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errors of various parameters. Within the framework of beam-based linac com-
missioning, this study systematically analyzes the uncertainty sources of phase
errors and their propagation laws in TOF energy measurement under room-
temperature BPM conditions. Furthermore, for the case of cryogenic BPM
calibration, the correlation between position errors and phase offset errors is
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Introduction

During the commissioning and operation of linear accelerators (linacs), the pre-
cise setting of the cavity operating phase is critical for achieving the designed
energy distribution and ensuring longitudinal dynamical stability. Traditional
phase-setting methods typically rely on cavity-by-cavity phase scanning. This
process is characterized by long commissioning cycles and low efficiency, making
it difficult to meet the demands of modern linacs for rapid commissioning, au-
tomated operation, and adaptation to complex changes in operating conditions.
Consequently, automated phase-setting methods based on beam measurement
information have gradually become mainstream. These methods, combined with
key operational strategies such as cavity failure compensation, have formed a
central research focus in the field of linac operation and commissioning in recent
years. Such approaches generally depend on the precise measurement of beam
time-of-flight (TOF) and energy variations, where TOF measurements based on
Beam Position Monitors (BPMs) play a core role.

The time-of-flight method is a common technique for measuring beam energy in
linear accelerators. In a non-accelerating beamline section, the signals induced
by BPMs at different positions can be converted into a linear relationship be-
tween the beam arrival time and the propagation distance. This allows for the
determination of the beam velocity and, subsequently, the unique determina-
tion of its energy. Due to its clear principles and simple implementation, this
technology has been widely applied in the energy measurement and commission-
ing processes of accelerators. On one hand, TOF measurements can be used to
accurately calculate beam energy to verify the correctness of relevant parame-
ter settings; on the other hand, these measurements can be used to calibrate
the effective position and reference phase of the cavities, thereby improving the
accuracy of computational results. In this context, the Institute of Modern
Physics (IMP) has proposed a phase-setting method based on beam calibration.
The precision of the TOF measurement directly affects the reliability of auto-
mated phase-setting and cavity failure compensation schemes. In most practical
applications, when using the beam for calibration, the phase and position are
calculated from the same set of beam signals. Therefore, the measurement er-
rors are not independent of each other but exhibit statistical correlations. This
correlation is manifested not only in the phase error correlation and position
error correlation between different BPMs but also in the cross-correlation be-
tween phase errors and position errors. However, in current analyses, while
many studies utilize BPM phase differences for TOF measurements to obtain
beam energy, they often focus on the measurement methods or hardware imple-
mentation without systematically discussing the propagation and correlation of
measurement errors. Therefore, conducting a systematic study of measurement
errors and their propagation mechanisms holds significant physical importance
and engineering application value. In actual beam measurements, the BPM also
serves as a beam phase monitor. To avoid terminological confusion, this paper
refers to them collectively as Beam Position and Phase Monitors (BPPMs) and
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clarifies the physical meaning of “phase.”

Therefore, under the assumption that the beam can be equivalent to a single
particle (neglecting the effects of bunch length and energy spread on the average
TOF), this paper establishes an analytical model for multi-BPPM time-of-flight
energy measurement and systematically investigates the sources of uncertainty
and their propagation laws during the measurement process. Although this
assumption is simplified, it provides a foundational framework for error analysis.

Error Analysis of Beam-Based Position and Phase Calibration in Lin-
ear Accelerators
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As a prerequisite for achieving automatic phase setting and failure compensa-
tion, superconducting hadron linacs must possess precise longitudinal alignment
and Radio Frequency (RF) phase calibration. Currently, several facilities have
successfully aligned or synchronized linacs through Beam Time-of-Flight (ToF)
measurements. However, many studies do not explicitly present a corresponding
error analysis when performing ToF measurements, nor do they consider that
using the beam for ToF calibration introduces correlations between the errors
of various parameters.

Under a linac commissioning framework based on beam-based calibration, this
study systematically analyzes the sources of phase error uncertainty and their
propagation laws in room-temperature ToF measurements. Furthermore, for
cryogenic ToF calibration scenarios, this research investigates the correlation
between position errors and phase offset errors. It reveals a resulting error can-
cellation effect, which improves the precision of beam energy measurements and
phase settings. The analytical results are verified through numerical simula-
tions, and their impact on beam phase calibration experiments, as well as their
potential application in CiADS (China Initiative Accelerator Driven System)
commissioning, is discussed.
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Zhou Haoyu et al.: Error Analysis of Position and Phase Calibration in Linear
Accelerators Using Beam-Based Methods. Longitudinal beam dynamics have
been simplified to a considerable extent in this study. Subsequent analysis will
demonstrate that even under idealized conditions, achieving a reliable character-
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ization of beam energy requires the establishment of a complete measurement
model and a systematic derivation of the propagation relationships for error
sources such as phase jitter, velocity jitter, and calibration velocity uncertainty.
The idealized case referred to here implies that the error analysis focuses primar-
ily on the error propagation mechanisms inherent to the measurement model
itself—such as position uncertainty and phase measurement errors—rather than
additional disturbances introduced by specific engineering environments. Since
the phase difference directly corresponds to the time-of-flight and velocity of
the particles, this paper first performs error propagation analysis using velocity
as an intermediate variable. The results are ultimately converted into beam
energy and its associated uncertainty through the energy-velocity relationship.
Furthermore, following the conventions of accelerator science, all phases in this
paper are expressed in angular degrees (°). The subsequent sections are devel-
oped based on the same measurement model, with differences primarily arising
from error terms introduced by varying operating conditions.

Under room-temperature conditions, the longitudinal spacing between compo-
nents can be regarded as known and stable; thus, measurement uncertainty is
primarily determined by phase errors and system jitter. In cryogenic super-
conducting modules, however, the effective spacing may change due to thermal
contraction effects, thereby introducing uncertainty in the flight distance.

Based on these differences, Section 3 introduces position uncertainty into the
aforementioned model to extend the analysis of error propagation and error
coupling. Consequently, the entire paper can be viewed as a step-by-step study
of the error structures corresponding to different operating conditions under a
unified measurement model.

Specifically, Section 1 presents the basic definitions and primary results of en-
ergy measurement using the Beam Position and Phase Monitor (BPPM) Time-
of-Flight (TOF) method. Section 2 analyzes the impact of system jitter on
phase measurement. Section 3 introduces the beam-based phase calibration
method. Section 4 combines calibration and jitter analysis to derive expressions
for measurement uncertainty under multi-beam conditions.

Section 5 further considers the issue of position errors under cryogenic condi-
tions. Section 5.1 analyzes the cancellation mechanism between position errors
and phase errors under single-beam calibration conditions. Section 5.2 extends
this to the multi-beam case, discussing the effects of velocity uncertainty and
error correlation. Section 6 verifies the theoretical results through numerical
simulations. Finally, Section 7 provides a summary of the entire paper.

It should be noted that this work focuses on establishing an analytical frame-
work for error propagation and error cancellation effects from the perspective of
physical mechanisms, with principle verification conducted via numerical sim-
ulations. The relevant analysis is based on a single-particle dynamics approxi-
mation, assuming the beam is in the commissioning phase or under low-current
conditions. In these scenarios, space charge effects and other collective effects
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on time-of-flight measurements are negligible. Under high-intensity beam con-
ditions, these effects may alter error propagation characteristics and introduce
additional systemic complexity. The engineering implementation and exper-
imental validation for specific accelerator facilities usually involve parameter
optimization and system-level debugging, which are beyond the scope of this
paper and will be addressed in future research.

1 ¥{TEdigEEME

This section provides the fundamental equations for measurements using phase
monitors. The derivations of some of these equations will be discussed in detail
in the following sections.

1.1 BPPM

The measured phase only possesses physical significance when defined relative
to a reference, which simultaneously comprises a position (denoted as 2,.;) and
the phase at that position (denoted as ¢, ;). It should be noted that while the
selection of the reference is arbitrary, its existence is mandatory.

The true phase of ¢ is defined as the phase that should be measured when the
¢ is perfectly synchronized with the reference. In an ideal accelerator system,
for a particle with velocity v, this can be expressed as:

Zi — o

Y; = Qg + " 360° f + 360°k; (1)
installation position, where f, ; represents the radio frequency (RF) of the phase
detection system. The term n is an integer used to represent the number of RF
cycles spanned by the phase, thereby constraining the true phase ¢ within the
interval (—180°,180°] according to standard convention. If the system is not
synchronized with the reference signal, the actual measured phase is denoted as
¢, and its expression is given by:

D; = + Ap; (2)

--relative to the reference phase offset. In practical applications, the reference
is typically selected in the following manner:

20 = 21 (3)

0o =0 (4)

The reference position is taken as the location of the first cavity, and the phase
of the beam upon reaching this first cavity is defined as zero. By adopting this
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convention, all subsequent phases are measured relative to the first cavity, estab-
lishing a unified reference frame that simplifies the mathematical derivation. It
should be noted that the quantities and are retained in the subsequent equations
to clearly distinguish between variables that depend on the choice of reference
and those that are reference-independent. Ultimately, the final physical results
must remain invariant regardless of the chosen reference position. Quantities
that depend on the reference selection serve only as intermediate variables in
the derivation and do not possess independent physical significance.

1.2 €8

Suppose we have obtained the phase offset ¢, ; for each cavity through a beam-
based calibration method. This method utilizes a beam with a known velocity
v, to synchronize the phases of the cavities (see Section 3). If we define the true
phase of the i-th cavity as:

Nuclear Physics Review

;=P — Ap; (5)

is the measured phase, and represents the integer number of cycles corresponding
to the distance between the reference position and the i-th position. When
performing Time-of-Flight (TOF) energy measurements, it is necessary to have
prior knowledge of the approximate range of the beam energy. Measuring the
energy is equivalent to determining the slope in a time-distance relationship
diagram, which is achieved by solving the following equation:

represent the position and the cumulative phase corrected by the offset ¢, for the
i-th position, respectively. The beam energy obtained from the Time-of-Flight
(TOF) measurement can be directly expressed as:

v=a"! (7)

The error associated with this process will be analyzed in detail in the following
subsection. Another parameter obtained from the solution of Eq. (6), denoted
as T, represents the arrival time of the beam at the reference position z,. The
magnitude of this parameter should be consistent with the time jitter analyzed
in Section 2. In practical applications, Eq. (6) can be solved using the ordinary
least squares (OLS) method, under the assumption that all phases possess the
same degree of uncertainty. The uncertainty of the beam velocity v can be
expressed as:

Ty (8)
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represents the beam velocity during the beam-based phase calibration process.
It should be noted that the contribution of phase measurement uncertainty is
not considered here; however, the validity of this approach will be verified in
Section 3.2 through a detailed discussion on uncertainty quantification. This
quantitative analysis is built upon the analysis of jitter error propagation laws
presented in Section 2, as well as the derivation of the beam-based phase cali-
bration measurement model and its associated error propagation relationships
in Section 3.

2 #HEhsth

This section analyzes the scenario where the positions of the normal-conducting
modules are assumed to be accurate and error-free. We will describe how to sys-
tematically characterize the “noise” of the system through jitter analysis. The
magnitude of the jitter term not only provides critical information regarding
the accelerator system but also directly impacts the precision of energy mea-
surements.

When performing continuous multiple measurements of the phase, the measure-
ment results exhibit fluctuations originating from three primary sources: timing
jitter (fluctuations in the arrival time of the bunch at the reference position),
velocity jitter (fluctuations in the velocity of the bunch pulse itself), and phase
jitter (the inherent measurement phase jitter of the instrument). This last term
most closely corresponds to what is commonly referred to as “noise.” Both tim-
ing jitter and velocity jitter contribute to the variance of the measured phase.
Consequently, if the variance of multiple measurements is simply treated as
“noise,” timing jitter—which is not an intrinsic characteristic of the instrument—
would be incorrectly included. Furthermore, because downstream components
are more susceptible to velocity jitter, such a simplification would lead to the
erroneous conclusion that downstream noise levels are higher. In the following
sections, we present a rigorous analytical method to distinguish and decouple
these distinct effects.

In an accelerator system, if the three aforementioned types of jitter are tem-
porarily disregarded, the phase measured at the bunch can be considered a
deterministic quantity. According to Eq. (1), when the bunch velocity is v, the
phase is given by:

@=%+A%+ﬁ%@3mﬁ+%w% 9)

When the three aforementioned jitter terms are introduced into the measure-
ment, the phase in the i-th measurement becomes:

% — 20

P = g + Ap; + - 360°f + 0y + 03 (10)
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The timing jitter is denoted as At, the velocity jitter as Av, and the phase
jitter as A¢. For any physical quantity x corresponding to N measurements,
we introduce the following notation for the average value of x:

(x) = iiﬂk) (11)
N =

The total number of measurements is denoted as IN. The covariance of x and y
is defined as:

N
(o9 = 5 D — () — (o) (12)
k=1

The sample covariance estimation employed is statistically unbiased; however,
its variance increases significantly as the number of measurements M decreases.
These finite-sample statistical fluctuations propagate into the uncertainty evalu-
ation of subsequent physical quantities. Consequently, in practical applications,
a sufficient number of measurements must be ensured to obtain a stable co-
variance estimate. Generally, at least M repeated measurements are required
to reliably extract the covariance or correlation terms. The right-hand side of
the equation utilizes the mean value defined in Eq. (11). Following the same
definition, from Eq. (12):

Zhou Haoyu et al.: Error Analysis of Position and Phase Calibration in Linear
Accelerators Using Beam Measurements (z?) =

32— a2 (13

We aim to determine the variance that characterizes the magnitude of the jitter
term. By analyzing the jitter term introduced in (§v?), we obtain:

P — () = (0 — (0g)) + (661 — (55,)) (14)

The variance of the measured phase, denoted as —(dv), is given by:

(Bii) = (8podpg) + (60;0%;) + 2(0pe0&;) (15)

We assume that phase jitter is uncorrelated with both time jitter and velocity jit-
ter. Under this assumption, the cross-correlation terms between these variables
vanish, allowing for a simplified analysis of the system’ s noise characteristics.
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Furthermore, the relationship between the velocity fluctuations (dvdv) and the
phase fluctuations f(0®) can be characterized by their respective spectral den-
sities. In the context of the proposed model, these fluctuations are treated as
independent stochastic processes, which facilitates the derivation of the overall
timing error budget.

(0p00p;) = (6p;0v) =0 (16)

Furthermore, the phase jitters among different signal components are mutually
uncorrelated, which can be expressed as:

<5&i6¢j> =0 (#7) (17)

However, we contend that:

(0pgduv) #0 (18)

In general, there is an inherent correlation between the arrival time jitter and
the velocity jitter of a bunch. Within a drift space, the magnitude of this
correlation depends on the choice of the reference position. By selecting an
appropriate reference position, it is possible to decouple the position error from
the phase error at that specific location; however, the two remain correlated at
all other positions. Under the assumption of Eq. (16), Eq. (15) simplifies to:

($:is) = (0podipg) + (60;60;) (19)

There are N linear equations, but they contain N + 3 unknowns: N phase
jitter variances (d¢,;0¢,), the time jitter variance (§77), the velocity jitter vari-
ance (dvov), and the covariance between time and velocity jitter (67dv). Conse-
quently, it is impossible to solve for all individual terms using these equations
alone.

To solve for the terms other than phase jitter, we consider the correlations
between different . Intuitively, velocity jitter or arrival time jitter should exert
a consistent influence on the measured phases of all ¢; this consistency is reflected
in the covariance. Under the same assumptions used in Eq. (16), we obtain:

<¢i&j> = (0ppdepy) (20)

By solving these equations, we obtain n(n — 1)/2 linear equations for (dvdv).
These quantities can then be easily determined using the least squares method.
If the resulting residuals are small, it indicates that the results are consistent
with our initial assumptions, thereby validating the rationality of the hypothesis.
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Once the aforementioned terms are obtained, they can be substituted back into
each equation in Eq. (19) to derive the phase jitter variance for each component.
These results provide the necessary foundation for the uncertainty analysis of
time-of-flight energy measurements discussed in the subsequent sections.

3 BEFRAN

In the previous section, we noted that the measured phase may exhibit a phase
offset relative to the true phase. The factors contributing to a non-zero phase
offset can be categorized into two primary groups:

The choice of reference point. The phase offset is dependent on the selection
of the reference point, which can be arbitrary. Consequently, even if all com-
ponents are perfectly synchronized, a uniform phase shift is typically required
to maintain consistency with the chosen reference point. Additionally, other
factors can lead to varying phase offsets across different components; potential
causes include discrepancies in signal cable lengths as well as variations in signal
propagation delays within the electronic systems.

3.1 EfitRE

One method for obtaining the phase offset involves calibration using a known
velocity. A natural question arises: if the bunch velocity can already be de-
termined through other methods, what is the significance of the calibration?
The fundamental reason is that while alternative methods for measuring bunch
velocity exist, they are typically more cumbersome or more restricted than the
method. In contrast, measurements are non-invasive and can be performed con-
tinuously online. Consequently, other energy measurement methods are only
employed on specific occasions.

Nuclear Physics Review. All subsequent measurements can then be conducted
via the bunch-based calibration process, which is described as follows. Given a
bunch velocity v, and according to Eq. (1), the phase measured at position n
(ignoring errors) is:

Zi

—20360°f + 360°k; (21)

¢; =g+ Ap; + >

C

Here, we use the symbol ¢ to represent the phase measured during the cali-
bration process. When we perform phase calibration based on energy for N
measurements, the phase offset is given by the following expression:

Ap, = <(5’L> — %o — (M?’Goof) — 360°k; (22)

Ve
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3.2 FHEESH

The two terms on the right side of the equation introduce errors into the phase
offset uncertainty originating from noise. Depending on the specific energy mea-
surement method employed, the bunch velocity during the calibration process
also possesses an inherent uncertainty. Assuming these two components are
uncorrelated, the square of the uncertainty in the phase offset can be expressed
as:

2
Ry, = 0%+ (Ziv_%?,ﬁof’ f) (23)

We refer to the two terms on the right-hand side of Eq. (23) as the noise term
and the velocity uncertainty term, respectively. The remainder of this section
will provide a detailed discussion of these two components.

3.2.1 12515

is the error in the average measured phase, namely the standard deviation of
the mean:

1

T = ﬁa& = WU@ (24)
The standard deviation of the measured phase, denoted as the phase jitter stan-
dard deviation, can be calculated according to the method described in Section
2. In the analysis presented in this section, time jitter is not considered, as it
induces a uniform shift across all phases and thus has no impact on the relative
phase differences. In principle, velocity jitter can be resolved through energy
measurement methods. However, in the time-of-flight (TOF) based beam en-
ergy measurement system discussed in this paper, the average bunch velocity
remains substantially stable between adjacent measurements. Consequently, the
velocity jitter introduced by fluctuations in the accelerator’ s operating state is
typically much smaller than the velocity uncertainty of the bunch itself—gener-
ally by an order of magnitude. Therefore, during the calibration process, the
velocity jitter is effectively absorbed into the overall uncertainty of the bunch
velocity.

3.2.2 EED

This uncertainty originates from the uncertainty of the bunch velocity during
the calibration process. Due to the presence of the factor 7, the magnitude of
the phase offset uncertainty depends on the choice of the reference position z.
While this may appear counterintuitive, we note that the phase offset itself is also
dependent on the choice of the reference position; therefore, such a dependency
is not unreasonable.
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Another way to understand this dependency is that the uncertainty in the bunch
velocity inevitably affects the uncertainty of the phase offset. Considering an
extreme case, if the uncertainty of the bunch velocity is sufficiently large as
to be virtually unknown, the phase offset obtained using that bunch would be
effectively random. Consequently, the uncertainty must include a term related
to the velocity uncertainty.

We will demonstrate in Section 4 that the same results are consistently obtained
in energy measurements, regardless of how the reference position is chosen.

4 TOF

Uncertainty in Energy Measurement

This section provides a detailed analysis of the uncertainties involved in energy
measurement using bunch-based calibration. We first reiterate the distinction
between the two types of bunch velocities: v, represents the known bunch ve-
locity used during the calibration process, while v denotes the unknown bunch
velocity that is to be determined through the calibration.

The conventional least-squares method is not suitable for solving Eq. (1), as
the uncertainty in bunch velocity during the calibration process introduces cor-
relations between the phase errors of different cavities. According to Eq. (2),
the measured phase is subject to three primary sources of uncertainty:

dp; = 0p; + 6{(¢;) — 360° f(2; — 2¢) (25)

The uncertainty in the average measured phase caused by phase jitter during
the self-measurement process is defined as the uncertainty of the bunch velocity
during the calibration process. The first two terms originate from phase jitter,
under the assumption that different ¢ values are uncorrelated. The third term
stems from velocity uncertainty, which exerts an identical effect on the phases
of all ¢; consequently, a correlation exists between the phase errors of different

¢.

If the covariance between the phases of any two ¢ is calculated, we obtain:

. 2
360 f%c) 26)

U?picpj = (2 — ZO)(Zj — ) ( 02
C

To eliminate the correlation between different phase errors and satisfy the inde-
pendence conditions required for the least squares method, a linear transforma-
tion can be employed to ensure that all off-diagonal covariance terms vanish in
the new coordinate system. However, this generalized least squares approach is
relatively cumbersome and lacks physical intuition.

Instead, we define the new coordinates and slopes as follows:
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Zhou Haoyu et al.: Error Analysis of Position and Phase Calibration in Linear
Accelerators Using Beam Measurements a = a + 1. After the aforementioned
transformation, the system equation becomes:

The error of is:

0p; = 0@, + 0(9;) (30)

Among these, the two terms on the right side both originate from the phase
jitter of ¢. When there is no correlation between them, it follows that:

0%, =03+ 00, (31)
0sip, =0 (i #J) (32)

It should be noted that o, consists of two distinct contributions: one part
arises from the phase jitter of ¢ during the measurement process (represented in
0,), while the other part stems from the phase jitter of ¢ during the calibration
process (represented in a%). Generally, these two components are not identical.
This discrepancy occurs because the magnitude of the jitter may fluctuate over
time, and furthermore, the standard deviation of the mean during the calibration
process decreases as the number of measurements N increases. By applying a
simple least-squares method to solve (1), one can obtain ¢ and its standard
deviation o, which further yields:

a=a—1 (33)

The measured bunch velocity

o, =22 (35)

The results of ... can be obtained through direct substitution. The uncertainty
in the energy measurement consists of two primary contributions: the phase
jitter during the measurement process and the uncertainty of the bunch velocity
during the calibration process.

The aforementioned results are consistent with the physical intuition that mea-
surement errors should be independent of the choice of the reference position
zo- Although the selection of z; may cause the variance of the phase shift (see
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Eq. (23)) to become arbitrarily large, the analytical approach described above
demonstrates that the error components introduced by the choice of z, do not
propagate into the final energy measurement error.

5 IREHHXRMIRIC SR
Analysis of Position Variations in Cryomodules

This section analyzes scenarios in the cryomodule where positions may shift
during the cooling process. Currently, the Institute of Modern Physics of the
Chinese Academy of Sciences is employing a beam-based calibration method.
This approach involves placing a pair of calibrated BPPMs downstream of the
beamline and using a beam with known energy to calibrate the relative positions
or phase offsets between the reference BPPMs. However, a certain degree of
cancellation may occur between different error sources. The specific mechanism
of this error cancellation and its applicable conditions currently lack rigorous
theoretical analysis.

Next, we will analyze the mutual cancellation mechanism between position er-
rors and phase offset errors when using a pair of BPPMs for calibration in the
presence of both systematic and random errors.

We select a relatively simple model of a pair of BPPMs, as shown in [Figure
1: see original paper]. Calibration is performed using a bunch with velocity
v; specifically, the measured distance between the two BPPMs and the phase
deviation readings are denoted as L, ., and ¢,, .., respectively. We define the
difference in phase deviation as A¢. By converting the phase deviation into
a time deviation, we define the time difference of the offsets as At,;p. In
this section, “systematic error” refers specifically to deterministic errors intro-
duced by structural deviations, such as the actual positional shift of accelera-
tor components or fixed time biases, which remain constant or change slowly
during repeated measurements. In contrast, “random error” originates from
measurement noise and pulse-to-pulse fluctuations in beam parameters (such as
statistical fluctuations in beam velocity or measurement readings), manifesting
as stochastic variations between events.

5.1 FHEARIRE

As shown in [FIGURE:N], there is a discrepancy between the actual distance
and the calibrated distance. We aim to investigate how this error affects the
precision of the final bunch velocity measurement.

In the calibration model, this distance error AL causes a shift in the calibration
of the time offset. Specifically, if the actual distance between the components
becomes L+ AL, the perceived time offset ¢,;,;,,,, will deviate from the true time
offset ¢

real*
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Nuclear Physics Review
Abstract

This paper provides a comprehensive review of recent developments and signifi-
cant breakthroughs in the field of nuclear physics. We examine the evolution of
theoretical frameworks, from the shell model to modern ab initio calculations,
and discuss their implications for understanding nuclear structure and dynam-
ics. Furthermore, we analyze the role of high-energy particle accelerators and
advanced detection technologies in probing the fundamental constituents of mat-
ter. The review also covers the intersection of nuclear physics with astrophysics,
particularly in the context of nucleosynthesis and neutron star properties. Fi-
nally, we outline future research directions and the potential impact of emerging
technologies, such as quantum computing and machine learning, on the field.

1. Introduction

Nuclear physics remains a cornerstone of modern science, providing essential
insights into the fundamental forces that govern the universe. Since the dis-
covery of the atomic nucleus, the field has transitioned from basic structural
studies to complex investigations of many-body systems and extreme states of
matter. The primary objective of contemporary nuclear research is to develop a
predictive understanding of nuclei across the entire Segre chart, including those
far from the line of stability.

Recent experimental advancements at facilities worldwide have allowed re-
searchers to explore the “islands of inversion” and the properties of superheavy
elements. These discoveries challenge existing theoretical models and necessi-
tate the refinement of nuclear force descriptions. As we push the boundaries of
the known nuclear landscape, the synergy between experimental observation
and theoretical innovation becomes increasingly critical.

2. Theoretical Frameworks and Computational Methods

The theoretical description of the nucleus has seen a paradigm shift with the
advent of high-performance computing. While the traditional shell model and
liquid drop model provided the initial foundation, they are now being supple-
mented or replaced by more fundamental approaches.

2.1 Ab Initio Calculations Ab initio methods aim to solve the nuclear many-
body problem starting from the basic interactions between nucleons. These
approaches, such as the No-Core Shell Model (NCSM) and Coupled-Cluster
(CC) theory, utilize chiral effective field theory (xEFT) to derive nuclear forces.
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The mathematical formulation often involves solving the Schrédinger equation
for A nucleons:

HYU(ry,79,...,74) = EV(ry,r9, ..., 74)

where the Hamiltonian H includes two-body (IVN) and three-body (3N) forces.
The inclusion of 3N forces has been shown to

L+ AL

=t
d o

(37)

Tirue

When measuring a bunch with an unknown velocity v, the actual drift time and
the perceived drift time for the two cases are respectively:

L+ AL

ttrue = T (38)

_ Vo(L+AL)— VAL

Vo = 39
g 5 (39)
L+ AL
tthink - (40)
v
The resulting measured bunch velocity is given by:
L VV,L
’ (41)

V . = =
think = 4 e Vo(L +AL) — VAL

Using V., = AV/V and L,,, = AL/L respectively represent the relative
deviations between the measured values and the true values, from which the
following relationship can be derived:

L VW
Vdev _V_VO

(42)

To measure the ratio between the measured bunch velocity and the calibrated
bunch velocity, and to plot the measurement error of the bunch velocity under
different conditions, an analysis was conducted as shown in [FIGURE:N]. It
can be observed that when the deviation between the measured bunch velocity
and the calibrated bunch velocity is within +10%, the error in the measured
bunch velocity is more than ten times smaller than the error induced by position
discrepancies alone.

This phenomenon indicates a significant error cancellation relationship between
position errors and phase errors, which substantially reduces the final measured
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bunch velocity error. This error cancellation effect is further enhanced as the
measured bunch velocity approaches the calibrated bunch velocity. The under-
lying principle of this mechanism is that a positive length error corresponds to a
positive time error, thereby producing a compensatory effect during the velocity
calculation. The principles governing the error cancellation effects discussed in
subsequent sections are consistent with this mechanism.

5.2 FERNIRE

If we further consider the existence of deviations in the calibrated bunch velocity,
the expression for the measured bunch velocity can be derived using the same
methodology:

—ALV,A+V,B—VAL

View = AB—V,B+ VAL

(43)

Where A=V, + AV, and B=L + AL.

By plotting the three-dimensional relationship (see [FIGURE:N]), the complex
trends in the error cancellation relationship can be observed. In general, the
calibration bunch velocity deviation and the measured bunch velocity deviation
typically have opposite signs, while they exhibit a positive correlation. When
the signs are opposite, an error cancellation effect occurs. When the signs are
the same, the error cancellation effect persists, but the fluctuation amplitude of
the error is greater. Furthermore, when the value is negative, the fluctuation
amplitude of the error becomes significantly larger.

Schematic diagram of the relationship between the velocity ratio and the dis-
tance error ratio, illustrating the influence of the distance error ratio on the
measured bunch velocity deviation. In the figure, layers are plotted at intervals
(all coordinate axes are dimensionless). Left: = —0.1 and = 0.1. Blue region:

6 SRAMENFHRERESI

In the previous section, we discussed how systematic errors in the calibration
beam velocity and the distance between components can lead to a significant
error cancellation effect when calibrating phase deviations. In this section, we
further analyze whether a similar error cancellation effect exists during the
calibration of inter-component distances and phase deviations when using mul-
tiple beams characterized by random errors. Unlike Section 5.1, we no longer
assume the beamline length is a known quantity; instead, it is treated as a
parameter to be estimated within the error analysis. This section focuses on an-
alyzing the dominant physical mechanisms of error propagation by establishing
analytical models under controlled assumptions. Engineering factors such as
thermal deformation in multi-cavity cryomodules, temperature gradients, and
time-varying cable phase drifts are not explicitly included here; their impacts
will be addressed in subsequent system-level studies.
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Zhou Haoyu et al.: Error Analysis of Position and Phase Calibration in Linear
Accelerators Using Beams. We employ the model shown in [Figure 1: see orig-
inal paper] and use n beams with random errors for calibration to derive the
expression for the uncertainty of the beam velocity v under measurement. The
expression for the velocity v is given by:

L (44)

Rewrite it into the linear form y = a 4 bx. From this, the expression for the
variance of the measured beam velocity can be derived as follows:

(dvdv)y = L4 (45)

To derive the expressions for (dada), (§bdb), and (dadd) at time t+ 7, we employ
the least squares method for error analysis. Assuming that the standard devia-
tion of the random error added to each beamline is o, the final expressions are
given as follows:

(bada) = % 3 a2 (46)
No?
(5b3b) = — (47)
_ o’y
(0add) = A (48)

A =NY a2 (Y ) (49)

It can be observed that the expression for (dadb) is consistently negative. This
indicates that when considering the potential correlation between random errors
added to multiple beams in engineering applications, the correlation can be
expressed as:

0% when j =k
A when j # k (50)

The aforementioned expression can be decomposed into the superposition of two
parts:

(0y;0yx) = A + (0y;0y;,) (51)

0? — X when j =k
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0
By performing the calculations, we can obtain the values for (dada), (§bdb), and
(0adbd).

(6ada) = o A‘, A D> a4 (52)
B N(o% —))
(0b0b) = —— (53)
o2 —
(0adh) = A >, (54)

By substituting the obtained values into the equation, it can be demonstrated
that the measurement of (Jvdv) directly corresponds to the uncertainty in the
particle velocity. To determine the uncertainty of the beam energy, error prop-
agation can be performed using the relationship between energy and velocity.
The relativistic energy of a particle is given by:

E = (y—1)me? (55)

By performing a perturbative expansion of the velocity, we obtain F = dE.

dvdv = my3vv (56)

Therefore, the relationship between the variance of energy and the variance of
velocity satisfies:

(SESE) = m2~5v%(5vév) (57)

By substituting the value of (dvdv) into the expression for (0EJE) and taking
the square root of the result, the uncertainty in the measurement of the beam
energy under test can be obtained.

In practical facilities, the measurement resolution typically varies across differ-
ent beam energies. The model presented in this paper can be directly gener-
alized by introducing an energy-dependent weight matrix. The corresponding
optimal energy configuration problem will depend on specific device parameters
and operational modes, which constitutes a subject for subsequent engineering
optimization research.
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7 SRFATERIRIMNIGIE

In the previous section, we derived the expression for the energy uncertainty
when measuring a target beam after calibration using multiple beams with ran-
dom errors. Furthermore, based on engineering experience, we conducted a
more detailed analysis by incorporating correlations into the random errors of
each beam. In this section, we perform a simulation analysis based on a spe-
cific set of parameters to verify the error cancellation effect and the uncertainty
calculations derived in our theoretical analysis.

7.1 EHs

We adopt the model shown in [Figure 1: see original paper|, where the distance
between the two gaps and the difference in phase offset are unknown. For
calibration, we utilize beam lines at various velocities ranging from 0.95v to
1.05v. A random error of 0.01v is added to each calibration beam line. Within
this framework, the random error for each beam line is independent, while the
true value of the distance remains constant across all measurements.

25 MeV

The velocity corresponding to a 25 MeV proton. The number of sampling iter-
ations is

Nuclear Physics Review

7.2 RNGR

By performing sub-sampling, one can obtain the distribution of the calculated
values for E, as well as measure the true energy value based on the E derived
from each individual calculation.

25 MeV

The following figures illustrate the particle energy distribution derived from
the proton beam. All three figures exhibit a Gaussian distribution profile. By
performing a Gaussian fit on these computational results, the standard deviation
(o) for each distribution can be determined. The fitting results are presented in
[FIGURE:N]. [FIGURE:N] displays the time deviation calculated over multiple
sampling iterations, while [FIGURE:N] represents the energy distribution when
the true energy value is set to 25 MeV.

25 MeV

The measurement results for the proton beam are presented. The uncertainties
shown in the figure are calculated based on the uncertainty formula derived
in the previous section. Subsequently, the uncertainty of 7 can be utilized to
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calculate the uncertainty of the energy distribution map under the assumption
that no error cancellation effects occur—that is, assuming the errors are mutually
independent—based on the propagation of uncertainty formula.

We transform the energy measurement of protons with unknown energy into
a measurement of their Lorentz factor 7. Consequently, the uncertainty of 7,
denoted as 07, is related to the uncertainty of the measured parameters. This
relationship can be expressed as i1 = %63&.

2

(572 = (Lo1) 59)

Since the velocity of the measured particle can be expressed as:

The value can be expressed as

L

- o

B=

Based on the formula for the particle Lorentz factor v = \/117?, the following

conclusions can be derived:

oy

2 =g (61)
BB

o B

or t—r (63)

By combining the above equation with Eq. (58), we obtain:

o _ B
oy _ P
or - t—T (65)

By substituting the above equation into Eq. (58), the expression for the uncer-
tainty in measuring the energy of an unknown proton is obtained as:
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Based on the relationship between particle energy and the Lorentz factor, £ =
ym, the expression for the energy uncertainty when measuring a proton of
unknown energy can be derived as:

SE = mgc?y(v% — 1) (%)2 (67)

It can be observed that the uncertainty is related to the energy of the proton.

25 MeV

The value corresponding to the proton

25 MeV

The standard deviation of the fitted values is 0.68 ns, which corresponds to
a distance of 0.046 m given the timing resolution of 7.37 ns over a distance
of 0.5 m. By substituting these parameters into the relevant equations, it is
possible to calculate the measurement results under the assumption that the
errors are mutually independent.

25 MeV

The energy uncertainty of the proton is approximately 6F =~ 7.34 MeV. As
shown in the figure, the energy uncertainty obtained through Gaussian fitting
is significantly lower than the value calculated using the theoretical formula.
This discrepancy indicates the presence of a strong error cancellation effect.
Furthermore, it can be observed from the figure that the maximum probability
value of the energy uncertainty, calculated based on the velocity uncertainty
formula derived in the previous section, is 0.37. In contrast, the value obtained
through multiple sampling fits is---

25 MeV

The beam energy value is close to the energy uncertainty derived from multi-
sampling fitting, with a deviation within . This demonstrates that the uncer-
tainty analysis of the multi-beam calibration presented in the previous section
is relatively accurate.
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8 BEERE

This report first systematically summarizes the methods used for measurements.
When employing room-temperature measurements that require phase deter-
mination, we successfully quantified the uncertainty of energy measurements
through a beam-based phase monitor calibration technique and a rigorous treat-
ment of accelerator system jitter analysis. We further demonstrated that the
feasibility of jitter analysis is fundamentally due to the adoption of multiple
monitors, which fully reflects the added value of utilizing more than two such
devices. Research indicates that during the beam-based phase calibration pro-
cess, the total uncertainty in energy measurement is primarily determined by
the uncertainty in the calibration beam velocity, whereas the contributions from
phase jitter and position errors are relatively small.

Zhou Haoyu et al.: Error Analysis of Position and Phase Calibration in Linear
Accelerators Using Beam-Based Methods. The key to achieving this lies in the
use of multiple monitors, highlighting the significant advantages of employing
more than two units. Our study shows that in the process of beam-based phase
calibration, the total uncertainty of the energy measurement is dominated by
the uncertainty of the calibration beam velocity, while the contributions of phase
jitter and position errors remain minor.

When using cryogenic measurements to calibrate position and phase, it is es-
sential to understand the intrinsic correlation and mutual cancellation effects
between position and phase errors. Research has found that when the calibra-
tion beam velocity is close to the target beam velocity, the errors between the
two exhibit a significant cancellation phenomenon. Consequently, the precision
of the final measured beam velocity is much higher than the calibration error
itself. This discovery provides an important theoretical basis for automated
phase setting and high-precision energy measurement.

In the future, we will further apply the aforementioned research results to the
beam commissioning and energy measurement tasks of large-scale facilities, such
as the High Intensity heavy-ion Accelerator Facility (HIAF) and the China Ini-
tiative Accelerator Driven Subcritical System (CiADS).

By combining further experimental validation with engineering practice, we aim
to refine the error cancellation models and explore their applicability under
higher energy levels and more complex beam conditions. This work will provide
more reliable phase and energy diagnostic technical support for next-generation
high-power accelerator systems.
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Abstract

In modern linear accelerators, the precise calibration of Beam Position Moni-
tors (BPMs) is essential for high-intensity beam transport and effective machine
protection. This paper presents a comprehensive error analysis of beam-based
calibration techniques used for determining BPM offsets and phase responses.
By leveraging beam dynamics simulations and statistical modeling, we evaluate
the impact of various error sources—including magnet misalignment, power sup-
ply ripples, and sensor noise—on the accuracy of the calibration process. Our
results provide a theoretical framework for optimizing calibration procedures
and improving the overall reliability of beam diagnostics in high-power acceler-
ators.

Introduction

The performance of high-intensity linear accelerators (linacs) depends heavily
on the accuracy of beam diagnostic systems. Among these, Beam Position
Monitors (BPMs) are critical for monitoring the beam trajectory and phase,
which are vital for minimizing beam loss and ensuring efficient acceleration.
However, mechanical installation errors, electronic offsets, and environmental
factors often introduce discrepancies between the measured signal and the actual
beam position.

Beam-based calibration (BBC) has emerged as a powerful method to resolve
these discrepancies without requiring physical access to the vacuum chamber.
By varying the strengths of upstream magnetic elements and observing the
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resulting trajectory shifts at downstream BPMs, the relative offsets and gains
of the monitors can be determined. Despite its widespread use, the precision
of BBC is limited by inherent uncertainties in the accelerator lattice and the
measurement chain. This study aims to quantify these errors and establish the
limits of calibration accuracy under realistic operating conditions.

Methodology
BPM Position Calibration

The fundamental principle of beam-based position calibration involves the re-
sponse matrix of the accelerator. For a given change in a steering magnet’ s
strength A#, the corresponding change in beam position Az at a downstream
BPM is given by:

Az = R; ;A0

where R,;; represents the transfer matrix element between the j-th corrector and
the i-th BPM. In practice

Abstract

As prerequisites for automatic phase setting and fault compensation, precise
longitudinal alignment and RF phase calibration are critical for superconduct-
ing hadron linacs. Although time-of-flight (TOF) beam-based measure- ments
have been successfully employed at multiple facilities for linac alignment or syn-
chronization, previous studies have assumed that all measured phase or position
parameters are independent, without considering that beam-based BPM calibra-
tion can introduce correlations among the corresponding uncertainties. Within
a beam-based calibration framework for linear accelerator commissioning, this
work addresses these issues from two complementary aspects.

First, we rigorously analyze the sources and uncertainty propagation of phase
errors in Time-of-Flight energy mea- surements using room-temperature BPMs.
Second, for beam-based calibration with cryogenic BPMs, we derive the intrin-
sic correlations between position and phase offset errors and demonstrate how
these correlations can induce error cancellation effects, thereby improving the
accuracy of beam energy determination and phase setting. These effects are
validated through numerical simulations, and their impact on beam-based cali-
bration experiments for HIAF and CiADS commissioning is analyzed.

Key words: Linac; TOF; error; energy measurement
Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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