
is scored 1 point, and the score for the entire item is the sum of the scores for all
subitems. At this point, the possible scores for this polytomously scored item
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are: 0,1, 2, - . If each correctly answered blank in this item is scored 2 points,
then the scoring form of the polytomously scored item is non-continuous, and
the possible scores are: 0, 2, 4, -+ .

The third category is the dependent form, that is, there is a certain dependent
relationship among the multiple scoring points of a polytomously scored item.
For example, in reading-comprehension items in Chinese and English tests, one
reading passage is accompanied by 5 subitems, and there may well be certain
dependencies among the responses to these 5 subitems. If each subitem is scored
1 point, then the possible scores for this polytomously scored item are 0, 1, 2, 3,
4, and 5, which is a continuous scoring form. If each subitem is scored 2 points,
then the possible scores for this polytomously scored item are 0, 2, 4, 6, 8, and
10, which is a non-continuous scoring form. Some studies have found that the
dependencies among polytomously scored items are often relatively weak, so the
dependencies can be ignored and the items can be directly regarded as having
parallel relationships (Sireci, Thissen, & Wainer, 1991).

The fourth category is the stepwise progressive form, that is, in a polytomously
scored item, responses must be made progressively in sequence according to
the response steps: one must first complete the preceding scoring point before
proceeding to the next scoring point. For example, a polytomously scored item
includes 3 scoring points in a stepwise progressive relationship. Completing
the first scoring point earns 1 point; completing the second scoring point earns
another 1 point (2 points in total); and completing the third scoring point earns
another 1 point (3 points in total). Thus, the item is scored in a continuous
scoring form with scores of 0, 1, 2, and 3. The examples of polytomously
scored items listed in Samejima’ s (1969) paper are examples of the stepwise
progressive form. If the test developer applies score weighting, then completing
the first scoring point earns 2 points; completing the second scoring point earns
another 4 points (6 points in total); and completing the third scoring point earns
another 3 points (9 points in total). The scores are then 0, 2, 6, and 9, which is
a non-continuous scoring form.

The fifth category is the content-progressive form, that is, in a polytomously
scored item, polytomous scoring proceeds progressively according to the degree
to which the examinee’ s response content matches the reference answer. For
example, in the Similarities subtest of the Wechsler Intelligence Scale, the scor-
ing rule is: if the examinee does not identify any similarity between two things,
the response is scored 0; if the examinee only generally mentions some partial
or secondary attributes shared by the two things, the response is scored 1; if the
examinee can appropriately use a concept to summarize the similarity between
the two things, the response is scored 2. This is therefore a continuous scoring
form of 0, 1, and 2. If score weighting is applied to this item, it may become a
non-continuous scoring form of 0, 2, and 4.

The sixth category is the mixed form, in which a single polytomously scored
item contains two or more types of polytomous scoring structures. For example,
a polytomously scored item contains 6 subitems: the first 3 subitems are in a
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parallel relationship, while the last 3 subitems are in a progressive relationship,
meaning that one must answer subitem 4 correctly before doing subitem 5,
and one must answer subitem 5 correctly before doing subitem 6. Then this
polytomously scored item includes two scoring-point structures, the parallel
form and the stepwise progressive form, and therefore belongs to the mixed
form.

In practical applications, a single ability test often contains many polytomously
scored items, and the scoring points of polytomously scored items -

The structural type may be one or more of the above six scoring forms.

2.2 Measurement Characteristic 2 of Polytomously Scored
Items: Polytomous Scoring Has a Score-Weighting Effect

Within the theoretical framework of item response theory, previous researchers
have almost never discussed the score-weighting effect of polytomously scored
items. Only Jian Xiaozhu et al. (2016), in their study, distinguished between
two attributes of polytomously scored items: item difficulty and the degree of
importance of the item’ s content examined. Below, from the two perspectives
of setting the full-score value when constructing polytomously scored items and
the scoring-point rules for polytomously scored items, the measurement charac-
teristic that polytomous scoring has a score-weighting effect in ability tests is
discussed:

(1) Analyze the score-weighting effect at the item level of polytomously scored
items from the perspective of setting full-score values according to the im-
portance of the test content reflected by the polytomously scored item.
The importance of the content examined by a test (the content examined
by an item) is designed at the time of test construction by setting the full-
score value of the item or by increasing the number of items. When the
total score of a test is fixed, the basic approach adopted by test designers
in item writing and test construction is to increase the importance of the
content module examined in two ways: the first is to directly increase the
full-score value of the items testing the content, that is, to increase the
score weight at the item level while keeping the number of items in that
content module unchanged; the second is to increase the number of items
in the content module examined while keeping the full-score value of the
items in that content module unchanged. Both methods can increase the
proportion of score weight of the content module in the total test score,
thereby increasing the importance of that content module in the overall
test. Of course, the two methods can be applied simultaneously. Take the
English section of the National College Entrance Examination as an exam-
ple. Using changes in the content modules examined in the English section
of the National College Entrance Examination to illustrate changes in item
full-score values and changes in the proportion of content modules, and
their role in strengthening guidance for English-testing ability. Taking the
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1983 National College Entrance Examination English test as an example
(Liu Qingsi, 2017), English knowledge items (including knowledge of pro-
nunciation, grammar, and vocabulary) were worth 0.5 points or 1 point;
the reading-comprehension section had 14 sub-items, each worth 1 point.
Later, in order to reflect the importance of reading-comprehension ability
and writing ability in English-language learning, during the period from
1989 to 1993 (including the subsequent National College Entrance Exami-
nations), the value of reading-comprehension items in the English test was
raised to 2 points per sub-item, and the number of items was increased
by 20 sub-items. That is to say, by both increasing the full-score value
of the items and increasing the number of items, the weight proportion
of reading-comprehension items in the whole test was greatly increased.
In short, increasing the full-score value of a certain polytomously scored
item will increase the weight proportion in the test of the polytomously
scored item and of the content module it examines, thereby increasing the
importance of the content examined by that polytomously scored item:;
conversely, greatly reducing the full-score value of a certain polytomously
scored item will reduce the weight proportion in the test of the polyto-
mously scored item and of the content module it examines, thereby weak-
ening its importance. Therefore, the full-score value of a polytomously
scored item has a score-weighting effect. The above discusses the meaning
of score weight at the item level; in the Logistic weighting model of this
paper, the score weight corresponds to the score weight at the item level.

(2) Analyze the score-weighting property of polytomously scored items at the
within-item level from the perspective of the scoring-point rules for poly-
tomously scored items. When scoring polytomously scored items, it is
necessary to score each scoring point and then accumulate the scores. (a)
For parallel or interdependent polytomously scored items, the scores of
multiple scoring points that are in a parallel relationship (or an interde-
pendent relationship) within a polytomously scored item are accumulated
to obtain the total score of that polytomously scored item. For example,
reading-comprehension item types in Chinese and English belong to paral-
lel polytomously scored items. (b) For stepwise-progressive polytomously
scored items, it is necessary to assign different score values to each scoring
point according to each step, and then to follow the -

The total score of a polytomously scored item is obtained by successive accumu-
lation. For example, in the scoring of integrated item types in mathematics and
physics subject-ability tests, assigning scores according to the progress of steps
belongs to the stepwise progressive type. (¢) For polytomously scored items of
the content-progressive type, at each score point different score values must be
assigned according to differences in the quality of the response content; if there
are multiple score points, these are then accumulated to obtain the total score
of the polytomously scored item. For example, the scoring of discussion-type
items in history and politics subject-ability tests, in which scores are assigned
according to the depth and breadth of the examinee’ s response content, belongs
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to the content-progressive type. Regardless of the type of score-point structure
of a polytomously scored item in a test, each score value at each score point of
the polytomously scored item plays the same contributory role for that polyto-
mously scored item, and can likewise make the same contribution to the total
test score (the examinee’ s ability). Therefore, from the perspective of accu-
mulating scores from each score point, the polytomous scoring of polytomously
scored items has a score-weighting effect.

In actual tests, a polytomously scored item often contains multiple score points
(of course, a polytomously scored item in a simple weighted form contains only
one score point); moreover, the score value of each score point may differ: the
score value of a score point may be 1 point, or it may be 2 points or more. If
a certain polytomously scored item has even one score point worth 2 points or
more, then discontinuous scoring may occur in the total score of that polyto-
mously scored item (within the scoring range from 0 points to the full score
of the item). That is to say, the score-weighting effect of polytomous scoring
in polytomously scored items may, during scoring, appear in the form of con-
tinuous scoring, or it may appear in the form of discontinuous scoring. The
occurrence of discontinuous scoring in polytomously scored items is one of the
external manifestations, in scoring, of the score-weighting effect of polytomous
scoring in polytomously scored items.

3 Proposing Two Measurement-Theory Hypotheses for
Polytomously Scored Items

On the basis of the two basic measurement characteristics (testing phenomena)
of polytomously scored items in ability tests, this paper proposes two corre-
sponding measurement-theory hypotheses: the average-difficulty-parameter the-
oretical hypothesis, and the score-weighting-effect theoretical hypothesis. This
represents a theoretical breakthrough in the measurement-theory assumptions of
polytomously scored items, and provides a unified theoretical-hypothesis expla-
nation for testing phenomena such as the multiple types of score-point structures
and discontinuous scoring forms of polytomously scored items in ability tests.
Thus, it may be considered that the theoretical hypothesis of the score-weighting
effect of polytomously scored items will help improve the measurement-theory
system of item response theory.

3.1 Measurement-Theory Hypothesis 1: The Average-Difficulty-
Parameter Theoretical Hypothesis for Polytomously Scored Items

Whether under classical measurement theory or item response theory, when re-
searchers propose a measurement model (or measurement method) to analyze
test data, they need to presuppose certain assumptions in order to simplify test
information and ignore certain test information. Under classical measurement
theory, when calculating the score of a certain polytomously scored item or
calculating the total test score, the following three preliminary theoretical as-
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sumptions are needed: (1) the content modules and ability dimensions of the
test are, overall, unidimensional; differences among items in the content mod-
ules and ability dimensions examined are ignored, and only under this premise
can the scores of all items be accumulated to calculate the total test score; (2)
each score obtained at different score points within a polytomously scored item
has the same score-weighting effect; differences among score points are ignored,
and only under this premise can an examinee’ s scores at different score points
on a polytomously scored item be accumulated into the total score of that poly-
tomously scored item; (3) each score obtained on items of different difficulty has
the same score-weighting effect; information about the differing difficulty and
discrimination of each item in the test is ignored,

Only under this prerequisite assumption can the examinee’ s scores on items of
different difficulty be accumulated to obtain a total test score. Similarly, under
item response theory, including the logistic weighted model, there are analogous
prerequisite theoretical assumptions: (1) the testing objectives and the ability
dimensions measured by all items in the test are, overall, unidimensional; (2)
each score at different scoring points within the same polytomously scored item
has the same score-weighting effect.

On the basis of these two prerequisite theoretical assumptions, and in view of
the measurement characteristic that polytomously scored items have multiple
categories of scoring-point structures (a measurement phenomenon), a theoreti-
cal hypothesis regarding the average difficulty parameter of polytomously scored
items is proposed under item response theory. That is, the difficulty characteris-
tic of a polytomously scored item is simplified and expressed by using an average
difficulty parameter; in other words, under the logistic weighted model, an av-
erage difficulty parameter is used to represent the difficulty of a polytomously
scored item. The theoretical basis is discussed below from three aspects.

First, from the perspective of the correspondence between classical test theory
and item response theory, in classical test theory the average difficulty of a poly-
tomously scored item is expressed by the index of pass rate P. The pass rate P
is the ratio of the mean score to the full score, and in essence it is also a difficulty
mean parameter. The calculation of the score pass rate for polytomously scored
items under classical test theory uses only the index of score pass rate, without
considering the diversity of item types of polytomously scored items or the com-
plex diversity of scoring-point structures, nor the differences among examinee
groups at each scoring point of the polytomously scored item. Therefore, pre-
vious methods for calculating score rates under classical test theory have also
embodied the assumption of an average difficulty parameter. Under an ideal
normal distribution, for dichotomously scored items, there is an equivalence re-
lationship between the item difficulty in item response theory and the difficulty
(pass rate p) in classical test theory (Qi Shuging, Dai Haiqi, Ding Shuliang, 2002;
Lord & Novick, 1968). Similarly, for polytomously scored items, the difficulty
parameter under item response theory can also be derived and expressed by
using the average difficulty parameter (pass rate p) calculated under classical
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test theory, namely

bj = Zj/Tbj (1)

where r, = 1,4 /p;(1—p;)/y(2;), z; is the standardized normal score trans-

formed from the average difficulty (average score rate p) of the polytomously
scored item, r,,; is the point-biserial correlation coefficient between the score
on the polytomously scored item and the total test score, and y(z;) is the value
of the normal distribution density function.

Second, from the perspective of mathematical statistical methods, the average
difficulty parameter of a given polytomously scored item can effectively repre-
sent the difficulty characteristic of that polytomously scored item. Whether
under classical test theory or item response theory, the difficulty of a polyto-
mously scored item can be represented by an average difficulty index (difficulty
parameter).

Third, from the perspective of simplification through conceptual generalization,
the multiple and complex scoring-point structures of polytomously scored items
in ability tests require necessary simplified generalization. An average difficulty
parameter can be used to concisely describe and express the difficulty of a
polytomously scored item.

3.2 Measurement Theory Hypothesis 2: Theoretical Hypothesis on
the Score-Weighting Effect of Polytomously Scored Items

The multiple scoring levels of polytomously scored items in ability tests have
the measurement characteristic of a score-weighting effect. Therefore, in mea-
surement theory and measurement models, a theoretical hypothesis regarding
the score-weighting effect of polytomously scored items should be proposed,
using either an arithmetic cumulative weighting form or a geometric multiplica-
tive weighting form to express the score-weighting effect of polytomously scored
items. Within the measurement-theoretical framework of item response theory,
when previous researchers proposed polytomous scoring models

there has been no theoretical discussion of the score-weighting effect of poly-
tomous scoring items. This paper further discusses the theoretical basis for
the assumption that polytomous scoring items have a score-weighting effect in
ability tests from the following three aspects.

First, from the perspective of the measurement objective expressed by score
weights in test design. Polytomous scoring items adopt a polytomous scoring
format; through polytomous score weighting, they reflect the measurement ob-
jectives of an ability test and the direction of importance of the test content.
This is also an embodiment of educational training objectives, guiding the key
directions of students’ ability development and knowledge learning.
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Second, from the perspective of the correspondence between classical test the-
ory and item response theory. Under classical test theory, the magnitude of
the scores of polytomous scoring items has a weighting effect. Correspondingly,
under item response theory, polytomous scoring items likewise have a score-
weighting effect. Whether under classical test theory or item response theory,
the basic measurement meaning of score weighting should be similar; only the
definition and calculation methods of score weighting differ under different mea-
surement theories.

Third, from the perspective of mathematical and statistical methods. Under
classical test theory, in ability tests the score-weighting effect is embodied by
arithmetically summing the examinee’ s scores on polytomous scoring items to
calculate the total test score (an arithmetic weighting form). Correspondingly,
under item response theory, the scores on polytomous scoring items embody
score weights, and it is necessary to use a geometric product form to compute
the examinee’s ability likelihood function equation (a geometric weighting form),
thereby embodying the score-weighting effect.

4 Suitability Analysis of Polytomous Scoring Models for
Two Measurement Characteristics of Polytomous Scoring
Items

Semejima (1995) proposed several criteria for evaluating polytomous scoring
models. The first criterion is that the mathematical model-construction prin-
ciples and assumptions of the polytomous scoring item should conform to the
psychological phenomena reflected by the test. This paper argues that the poly-
tomous scoring models (or methods) discussed in the introduction of this paper
do not embody the score-weighting effect of polytomous scoring items when con-
structing measurement models, and therefore these polytomous scoring models
do not effectively express the score-weighting effect of polytomous scoring items
in ability tests.

Table 1 summarizes the applicability of several previous polytomous scoring
models and the logistic weighted model to various score-point structures of
polytomous scoring items. The scope of the summary in Table 1 is limited
to ability tests (including subject-ability tests and academic achievement tests),
and is premised on the assumption that the full-score values assigned to poly-
tomous scoring items in ability tests have a score-weighting effect. Moreover,
the judgments “not suitable,” “to be demonstrated,” and “suitable” in Table
1 are summary conclusions based on the publication status of previous research
papers and on certain consensuses among previous researchers regarding these
polytomous scoring models.

Table 1 Fit of polytomous scoring models to two basic measurement
characteristics of polytomous scoring items in ability tests
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items items GRM model RSM PCM WSLM
Whether Score- GRM GRM RSM PCM WSLM
scoring  point acceler-
is con-  struc- ation
tinuous  tural model
form
Continuous
scoring  Simple
form weighted
form
(nonex-
istent)
ContinuousParal- formally formally formally / suitable
scoring  lel suit- suit- suit-
form form able able able
Continuous formally formally formally / suitable
scoring  Sequen- suit- suit- suit-
form tial able able able
form
ContinuousStep-  formally formally formally formally suitable
scoring  wise suit- suit- suit- suit-
form pro- able able able able
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sive
form
Continuous formally formally formally formally suitable
scoring  Content- suit- suit- suit- suit-
form progressivable able able able
form
Continuous Com-  formally formally formally formally suitable
scoring  prehen- suit- suit- suit- suit-
form sive able able able able
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Two Two
mea- mea-
sure- sure-
ment ment
charac- charac-
teris- teris-
tics of tics of
polyto-  polyto- GRM
mous mous acceler-
scoring  scoring ation
items items GRM model RSM NRM PCM WSLM
Non- / to be / / / suitable
continuousSimple demon-
scoring  weighted strated
form form
Non- Paral- / to be / / / suitable
continuoudel demon-
scoring  form strated
form
Non- / to be / / / suitable
continuousSequen- demon-
scoring  tial strated
form form
Non- Step-  / to be / / / suitable
continuousvise demon-
scoring  pro- strated
form gres-

sive

form
Non- / to be / / / suitable
continuougContent- demon-
scoring  progressive strated
form form
Non- Com- / to be / / / suitable
continuousprehen- demon-
scoring  sive strated
form form

Note: (1) “/” indicates not suitable; (2) “to be demonstrated” indicates that
researchers have not yet conducted analysis and discussion; (3) when the con-
tinuous scoring form is also the first category, the simple weighted form is in
fact a two-level scoring form of 0 and 1.

In Table 1, (1) when previous researchers proposed these polytomous scoring
models, they had already proposed examples of polytomous scoring items suit-
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able for these models and conducted analyses and demonstrations using test
data. If one looks only at the form of polytomous score categories, when polyto-
mous scoring is continuous, models such as GRM, the GRM acceleration model,
and RSM can be suitable in mathematical form; therefore, the term “formally
suitable” is used in the summary table. However, in ability tests, and under
the premise that the full score value of polytomous scoring items has a score-
weighting function, previous polytomous scoring models such as GRM, the GRM
acceleration model, RSM, and PCM do not embody the score-weighting func-
tion. That is, they cannot reflect the measurement objective and premise of the
score-weighting function in ability tests, and therefore cannot “directly” and ef-
fectively fit and reflect the score-weighting function of polytomous scoring items
in ability tests. Whether polytomous scoring models such as GRM, the GRM
acceleration model, RSM, and PCM can realize the score-weighting function of
polytomous scoring items in ability tests indirectly, through score conversion,
external weight processing outside the model, and other methods, remains to
be further demonstrated and explored.

(2) “/” indicates not suitable, mainly on the basis of the theories on which
these polytomous scoring models are constructed and the mathematical
expression structures of the models; it is inferred that these polytomous
scoring models cannot reflect the score-weighting function of polytomous
scoring items in ability tests, or are not suitable for non-continuous--

scoring forms. The inapplicability of these models is based on the consensus
of previous researchers, and previous researchers have never demonstrated that
such polytomous scoring models are suitable for this type of polytomously scored
item. For example, previous polytomous scoring models (including GRM, RSM,
PCM, and 2-PLBTM) are not suitable for non-continuous polytomous scoring
items. Tutz (2020) also stated that these earlier polytomous scoring models
focus only on the scoring ordinality of polytomously scored items; that is, pre-
vious polytomous scoring models are suitable only for continuous scoring forms
of polytomously scored items in ability tests, and cannot accommodate non-
continuous scoring forms.

(3) The “to be verified” entry for the GRM acceleration model in Table 1
means that, although in terms of data form it can fit non-continuous
scoring data, the GRM acceleration model was proposed by Samejima
(1995), and neither Samejima nor other researchers have subsequently car-
ried out research on the GRM acceleration model. At present, no re-
searcher has conducted a study of test data in which the GRM is applied
to non-continuous scoring, nor has any study discussed whether the GRM
acceleration model can reflect the score-weighting effect of polytomously
scored items in ability tests. This paper argues that, in form, the GRM ac-
celeration model can accommodate non-continuous scoring forms; however,
on the one hand, the GRM acceleration model uses multiple difficulty pa-
rameters to represent the polytomous score-category form of polytomously
scored items, and on the other hand it uses a geometric weighting form
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to weight a certain score category. Jian Xiaozhu and Dai Buyun (2022),
from the perspective of ability estimation, argued that the GRM’ s use
of a dual representation form leads to the contradictory phenomenon in
which the ordering of examinees’ ability estimates is inverted relative to
the magnitude of their observed scores. Therefore, the dual representa-
tion form of the GRM acceleration model cannot effectively embody the
score-weighting effect of polytomously scored items.

(4) The last column of Table 1 shows that the Logistic weighted model can
accommodate various score-category structures of polytomously scored
items, as well as non-continuous scoring forms. The test-simulation stud-
ies of Jian Xiaozhu et al. (2016) and Jian Xiaozhu and Dai Buyun (2025)
provide evidential support that the Logistic weighted model can accom-
modate non-continuous scoring forms of polytomously scored items. From
the perspective of the mathematical-model form, the Logistic weighted
model includes an average difficulty parameter and a score-weighting pa-
rameter, which respectively correspond to the theoretical assumption con-
cerning the average difficulty parameter of polytomously scored items and
the theoretical assumption concerning the score-weighting effect. In the
construction logic of the Logistic weighted model, the average difficulty
parameter b can parsimoniously express the item difficulty of various score-
category structural types of polytomously scored items; that is, the aver-
age difficulty parameter b is the embodiment of the theoretical assump-
tion concerning the average difficulty parameter of polytomously scored
items. The full-score value m,; and the examinee score u,,; jointly express
the geometric weighting form of polytomously scored items, reflecting the
score-weighting effect of polytomously scored items (and also accommo-
dating non-continuous scoring forms); that is, the item full-score value
(score-weighting parameter) is the embodiment of the theoretical assump-
tion concerning the score-weighting effect of polytomously scored items.
Therefore, the Logistic weighted model achieves a unified theoretical ex-
planation and measurement-model expression for such testing phenomena
as the multiple score-category structural types and non-continuous scor-
ing forms (score-weighting forms) of polytomously scored items in ability
tests. From the perspective of the measurement meaning and the type of
measurement data for polytomously scored items, the Logistic weighted
model can better fit polytomously scored items in actual tests.

5 Discussion and Conclusion

5.1 Review of the Advantages and Disadvantages of the Logistic
Weighted Model

The Logistic weighted model is applicable to the various complex score-category
structures of polytomously scored items in ability tests; it has advantages, but
also shortcomings. Its shortcomings are manifested as follows: based on the
two prerequisite assumptions of the theoretical assumption concerning the av-
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erage difficulty parameter and the theoretical assumption concerning the score-
weighting effect, the Logistic

The weighted model is relatively concise in terms of its mathematical-model
construction, and can be applied fairly well to various structural forms of poly-
tomously scored items and to discontinuous scoring formats; at the same time,
it can also accommodate multiple types of score-point structures. However, the
Logistic weighted model also has limitations (or shortcomings): the model uses
average difficulty to express the difficulty of polytomously scored items, ignor-
ing differences in the structural relationships among the score points of such
items. Meanwhile, the geometric weighting form of this model indicates that ev-
ery score value within a polytomously scored item has the same score-weighting
effect, thereby ignoring differences in response patterns among score points, as
well as differences among the score values obtained at each score point.

At the same time, to investigate the influence of changes in the maximum score
of polytomously scored items on the applicability of the Logistic weighted model,
a test-simulation design was conducted. The number of examinees was 1,000;
after logarithmic transformation, discrimination followed a normal distribution,
and difficulty followed a normal distribution. The simulated maximum scores
of all polytomously scored items were gradually increased. According to the
test-simulation results, when all items in a test were assigned the same maxi-
mum score, as the maximum score increased to 14 or 15 points, the simulation-
recovery indices for item difficulty parameters had Bias less than 0.05 and RMSE
less than 0.15, indicating good recovery performance for the difficulty parame-
ters. However, when the maximum score was 14, 15, or higher, the simulation-
recovery indices Bias and RMSE for item discrimination parameters were slightly
larger, and exceeded 0.20, relatively higher than the initial values in the test sim-
ulation. The specific factors leading to the increase in the recovery indices for
the discrimination of polytomously scored items remain to be further explored.

5.2 Discussion of the Applicable Contexts of the Nominal
Response Model and the Graded Response Model

The Logistic weighted model simplifies and omits some measurement informa-
tion through a relatively concise mathematical measurement model, but it can
accommodate the complex and diverse score-point structures of polytomously
scored items in ability tests. If more response information for polytomously
scored items in a test needs to be reflected, then a relatively complex measure-
ment model must be constructed; however, this will also narrow the range of
testing contexts to which the measurement model applies. For example, the
nominal response model proposed by Bock (1972) can conduct a detailed analy-
sis of the response information for each option in multiple-choice items, making
full use of examinees’ response information on the test. However, the nominal
response model uses multiple difficulty parameters, and its expression structure
is relatively complex. Therefore, the range of testing contexts to which the
nominal response model applies is very small: it is suitable only for a particular
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type of testing context, namely, one in which all items in the test are single-
choice items and the maximum score for each single-choice item is the same. In
other words, the nominal response model can incorporate more scoring infor-
mation for polytomously scored items, but its mathematical expression for the
measurement model is comparatively complex.

When personality tests and attitude tests are constructed, polytomously scored
items do not have the measurement property of score weighting; therefore, the
Logistic weighted model is not suitable for personality tests or attitude tests.
In addition, in personality tests and attitude tests, the highest score (maximum
score) for all items is often the same, and the measurement property of poly-
tomous scores in personality tests is that of equally spaced data. In contrast,
the GRM model expresses the corresponding score levels on the difficulty scale
using multiple difficulty parameters; thus, the GRM model can be suitable for
personality tests and attitude tests.

5.3 Summary

Under modern educational and psychological measurement theory, how to con-
struct a measurement model that can better accommodate polytomously scored
items in real testing contexts has long been one of the bottleneck problems in
the measurement technology of polytomously scored items. This paper ana-
lyzed the reasons why previous polytomous scoring models have been difficult
to adapt to polytomously scored items in ability testing, as well as their short-
comings. It then summarized two basic measurement characteristics of polyto-
mously scored items in ability testing: first, there are multiple types of score-
point structures, including six forms of score-point structures—simple weighting,
parallel relationship, dependency relationship, stepwise progression, content pro-
gression, and mixed type; second, the full-score value of a polytomously scored
item has a score-weighting effect, and there exists a non-continuous scoring
form. This paper proposed two prerequisite assumptions under item response
theory (the Logistic weighted model): (1) in a test, the measurement objec-
tive and the measured ability dimension measured by all items are, overall,
unidimensional; (2) within a polytomously scored item, each score obtained
at different score points has the same score-weighting effect. Based on these
two prerequisite assumptions, and on the two basic measurement characteris-
tics of polytomously scored items, this paper respectively proposed the corre-
sponding theoretical assumption of average difficulty parameters and the the-
oretical assumption of score-weighting effects. This represents a theoretical
breakthrough in the measurement-theory assumptions for polytomously scored
items. The theoretical assumption of score-weighting effects will help improve
the measurement-theory system of item response theory, and it also provides
a theoretical-assumption basis for the theoretical construction and practical
application of measurement models for polytomously scored items. The Logis-
tic weighted model includes average difficulty parameters and score-weighting
parameters, and may be considered as being constructed on the basis of the the-
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oretical assumption of average difficulty parameters and the theoretical assump-
tion of score-weighting effects. In summary, the Logistic weighted model can
better accommodate multiple types of score-point structures of polytomously
scored items, and can also accommodate non-continuous scoring forms; it will
be a measurement model that can better solve the bottleneck problems in the
measurement of polytomously scored items in real testing contexts.
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