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Abstract
Studying the dynamic behavior and stability of cracked rotor systems can pro-
vide support for rotor crack fault diagnosis and design optimization, and is also
an important issue in the field of rotor dynamics. Most existing studies con-
struct crack models based on the gravity-dominant assumption, neglecting the
influence of unbalanced force. In many cases, the ratio of unbalanced force to
gravity is appreciable and may affect the crack breathing effect. To reveal the
influence of unbalanced force on the nonlinear dynamic response and stability
of cracked rotor systems, this study uses the finite element method to construct
a dynamic analysis model of the rotor system, and, combined with a breathing
crack model that accounts for the influence of unbalanced force, obtains the
system dynamic equations with periodic time-varying coefficients. To efficiently
solve high-dimensional periodic time-varying differential equations, an efficient
computational method for the dynamic response and eigenvalues of the system
is derived based on the Hill method, and the stability is determined by the real
parts of the system eigenvalues. Furthermore, the influence characteristics of
unbalanced force on the dynamic response and stability of the cracked rotor
passing through 1/3, 1/2, and 1 times the critical speed are investigated. The
analysis shows that unbalanced force significantly affects the breathing behav-
ior of the crack, thereby influencing the stiffness characteristics and resonance
frequencies of the cracked rotor system and leading to obvious changes in the
unstable regions of the system.
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Abstract: Studying the dynamic behavior and stability of cracked rotor sys-
tems can provide support for rotor crack fault diagnosis and design optimization,
and is also an important issue in the field of rotor dynamics. Most existing stud-
ies construct crack models based on the assumption that gravity is dominant,
thereby ignoring the influence of unbalance force. In many cases, the ratio of
unbalance force to gravity is considerable and may affect the crack breathing
effect. To reveal the influence of unbalance force on the nonlinear dynamic re-
sponse and stability of cracked rotor systems, this study uses the finite element
method to construct a dynamic analysis model of the rotor system. Combined
with a breathing crack model that considers the influence of unbalance force,
the system dynamic equations with periodically time-varying coefficients are
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obtained. To achieve efficient solution of the high-dimensional system of period-
ically time-varying differential equations, an efficient method for computing the
system dynamic response and eigenvalues is derived based on the Hill method,
and stability is judged from the real parts of the system eigenvalues. Further-
more, the influence characteristics of unbalance force on the dynamic response
and stability of a cracked rotor passing through the 1/3, 1/2, and 1 times critical
speeds are investigated. The analysis shows that unbalance force significantly
affects the crack breathing behavior, thereby influencing the stiffness charac-
teristics and resonance frequencies of the cracked rotor system and leading to
marked changes in the unstable regions of the system.
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Abstract: Studying the dynamic behavior and stability of cracked rotor sys-
tems can provide support for rotor crack fault diagnosis and design optimization,
and is also an important issue in the field of rotor dynamics. Most of the ex-
isting literature constructs crack models based on the assumption of gravity
dominance, ignoring the impact of unbalanced forces. In many cases, the ratio
of unbalanced force to gravity is considerable and may have an impact on the
crack breathing effect. In order to reveal the influence of unbalanced force on
the nonlinear dynamic response and stability of the cracked rotor system, this
study uses the finite element method to construct a dynamic analysis model of
the rotor system. Combined with the breathing crack
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a model that accounts for the influence of unbalance force is obtained, yielding
a periodic time-varying system dynamics equation with variable coefficients. To
efficiently solve high-dimensional periodic time-varying differential equations,
an efficient method for computing the dynamic response and eigenvalues of the
system is derived based on the Hill method, and stability is determined from the
real parts of the system eigenvalues. Furthermore, the influence of unbalance
force on the dynamic response and stability of the cracked rotor at 1/3, 1/2, and
1 times the critical speed is investigated. The analysis shows that unbalance
force significantly affects the breathing behavior of the crack, thereby influencing
the stiffness characteristics and resonant frequency of the cracked-rotor system
and causing marked changes in the system’s unstable regions.

Key words: cracked rotor; unbalance force; nonlinear dynamics; stability; Hill
method

Large rotating machines such as gas turbines and aeroengines usually operate
under complex and harsh conditions involving heavy loads, high temperatures,
high pressures, high rotational speeds, and alternating loads. Together with the
influence of residual stresses introduced during manufacturing, these conditions
make fatigue cracks prone to initiate in shafts after a certain period of operation.
Crack faults are common faults in rotor systems and are characterized by being
difficult to detect, easy to propagate, and highly destructive [1-3]. In view of the
severe economic losses and social impacts caused by rotor fracture accidents, the
dynamic modeling, analysis, and diagnosis of rotor crack faults have long been
among the key research topics in rotor dynamics over recent decades. They
have attracted sustained attention from many scholars in China and abroad,
and abundant research achievements have been obtained [4-10].

Crack modeling is the key issue in modeling rotor crack faults. The accuracy
of the crack model directly determines the reliability of the analysis results,
while the key to crack modeling lies in simulating the breathing effect. In
early breathing-crack models, the strain-energy release-rate method was often
adopted, together with linear fracture mechanics theory, to calculate crack-
induced stiffness changes [11-12]. On this basis, square-wave models [13], cosine
models [14], and models unifying open-crack, square-wave, and cosine mod-
els [15] were developed. Because the above models are overly simplified and
have difficulty describing the actual breathing behavior of cracks, some scholars,
based on the gravity-dominance assumption, proposed various more accurate
breathing-crack models, including models based on the neutral axis and the area
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moment of inertia [16], models based on the crack-closure line [17], and models
based on multiple spring–damper elements [18]. In recent years, with advances
in computer hardware and software, some scholars have used three-dimensional
finite-element models of rotors, combined with contact modeling methods [19]
or cohesive-zone models [20], to study the complex breathing behavior of rotor
cracks. After decades of development, considerable progress has been made in
rotor crack modeling methods. However, most existing studies are based on
the gravity-dominance assumption; that is, they consider only gravity while
neglecting the influence of unbalance force on the crack breathing effect. For ro-
tor systems with good dynamic balancing performance, the gravity-dominance
assumption can reflect the moment distribution at the cracked section with rea-
sonable accuracy. However, for rotors that have been in service for a long time
and suffer from severe wear, corrosion, or fouling, the influence of unbalance
force is difficult to ignore.

In recent years, the influence of unbalance on the crack breathing effect has
also attracted scholarly attention. CHENG et al. [21], using a Jeffcott cracked
rotor as the object of study, took the included angle between the crack-opening
direction and the shaft-deformation direction as the criterion for judging crack
opening and closure, and investigated the effects of unbalance force on the
rotor critical speed and resonance response. RUBIO et al. [22], based on a
three-dimensional finite-element model of a cracked rotor, treated rotor gravity
and unbalance force as quasi-static forces and studied the influence of unbal-
ance force on the crack breathing phenomenon. HE et al. [23] established a
three-degree-of-freedom bending–torsional coupled model of a cracked rotor, de-
veloped a breathing-crack model considering unbalance force based on the con-
cept of the crack-closure line, and investigated the influence of the unbalance
direction angle on the stability of bending–torsional coupled vibration during
acceleration of the cracked rotor. WANG et al. [24] proposed a dynamic mod-
eling method for cracked-rotor systems based on the combination of a three-
dimensional finite-element model and a spatial contact model. Their results
showed that unbalance force can significantly affect the crack breathing phe-
nomenon, and they found that unbalance force can lead to nonstationary crack
breathing. ZHAI Pengcheng et al. [25] used a rotor test rig to study the effects
of crack depth and unbalance-force direction on rotor vibration characteristics.
The experimental results indicated that, when the crack is relatively deep, the
amplitudes at the rotational frequency and twice the rotational frequency de-
crease as the mass-unbalance direction angle increases. MOBARAK et al. [26]
proposed a breathing-crack model considering the influence of unbalance force
based on the concept of the area moment of inertia, and carried out an in-depth
study of the crack breathing mechanism. They found that unbalance force has a
significant influence on the crack breathing phenomenon, and that the position
of the crack along the rotor axis also has a marked effect on crack breathing.
AL-SHUDEIFAT et al. [27] used the finite-element method to study the influ-
ence of the direction of unbalance force on the critical speed and maximum
resonance amplitude of a cracked rotor–bearing system, and experimentally in-
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vestigated the vibration response characteristics of the system. These studies
provide valuable guidance for clarifying the laws governing the influence of un-
balance force on the crack breathing effect. However, existing studies mainly
focus on breathing-crack modeling and breathing effects under the influence of
unbalance force, while relatively little attention has been paid to the vibration
response and stability of unbalanced cracked-rotor systems. Since unbalance is
difficult to avoid in actual rotor systems, it is necessary to conduct an in-depth
study

unbalance force on the dynamic response and stability of the cracked-rotor sys-
tem, thereby providing useful guidance for rotor crack-fault diagnosis and oper-
ation and maintenance.

Focusing on the influence of unbalance force on the nonlinear dynamic response
and stability of a cracked-rotor system, this study adopts a finite element
method combined with a breathing-crack model that accounts for unbalance
force, and constructs a dynamic model of the cracked-rotor system. To effi-
ciently solve the high-dimensional periodic time-varying differential equations
of the system, a rapid calculation method for system dynamic response and
eigenvalues based on the Hill method is established. On this basis, the effects
of the magnitude and direction of unbalance force on the vibration response
and instability regions of the cracked-rotor system at 1/3, 1/2, and 1 times the
critical speed are investigated.

1 Modeling of a cracked-rotor system considering unbalance
force
The breathing effect of a crack is, in essence, a complex contact behavior under
the combined action of multiple loads. When dynamic loads such as unbalance
force are far smaller than gravity, gravity is the dominant factor determining
the opening and closing behavior of the crack, i.e., the gravity-dominated case.
When the unbalance force cannot be neglected relative to gravity, the gravity-
dominated assumption may fail to accurately describe the breathing behavior of
the crack. Existing studies show that even when the amplitude of the unbalance
force is only 10% of gravity, it can still have a significant influence on the
crack breathing effect and the vibration response of the rotor [25, 27]. This
study adopts a crack modeling method based on the theory of moments of
inertia, comprehensively considers the effects of unbalance force and gravity,
and constructs a breathing-crack model that accounts for unbalance force.

Figure 1 is a definition diagram of the effective bending angle 𝜑 of a cracked shaft
at the cracked section. 𝑋𝑂𝑌 is the fixed coordinate system, and 𝑋̄𝐶𝑒 ̄𝑌 is the
centroidal coordinate system, where 𝐶𝑒 is the centroid of the cracked section.
𝐹un denotes the direction of the unbalance force in the rotor; 𝑚𝑠𝑔 and 𝑚𝑑𝑔
denote the directions of the gravity acting on the shaft and the disk, respectively;
𝑀un is the unbalance moment at the cracked section; 𝑀𝑚𝑠𝑔 and 𝑀𝑚𝑑𝑔 are
the shaft gravity moment and the disk gravity moment at the cracked section,
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respectively; and 𝑀𝑅 is the vector sum of the moments. Here, 𝜃 is the shaft
rotation angle, 𝛽 is the included angle between the unbalance-force direction and
the crack, 𝛿 is the included angle between the shaft bending direction and the
𝑌 -axis, and 𝜑 is the effective bending angle of the shaft. Because the direction of
the unbalance force continuously changes as the rotor rotates, under the coupled
action of gravity and unbalance force, the deformation behavior of the rotor at
the cracked section becomes more complex.

The gravity moments and unbalance-force moment 𝑀𝑚𝑠𝑔, 𝑀𝑚𝑑𝑔, and 𝑀un at
the cracked section can be calculated from the force-balance relationship of the
entire rotor system, and the total moments in the 𝑋- and 𝑌 -directions at the
cracked section can then be obtained:

{𝑀𝑋 = 𝑀𝑚𝑠𝑔 + 𝑀𝑚𝑑𝑔 + 𝑀un cos(𝜃 + 𝛽)
𝑀𝑌 = 𝑀un sin(𝜃 + 𝛽) (1)

where 𝑀𝑋 is the projection of the resultant moment 𝑀𝑅 on the 𝑋-axis, and
𝑀𝑌 is the projection of the resultant moment 𝑀𝑅 on the 𝑌 -axis.

After 𝑀𝑋 and 𝑀𝑌 are obtained, the angle 𝛿 can be determined, and the effec-
tive bending angle 𝜑 can then be calculated. For example, when the moments
𝑀𝑚𝑠𝑔 +𝑀𝑚𝑑𝑔 and 𝑀un are as shown in Fig. 1, at this time 𝜃 ∈ [0, 𝜋), 𝛽 ∈ [0, 𝜋),
and (𝜃 + 𝛽) ∈ [0, 𝜋). Thus 𝛿 = arctan(𝑀𝑌 /𝑀𝑋), and 𝜑 = 𝜋 + 𝜃 − 𝛿 is obtained.
Once the angle 𝛽 is determined, the effective bending angle 𝜑 and the shaft
rotation angle 𝜃 have a piecewise functional relationship. In Ref. [16], the shaft
rotation angle 𝜃 is also the effective bending angle under gravity. Replacing the
angle 𝜃 in Ref. [16] by the angle 𝜑 here, and using the iterative method proposed
therein to calculate the centroid coordinates 𝑋𝐶𝑒 and 𝑌𝐶𝑒, the centroidal-axis
sectional moments of inertia 𝐼𝑋̄(𝑡) and 𝐼 ̄𝑌 (𝑡) corresponding to the effective bend-
ing angle 𝜑 can be obtained. The distributions of the moments 𝑀𝑚𝑠𝑔 and 𝑀un
vary along the axial direction, and the values of 𝑀𝑋 and 𝑀𝑌 are also related to
parameters such as the magnitude and direction of the unbalance force, the total
shaft length, the shaft rotation angle, the shaft self-weight, the disk self-weight,
the disk position, and the crack position. Therefore, under the coupled action
of unbalance force and gravity, the bending-direction angle 𝜑 of the shaft at the
cracked section is related to many parameters of the rotor system. As shown in
Fig. 1, the coordinate origin 𝐶𝑒 of the coordinate system 𝑋̄𝐶𝑒 ̄𝑌 changes with
the opening and closing of the crack. If the moments of inertia of the cracked
section about the 𝑋̄- and ̄𝑌 -axes are denoted by 𝐼𝑋̄(𝑡) and 𝐼 ̄𝑌 (𝑡), respectively,
their approximate expressions are [16]

{𝐼𝑋̄(𝑡) ≈ ̄𝐼𝑋̄(𝑡) = 𝐼 − 𝐼11ℎ(𝑡)
𝐼 ̄𝑌 (𝑡) ≈ ̄𝐼 ̄𝑌 (𝑡) = 𝐼 + 𝐼11ℎ(𝑡) + 𝐼22𝑔(𝑡) (2)

where ℎ(𝑡) and 𝑔(𝑡) are crack breathing functions, and 𝐼 , 𝐼11, and 𝐼22 are sec-
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tional moment-of-inertia parameters.

Fig. 1 Definition of the effective bending angle 𝜑 of the cracked shaft
at the cracked section

Through iterative calculation of the centroidal coordinates, the discrete numer-
ical solutions of 𝐼𝑋̄(𝑡) and 𝐼 ̄𝑌 (𝑡) over one rotor revolution can be obtained. By
transforming Eq. (2), the approximate time-domain numerical solutions of the
breathing functions ℎ(𝑡) and 𝑔(𝑡) can be obtained as

ℎ(𝑡) = 𝐼 − 𝐼𝑋̄(𝑡)
𝐼11

, 𝑔(𝑡) = 𝐼 ̄𝑌 (𝑡) − 𝐼 − 𝐼11ℎ(𝑡)
𝐼22

(3)

The finite element method is a commonly used method in dynamic modeling of
rotor systems.

method, and the modeling and analysis accuracy is relatively high. In this study,
the above breathing-crack model is combined with a finite element method based
on Euler–Bernoulli beam theory to construct the dynamic model of the cracked
rotor system. Furthermore, the time-varying stiffness matrix of the cracked
shaft element has the following form:

𝐾c = 𝐾c
0 + 𝐾c

1ℎ(𝑡) + 𝐾c
2𝑔(𝑡) (4)

where 𝐾c
0 denotes the cross-sectional stiffness matrix when the crack is com-

pletely closed; 𝐾c
1ℎ(𝑡) and 𝐾c

2𝑔(𝑡) are the time-varying stiffness matrices char-
acterizing the breathing effect of the crack.

The influence of unbalance force on the crack breathing effect is reflected in
the breathing functions ℎ(𝑡) and 𝑔(𝑡). The unbalance force affects the crack
opening–closing process, thereby influencing the relationship between the cross-
sectional moment of inertia and the rotation angle. Since the breathing functions
are discrete data sequences calculated at multiple rotation angles and have no
accurate analytical expressions, considering their periodicity, this study uses
Fourier series to approximate ℎ(𝑡) and 𝑔(𝑡), as follows:

ℎ(𝑡) =
𝑚

∑
ℎ=0

𝑝ℎ cos(ℎ𝜔𝑡), 𝑔(𝑡) =
𝑛

∑
ℎ=0

𝑞ℎ cos(ℎ𝜔𝑡) (5)

where 𝑝ℎ and 𝑞ℎ are the Fourier coefficients, respectively. By retaining a rela-
tively large number of harmonic orders, ℎ(𝑡) and 𝑔(𝑡) can be accurately charac-
terized. For subsequent analysis, Euler’s formula is further used to transform
the Fourier-series form in Eq. (5) into a complex exponential form:

ℎ(𝑡) =
𝑚

∑
ℎ=−𝑚

𝑃ℎe𝑗ℎ𝜔𝑡, 𝑔(𝑡) =
𝑛

∑
ℎ=−𝑛

𝑄ℎe𝑗ℎ𝜔𝑡 (6)
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where 𝑃ℎ and 𝑄ℎ can be calculated from the Fourier coefficients 𝑝ℎ and 𝑞ℎ.
Accordingly, the dynamic equation of the entire cracked rotor system can be
expressed as

𝑀𝑢̈ + [𝐺(Ω) + 𝐶s + 𝐶b] 𝑢̇ + [𝐾0 + 𝐾1ℎ(𝑡) + 𝐾2𝑔(𝑡) + 𝐾b] 𝑢 = 𝑓(𝑡) (7)

where 𝑀, 𝐺(Ω) ∈ 𝑅𝑁×𝑁 are the system mass and gyroscopic matrices, respec-
tively, and 𝑁 is the number of model degrees of freedom; 𝐶b, 𝐾b ∈ 𝑅𝑁×𝑁 are
the bearing-related damping and stiffness matrices; 𝐶s = 𝛽c𝐾0 is the structural
damping matrix of the system, with 𝛽c being the structural damping coeffi-
cient; 𝐾0 ∈ 𝑅𝑁×𝑁 denotes the global stiffness matrix of the uncracked shaft;
𝐾1ℎ(𝑡), 𝐾2𝑔(𝑡) ∈ 𝑅𝑁×𝑁 are the time-varying stiffness matrices induced by the
breathing crack; and 𝑢, 𝑓(𝑡) ∈ 𝑅𝑁 denote the displacement vector and external
load vector, respectively.

2 Solution of the System Nonlinear Dynamic Response and
Stability Analysis
The dynamic equations of the cracked rotor system have relatively high dimen-
sionality, and the nonlinear phenomena caused by crack breathing further make
the solution of the system dynamic equations difficult. This study adopts the
Hill method

28
to construct an efficient method for analyzing the nonlinear dynamic response
and stability of the system. The Hill method

28

can transform high-dimensional ordinary differential equations into algebraic
equations, significantly reducing the computational effort required for analysis
and solution.

2.1 Solution of the Nonlinear Dynamic Response

According to the principle of the Hill method, the displacement vector 𝑢 and
load vector 𝑓(𝑡) in Eq. (7) can be expressed as a superposition of harmonic
components:

𝑢 =
+∞
∑

𝑘=−∞
𝜑𝑘e𝑗𝑘𝜔𝑡, 𝑓(𝑡) =

+∞
∑

𝑘=−∞
𝐹 𝑘e𝑗𝑘𝜔𝑡 (8)

where 𝜑𝑘 and 𝐹 𝑘 are the 𝑘-th order Fourier coefficient vectors, respectively.
Substituting Eq. (8) into the system dynamic equation gives
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+∞
∑

𝑘=−∞
𝐶𝑘𝜑𝑘e𝑗𝑘𝜔𝑡+𝐾1

+∞
∑

𝑘=−∞

𝑚
∑

ℎ=−𝑚
𝑃ℎ𝜑𝑘e𝑗(ℎ+𝑘)𝜔𝑡+𝐾2

+∞
∑

𝑘=−∞

𝑛
∑

ℎ=−𝑛
𝑄ℎ𝜑𝑘e𝑗(ℎ+𝑘)𝜔𝑡 =

+∞
∑

𝑘=−∞
𝐹 𝑘e𝑗𝑘𝜔𝑡

(9)

where

𝐶𝑘 = −(𝑘𝜔)2𝑀 + 𝑗𝑘𝜔 [𝐺(𝜔) + 𝐶s + 𝐶b] + 𝐾0 + 𝐾b.

By applying harmonic balance to both sides of the equation, the balance equa-
tion for an arbitrary 𝑟-th harmonic component can be obtained, namely

𝐶𝑟𝜑𝑟 + 𝐾1
𝑚

∑
ℎ=−𝑚

𝑃ℎ𝜑𝑟−ℎ + 𝐾2
𝑛

∑
ℎ=−𝑛

𝑄ℎ𝜑𝑟−ℎ = 𝐹 𝑟 (10)

Furthermore, by assembling the harmonic-balance equations of all orders, an
algebraic system of equations with the Fourier coefficient vectors of each order
as variables can be obtained:

[𝐶̃ + ( ̃𝑃 ⊗ 𝐾1) + (𝑄̃ ⊗ 𝐾2)] Φ̃ = ̃𝑓 (11)

where 𝐶̃ = Bdiag𝑟=−∞,⋯,+∞(𝐶𝑟), i.e., a pseudo block-diagonal matrix with
𝐶𝑟 as the block-diagonal elements; Φ̃ is the column vector composed of the
coefficient vectors 𝜑𝑟, and

Φ̃T = [⋯ 𝜑T
−2 𝜑T

−1 𝜑T
0 𝜑T

1 𝜑T
2 ⋯]T ;

⊗ denotes the Kronecker product; ̃𝑃 and 𝑄̃ are matrices composed of 𝑃ℎ(ℎ =
−𝑚, ⋯ , 𝑚) and 𝑄ℎ(ℎ = −𝑛, ⋯ , 𝑛), respectively; and ̃𝑓 is the column vector
composed of 𝐹 𝑘, namely

̃𝑓 = [⋯ 𝐹 T
−1 𝐹 T

0 𝐹 T
1 ⋯]T .

For the rotor system studied here, the external load vector consists of gravity
and unbalance force. Gravity corresponds to the 𝐹 0 term, while the unbalance
force introduces the 𝐹 −1 and 𝐹 1 terms.

Equation (11) is an infinite-dimensional algebraic system and cannot be solved
directly. In practical applications, it is usually truncated; that is, only lower-
order harmonic coefficients are retained, while higher-order harmonic coefficients
are ignored. Extensive practice shows that satisfactory analysis accuracy can
be obtained when a certain number of harmonics is retained. According to the
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truncated algebraic equation, the harmonic coefficient vector can be calculated
as

Φ̂ = [𝐶̂ + ( ̂𝑃 ⊗ 𝐾1) + (𝑄̂ ⊗ 𝐾2)]
−1 ̂𝑓 (12)

where Φ̂, 𝐶̂, ̂𝑃 , 𝑄̂, and ̂𝑓 are respectively the corresponding terms in Eq. (11).

truncated form. Substituting the calculated harmonic coefficients of each order
into Eq. (9) yields the steady-state vibration response of the system.

2.2 System stability analysis
The stability problem of a cracked rotor system can be reduced to an eigenvalue
analysis problem; specifically, it can be determined from the real parts of the
complex eigenvalues of the system. The Hill method can efficiently analyze
the eigenvalues of periodic time-varying systems. Based on the Hill method,
this study constructs an efficient computational method for the eigenvalues of
a cracked rotor. First, the external load vector 𝑓(𝑡) in the system dynamics
equation is neglected, and the displacement vector 𝑢 is expressed as the product
of a periodic function Φ(𝑡) and the exponential function 𝑒𝜆𝑡:

𝑢 = Φ(𝑡)𝑒𝜆𝑡, Φ(𝑡) =
+∞
∑

𝑘=−∞
𝜑𝑘𝑒𝑗𝑘𝜔𝑡 (13)

where 𝜆 denotes the system eigenvalue.

Substituting the expression of 𝑢 into the system dynamics equation gives

+∞
∑

𝑘=−∞
(𝜆2𝐿𝑘 + 𝜆𝑁𝑘 + 𝐺𝑘) 𝜑𝑘𝑒𝑗𝑘𝜔𝑡+𝐾1

+∞
∑

𝑘=−∞

𝑚
∑

ℎ=−𝑚
𝑃 ℎ𝜑𝑘𝑒𝑗(ℎ+𝑘)𝜔𝑡+𝐾2

+∞
∑

𝑘=−∞

𝑛
∑

ℎ=−𝑛
𝑄ℎ𝜑𝑘𝑒𝑗(ℎ+𝑘)𝜔𝑡 = 0

(14)

where

𝐿𝑘 = 𝑀,
𝑁𝑘 = 2𝑗𝑘𝜔𝑀 + 𝐺(𝜔) + 𝐶𝑏 + 𝐶𝑠,
𝐺𝑘 = −𝑘2𝜔2𝑀 + 𝑗𝑘𝜔 [𝐺(𝜔) + 𝐶𝑠 + 𝐶𝑏] + 𝐾0 + 𝐾𝑏

(15)

By expanding Eq. (14) and performing harmonic balance, the algebraic equation
for an arbitrary 𝑟-th-order harmonic coefficient vector 𝜑𝑟 is obtained as follows:

(𝜆2𝐿𝑟 + 𝜆𝑁𝑟 + 𝐺𝑟) 𝜑𝑟 + 𝐾1
𝑚

∑
ℎ=−𝑚

𝑃 ℎ𝜑(𝑟−ℎ) + 𝐾2
𝑛

∑
ℎ=−𝑛

𝑄ℎ𝜑(𝑟−ℎ) = 0 (16)
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Furthermore, assembling the balance equations of all orders yields the overall
eigenvalue equation

[𝜆2𝐿̃ + 𝜆𝑁̃ + 𝐺̃ + ( ̃𝑃 ⊗ 𝐾1) + 𝑄̃ ⊗ 𝐾2] Φ̄ = 0 (17)

where 𝐿̃, 𝑁̃ , and 𝐺̃ have the same forms as in Eq. (11).

The eigenvalue equation in Eq. (17) is also infinite-dimensional and must be
truncated to obtain the system eigenvalues. After retaining the first several
orders of coefficients, the truncated eigenvalue equation can be obtained. The
above equation is a quadratic eigenvalue problem and must be transformed into
state-space form:

(𝜆𝑐 + 𝐴)Ψ = 0 (18)

where

𝐴 = [−𝐿̂ 0
0 𝐺̂ + ( ̂𝑃 ⊗ 𝐾1) + (𝑄̂ ⊗ 𝐾2)] , 𝑐 = [0 𝐿̂

𝐿̂ 𝑁̂] , Ψ = [𝜆Φ̂
Φ̂ ] (19)

In the equation, 𝐿̂, 𝐺̂, 𝑁̂ , ̂𝑃 , 𝑄̂, and Φ̂ are all the truncated forms of the
corresponding terms in Eq. (17). Based on the complex eigenvalues of the
system, the system stability is evaluated through the real parts of the eigenvalues.
That is, when the real part of at least one eigenvalue is greater than zero, the
system is unstable; when the real parts of all eigenvalues are negative, the system
is in a stable state.

3 Influence of unbalance force on the crack
breathing effect
This study adopts the finite element rotor model shown in Fig. 2 to analyze the
influence of unbalance force on the crack breathing effect and on the vibration
characteristics of the system. The system parameters are shown in Table 1.
Sliding bearings are used to support both ends of the rotor. The unbalance
force acts at the node of the right disk, and the crack location is expressed by
the corresponding element number.

Fig. 2 Finite element model diagram of the cracked rotor system

Table 1 Cracked rotor system parameters
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Physical quantity Value
Total shaft length 𝐿/m 1.4
Shaft radius 𝑅/m 0.05
Crack position 𝜆 0.7
Rotor material density
𝜌/(kg ⋅ m−3)

7 850

Elastic modulus of rotor
material 𝐸/GPa

210

Outer radius of disk 𝑅0/m 0.3
Inner radius of disk 𝑅𝑖/m 0.05
Disk thickness ℎ𝑑/m 0.12
Bearing stiffness 𝑘/(N ⋅ m−1) 5 × 107

Bearing damping 𝑐/(N ⋅ s ⋅ m−1) 1 × 103

Left disk position 𝑙1/m 0.35
Right disk position 𝑙2/m 1.05
System structural damping
coefficient 𝛽𝑐/s

1 × 10−5

Note: The crack position is 𝜆 = 𝑙0/𝐿, where 𝑙0 is the distance from the crack to
the left end face of the shaft; the left disk position 𝑙1 is the distance from the
center of the left disk to the left end face of the shaft; the right disk position 𝑙2
is the distance from the center of the right disk to the left end face of the shaft.

By carrying out a convergence analysis of the response and eigenvalue-analysis
results, the first nine harmonic components are retained in the system analysis
to truncate the infinite-dimensional equations, i.e., 𝐻 = 9. In approximating
the crack breathing functions ℎ(𝑡) and 𝑔(𝑡), 𝑚 = 𝑛 = 7 is selected. These
parameter values ensure good convergence of the results.

Eigenvalue analysis of the uncracked rotor gives the first-order critical speed of
the uncracked rotor system as Ω𝑐 = 2 058.6 r/min. In the subsequent analysis,
the rotational speed is presented in nondimensional form as 𝜔 = Ω/Ω𝑐, where
Ω is the actual rotor speed. To characterize the influence of crack depth, this
study takes the ratio of the actual crack depth 𝑟𝑐 to the shaft radius 𝑅 as the
nondimensional parameter for crack depth, namely

𝜇 = 𝑟𝑐
𝑅 (20)

To quantify the influence of the magnitude and direction of the unbalance force,
the included angle 𝛽 between the unbalance force and the crack-opening direc-
tion is used to represent the crack direction. The magnitude of the unbalance
force depends on the product of the system unbalance and the square of the ro-
tational speed. In this study, the ratio 𝜉 of the unbalance force 𝐹 𝑐

unb when the
rotor passes through the critical speed to its own weight 𝐹𝑔 is used to quantify
the magnitude of the unbalance force:
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𝜉 = 𝐹 𝑐
unb
𝐹𝑔

(21)

Furthermore, at any rotational speed Ω, the magnitude of the unbalance force
acting on the system is 𝐹unb(Ω) = 𝐹𝑔𝜉Ω2/Ω2

𝑐 . The primary cause of crack
breathing is the alternating tensile and compressive stresses in the section, which
produces a periodic breathing phenomenon; the tensile and compressive stress
regions in the section are mainly determined by the moment distribution on the
cracked section. Figure 3 shows the sectional moment distributions at different
rotor positions when the system is subjected separately to gravity and to the
unbalance force.

Figure 3. Axial distribution of bending moment along the shaft

Fig. 3 Axial distribution of bending moments on an axis

In Fig. 3, 𝜆1 and 𝜆3 are respectively the left and right zero points of the
moment due to self-weight, while 𝜆2 and 𝜆4 are respectively the left and right
zero points of the unbalance moment. The ratio between the magnitude of
the unbalance moment and that of the gravity moment is one of the factors
determining the effective bending angle at the rotor crack, and it further affects
the crack breathing behavior. That is, when the crack is located near 𝜆1 or
𝜆3, even an extremely small unbalance force can lead to unsteady breathing of
the crack; whereas when the crack is located near 𝜆2 or 𝜆4, the influence of the
unbalance force on crack breathing is greatly weakened. Considering engineering
practice, the subsequent analysis in this study takes 𝜆 = 0.7 as an example.

The crack breathing effect can also be reflected by the sectional closure rate. The
sectional closure rate is defined as Λ = 𝐴𝑏(𝜃)/𝐴0, where 𝐴𝑏(𝜃) is the area of the
closed region on the cracked section at rotation angle 𝜃, and 𝐴0 is the total area
of the cracked section. Figure 4 shows the variation of the closure rate of the
cracked section with the magnitude and direction of the unbalance force, where
𝛽 = 0, 𝜇 = 0.5, and 𝜆 = 0.7. In the figure, Λ = 100% and Λ = 0 correspond
respectively to the fully closed and fully open states. It can be seen from Fig. 4
that the unbalance force significantly affects the opening and closing behavior
of the cracked section. This is because the breathing behavior of the crack is
generated under the action of rotor gravity, whereas the unbalance force rotates
with the shaft, and the direction of the tensile/compressive stress it produces
in the cracked section remains unchanged; therefore, the unbalance force affects
the crack breathing behavior. Moreover, as the unbalance force increases, this
influence becomes increasingly significant. Even when the unbalance force is
only 10% of gravity, the sectional closure-rate curve changes markedly. In par-
ticular, when the unbalance force is relatively large, the cracked section may be
unable to close completely. This result also reflects the necessity of considering
the unbalance force when modeling rotor cracks.

Figure 4. Closure-rate curve of the cracked section
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Fig. 4 Closure rate curve of crack section

Figure 5 shows the variation of the moment of inertia 𝐼𝑥 in the 𝑋-axis direction
of the cracked section with the unbalance-force direction angle 𝛽 and the rotation
angle 𝜃, where 𝜇 = 0.5, 𝜆 = 0.7, and 𝜉 = 0.6. From Fig. 3, 𝑀un > 0. According
to the tensile–compressive relationship at the crack interface, the unbalance
force tends to promote the crack remaining open. In Fig. 4, as 𝜉 increases, the
angular interval over which the crack interface is completely closed gradually
decreases and even disappears, which also indicates that the unbalance force
here tends to keep the crack open. In Fig. 5, when 𝛽 = 180∘, the influence of the
unbalance force on crack breathing is exactly opposite to that when 𝛽 = 0∘, i.e.,
it promotes the crack remaining closed; therefore, during a full revolution of the
rotor, the crack remains almost completely closed, and the moment of inertia
𝐼𝑥 is relatively large. In summary, the unbalance force affects the breathing
behavior of cracks on the shaft, and thereby affects the stiffness of the cracked
element,

Moreover, as the unbalance force increases, its influence becomes increasingly
significant; the resulting stiffness variation will ultimately affect the vibration
response and stability of the system.

Fig. 5 Surface projection of the crack-section moment of inertia 𝐼𝑥̄

4 Influence of the Unbalance Force on the System’s Non-
linear Dynamic Response
On the basis of the method described above, this section analyzes the influence
of the magnitude and direction of the unbalance force on the nonlinear dynamic
response of the system.

4.1 Influence of the Magnitude of the Unbalance Force

Figures 6 and 7 show the vibration-response characteristics of the cracked rotor
system at 1/3, 1/2, and 1 times the critical speed, where 𝜇 = 0.5, 𝜆 = 0.7,
and 𝛽 = 0∘. The figures include the balanced condition and three unbalanced
conditions. The response results are the vibration amplitudes at the center point
of the right disk in Fig. 2, namely node 13. As can be seen from Figs. 6 and 7,
with the occurrence and continuous increase of the unbalance force, the forward-
whirl peak of the rotor system gradually shifts toward lower rotational speed.
From Fig. 4, it can be seen that, at this time, the unbalance force suppresses
crack breathing and promotes the crack to remain open throughout the entire
cycle; the stiffness of the cracked element decreases, and therefore the resonance
speed decreases. The change in the reverse-whirl peak is not very obvious. As
𝜉 increases, the resonance peak shifts slightly toward lower speed, reflecting the
characteristic influence of the unbalance force on the stiffness of the cracked
section. In Fig. 7, the variation of the subharmonic resonance peaks at 1/2 and
1/3 times the critical speed with 𝜉 is relatively weak, because the unbalance
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force is comparatively small at subcritical speeds and has little influence on the
crack-breathing effect.

To further demonstrate the influence of the magnitude of the unbalance
force on the vibration response, Fig. 8 presents the relationship between the
vibration-response amplitude of the cracked rotor and the excitation frequency
and unbalance-force magnitude near the critical speed, where 𝜇 = 0.5, 𝜆 = 0.7,
and 𝛽 = 0∘. From Fig. 8, it can be seen that the unbalance force causes the
resonance frequency to change to a certain extent, and that at 0.9 times the
critical speed the resonance frequencies gradually approach and merge. These
results clearly demonstrate the influence of the unbalance force on the vibration
response of the cracked rotor system.

Fig. 6 Vibration response of the cracked rotor system at the critical speed

Fig. 7 Vibration response of the cracked rotor system at 1/2 and 1/3 times the
critical speed

Fig. 8 Relationship between the amplitude of the cracked rotor and the exci-
tation frequency and unbalance-force magnitude

4.2 Influence of the Direction of the Unbalance Force

Because the direction of the unbalance force has a significant influence on the
stiffness of the cracked section

significant influence, and therefore it also affects the vibration response of the
cracked-rotor system.

Fig. 9 shows the vibration-response characteristics of the cracked-rotor system
for different directions of the unbalance force, where 𝜇 = 0.5, 𝜆 = 0.7, and
𝜉 = 0.6. It can be seen from Fig. 9 that the vibration-response amplitude
and resonance frequency of the cracked-rotor system at the critical speed vary
with the direction of the unbalance force. When 𝛽 = 0∘, the direction of the
unbalance force is the same as the crack-opening direction; the unbalance force
causes the crack to tend to remain open, leading to a relatively small overall
stiffness of the cracked rotor and, correspondingly, a lower resonance frequency.
When 𝛽 = 180∘, the direction of the unbalance force is always opposite to
the crack-opening direction, causing the crack to tend to close; the stiffness at
the cracked section is therefore relatively large, resulting in a higher resonance
frequency. For intermediate values of the angle 𝛽, the resonance frequency also
lies between these two cases.

Fig. 10 shows the variation in the response peak and resonance frequency as
the rotor passes through the critical speed for different angles 𝛽, where 𝜇 = 0.5,
𝜆 = 0.7, and 𝜉 = 0.6. Fig. 10 more clearly illustrates the influence of the angle
𝛽 on the resonance peak and resonance frequency of the cracked-rotor system.

Fig. 9 Amplitude variation of a cracked rotor passing through the critical speed
for different 𝛽.
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Fig. 10 Evolution of the resonance amplitude of the rotor passing through the
critical speed with 𝛽.

5 Influence of Unbalance Force on System Stability
The preceding analysis shows that the unbalance force affects the stiffness char-
acteristics and vibration response of the cracked rotor. This section analyzes the
influence of the unbalance force on the stability characteristics of the cracked
rotor. Fig. 11 presents the variation in the real parts of the system eigenval-
ues, where 𝜆 = 0.7 and 𝛽 = 0∘. The speed ranges in which positive real parts
appear in the figure are the unstable ranges. It can be seen from the figure
that, as 𝜉 increases, the real parts of the system eigenvalues undergo relatively
pronounced changes near the critical speed. The unstable speed range gradually
shifts toward lower speeds, and the unstable speed range gradually decreases.

Fig. 11 Variation in the real parts of the system eigenvalues for different 𝜉.

To more comprehensively demonstrate the influence of the unbalance force on
the stability characteristics of the cracked-rotor system, Fig. 12 (𝜆 = 0.7, 𝛽 = 0∘)
shows the distribution characteristics of the instability regions of the cracked-
rotor system as 𝜉 increases from 0 to 0.6; the markers in the figure represent
instability regions. It can be seen from Fig. 12 that the rotor instability regions
are mainly distributed near 1 and 1/2 times the critical speed, and as 𝜉 increases
⋯

As it increases, the instability regions near the critical speed shift overall toward
lower rotational speeds, and their shapes gradually shorten. This phenomenon
can be explained by the results shown in Figs. 4 and 5: when the 𝛽 angle is 0,
increasing the unbalanced force gradually reduces the range of rotation angles
over which the crack can be completely closed, and may even prevent complete
closure. The stiffness of the cracked section also decreases overall; consequently,
the instability regions shift as a whole toward lower rotational speeds. In ad-
dition, as the unbalanced force increases, the fluctuation range of the moment
of inertia of the cracked section during one rotor revolution decreases, thereby
suppressing to some extent the instability phenomenon associated with small
cracks.

Fig. 12 Instability-region variation diagram of the cracked rotor system for
different 𝜉
Subfigures: (a) 𝜉 = 0; (b) 𝜉 = 0.2; (c) 𝜉 = 0.4; (d) 𝜉 = 0.6. Axes: 𝜇 versus 𝜔.

Fig. 13 shows the variation of the instability regions of the cracked rotor under
different 𝛽 angles (𝜆 = 0.7, 𝜉 = 0.5). It can be seen from Fig. 13 that, as the
𝛽 angle increases, the instability regions near the critical speed shift overall to-
ward higher rotational speeds and their shapes gradually become shorter. This
is because, during the increase of the 𝛽 angle, the unbalanced force gradually
changes from promoting crack opening to promoting crack closure; the stiffness
of the cracked element on the shaft is therefore enhanced, and the overall sta-
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bility of the system increases, as shown in Fig. 5. Near the 1/2 critical speed,
the instability phenomenon becomes more pronounced as the 𝛽 angle increases.
These phenomena fully demonstrate the influence of unbalanced force on the
stability of cracked-rotor systems; therefore, the influence of unbalanced force
should be considered when studying crack faults in rotor systems.

Fig. 13 Instability-region variation of the cracked rotor system at different 𝛽
angles
Subfigures: (a) 𝛽 = 0∘; (b) 𝛽 = 45∘; (c) 𝛽 = 90∘; (d) 𝛽 = 135∘; (e) 𝛽 = 180∘.
Axes: 𝜇 versus 𝜔.

6 Conclusions
By analyzing the influence of unbalanced force on the nonlinear dynamic re-
sponse and stability of a cracked rotor system, this study established a finite-
element analysis model for a cracked rotor system that accounts for the effect
of unbalanced force. Based on the Hill method, an efficient analysis method for
the system dynamic response and eigenvalues was derived. The effects of the
magnitude and direction of the unbalanced force on the dynamic response and
stability characteristics of the cracked rotor when passing through the 1/3, 1/2,
and 1× critical speeds were investigated in depth. The main conclusions are as
follows.

1) Unbalanced force significantly affects the breathing behavior of the crack,
and the larger the unbalanced force, the more significant the effect. The
direction angle of the unbalanced force also influences the crack-breathing
effect. Under certain conditions with relatively large unbalanced force, the
crack may be unable to close completely or may remain open.

2) Unbalanced force affects the amplitudes of the resonance peaks of the
cracked rotor system.

and frequencies. When the unbalance force causes the cracked region to open,
the natural frequencies of the system tend to decrease; when the unbalance force
promotes crack closure, the natural frequencies increase.

3) Because the unbalance force affects the stiffness variation characteristics
at the crack section, it also significantly influences the distribution charac-
teristics of the unstable regions of the cracked-rotor system, including the
size and location of the unstable regions. Moreover, there are also clear
differences among the unstable regions under different direction angles of
the unbalance force.

According to the analysis in this study, when carrying out dynamic modeling
and fault-mechanism analysis of cracked-rotor systems, the potential influence
of the unbalance force should be considered.
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