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Abstract
Quantum cosmology is crucial to understand the evolution of the early universe.
Despite significant progress, challenges still remain. For example, the role of
time in quantum cosmology is unclear. Furthermore, the influence of the envi-
ronment on the evolution of the quantum universe is challenging. In this work,
we studied the evolution of the quantum universe non-perturbatively using the
closed real-time path integral. The environments coupled to the quantum uni-
verse being considered are the radiation, the non-relativistic matter, or the dark
matter. We evaluated the influence functional of the massless scalar field cou-
pled with the flat FRW universe. We studied the evolution of the quantum
universe by setting the initial state of spacetime as a Gaussian wave packet.
In different scenarios, we show that the classical trajectory of the universe is
consistent with the quantum evolution of the wave packet. The coherence, the
absolute quantum fluctuation and the Gibbs entropy all monotonically increase
with time, yet the relative quantum fluctuation decreases with time. We show
that for a given size of the radiation dominated universe, the lower temperature
corresponds to a more quantum universe. We find that the minimal coupling of
the free massless scalar field with the flat FRW spacetime generally gives rise
to the memory characterized via non-Markovian correlations. Finally, we show
that under higher radiation temperatures, a small universe has a higher chance
of a transition to a bigger universe.
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Abstract
Quantum cosmology is crucial to understand the evolution of the early uni-
verse. Despite significant progress, challenges still remain. For example, the
role of time in quantum cosmology is unclear. Furthermore, the influence of the
en- vironment on the evolution of the quantum universe is challenging. In this
work, we studied the evolution of the quantum universe non-perturbatively using
the closed real-time path integral. The environments coupled to the quantum
uni- verse being considered are the radiation, the non-relativistic matter, or the
dark matter. We evaluated the influence functional of the massless scalar field
coupled with the flat FRW universe. We studied the evolution of the quantum
universe by setting the initial state of spacetime as a Gaussian wave packet.
In different scenarios, we show that the classical trajectory of the universe is
consistent with the quantum evolution of the wave packet. The coherence, the
absolute quan- tum fluctuation and the Gibbs entropy all monotonically increase
with time, yet the relative quantum fluctuation decreases with time. We show
that for a given size of the radiation dominated universe, the lower temperature
corresponds to a more quantum universe. We find that the minimal coupling of
the free mass- less scalar field with the flat FRW spacetime generally gives rise
to the memory characterized via non-Markovian correlations. Finally, we show
that under higher radiation temperatures, a small universe has a higher chance
of a transition to a bigger universe. 1jin.wang.1@stonybrook.edu Contents
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Introduction
There are several issues related with gravity that cannot be solved in the frame-
work of classical general relativity. This includes the singularity point of black
holes, the very early times of the universe, and the decoherence of spacetime.
Developing a well-defined quantum gravity model is one of the most important
challenges in theoretical physics.

The specific study of quantum gravity is known as quantum cosmology. Al-
though there are many attempts, a complete theoretical framework for quantum
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cosmology is still lacking. One of the main obstacles is the problem of time [1–
6]. After quantizing the universe, the super Hamiltonian constraint becomes the
Wheeler–DeWitt equation [1,2] ˆH|Ψ(cid:105) = 0, where it appears as if there
is no time variable. This leads to difficulty in describing the evolution of any
quantum gravitation system, which is the time problem in canonical quantum
gravity [1, 4, 5]. While these models try to solve this problem, to the best of
our knowledge, none of them have fully resolved this issue.

In 1995, Brown and Kuchaˇr introduced a dust field as the time variable [6].
By imposing the canonical time gauge fixing condition, one can transform
the Wheeler–DeWitt equation to the time-dependent Schr¨odinger equation [7]
𝜕|Ψ(cid:105) = ˆH|Ψ(cid:105), where t represents the coordinate time variable,
which is also the dust field [7]. Through- out this study, we work in natural
units (cid:126) = c = G = kB = 1 with the signature (+,-,-,-).

Using Eq. (2) allows studying the unitary evolution of the quantum universe.

In 2009, Amemiya and Koike used Eq. (2) (in the proper time coordinate) to
show that the initial singularity of a flat FRW universe can be avoided by the
quantum effect [8]. Other works (see [9, 10] and related references therein) have
shown that the singularity can be avoided in canonical quantum cosmology. In
2015, Maeda used Eq. (2) to study the evolution of the quantum universe as
driven by a cosmological constant [11]. By setting the initial state of the universe
as a Gaussian wave packet, the classical trajectory of the universe (driven by the
dark energy) was shown to be consistent with the evolution of the wave packet
[11].

When the total system degree of freedom is large, it is difficult to study the
evolution of Eq. (2).

In general, one can divide the total system into a subsystem plus the environ-
ment [12, 13]. The information of the subsystem can be determined from the
reduced density matrix, which has an evolution that is dictated by the Liouville–
von Neumann equation [12, 13] = −iTrB[ ˆH, 𝜌tot], where 𝜌 and 𝜌tot represent
the density matrices of the subsystem and total system, respectively. The trace
is taken over the environment. Strictly solving Eq. (3) is nearly impossible for
usual situations. If coupling between the system and the environment is suffi-
ciently weak, and the memory time of the environment is short enough, Eq. (3)
can be approximated as the Born–Markov quantum master equation [12, 13],
which is widely used to study open quantum systems [12, 13]. If the interaction
Hamiltonian is not small compared to the Hamiltonian of the system and the
environment, we cannot use the perturbation approximation and the quantum
master equation is not suitable.

In this case, the non-perturbative approach is needed.

One of the powerful non-perturbative methods is Feynman’s path integral, which
also works well in the perturbative regime [14–16]. In the path integral, the time
variable can be a real or imaginary number, which corresponds to the Lorentz
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or Euclidean path integrals, respectively. There is no oscillation problem for
the Euclidean path integral, but this is not suitable for nonequilibrium cases
[17]. For the Euclidean path integral in quantum gravity, there is also the
divergence problem as the Euclidean–Einstein–Hilbert action has no lower bound
[18]. Therefore, the Lorentz path integral has attracted increasing attention [19–
49]. For nonequilibrium quantum dynamics, the“trajectory”of the time variable
forms a closed contour [50–53]. Thus, it is usually called the closed real-time
path integral (or Schwinger–Keldysh path integral).

How the quantum universe evolves when the matter field is heat radiation or
non- relativistic particles remains a challenge. Although the universe can some-
times be simplified as homogeneous and isotropic, the degrees of the freedom
of the environment are often infinite (the vibrational modes of the particles are
infinite) [54, 55]. One can treat spacetime and the matter field (radiation or mas-
sive particles) as the open system and the environment, respectively [55]. The
evolution of the reduced density matrix corresponding to quantum spacetime
can be considered based on Eq. (3).

In our universe, there are various of matter fields, such as the scalar field, the
vector field, the Dirac field and so on. For simplicity, one often studies the
evolution of the universe driven by the scalar field. In this simple case, the
whole universe as an isolated system is composed of the spacetime (gravitational
field) and the scalar field. In this work, we are interested in the dynamics of
the spacetime. Thus we can trace out the degrees of freedom of the scalar field.
Or in another word, we choose the scalar field as the environment. If the scalar
field is massless and in the thermal state, all scalar field quanta compose a heat
bath.

If the scalar particle is massive, we assume that all massive particles are in the
ground state for simplicity, and the particles compose a Bose–Einstein conden-
sate. We study the quantum evolution of homogeneous and isotropic spacetime
as driven by heat radiation and the Bose–Einstein condensate. The interaction
Hamiltonian is not small, and the memory time of the radiation is long (details
to come). Thus, the quantum master equation is not suitable, and we use the
closed real-time path integral to study the model.

In this work, we study the evolution of the quantum spacetime by setting the
initial state as a Gaussian wave packet. We show that in different coordinates,
the trajectory of the wave packet is consistent with the classical evolution of the
universe. We find that whatever the form of the matter field is, this conclusion
is always valid. In different scenarios, the coherence, the absolute quantum fluc-
tuation and the Gibbs entropy all monotonically increase with time. Trends in
variations of these quantities are similar to each other. We show that the rela-
tive quantum fluctuation decreases with time. We find that the higher coherence
corresponds to the bigger absolute quantum fluctuation.

For the radiation dominated universe, the higher initial temperature corresponds
to more rapid variations of these quantities. We show that for a given size of
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the radiation dominated universe, the lower temperature corresponds to a more
quantum universe.

We also studied the quantum transition of a flat FRW universe. If the initial
space- time state is a Gaussian wave packet, the higher radiation temperature
promotes the transition from a small quantum universe into a bigger one. We
find that the mini- mal coupling of the free massless scalar field with the flat
FRW spacetime gives rise to non-Markovian dynamics.

2 Problem of time in quantum gravity and quantum
cosmology In general, Einstein’s theory of gravity is defined by the action [11,
56] (cid:90) −gR + Sm + S𝜕M.

The first term in Eq. (4) represents the Einstein–Hilbert action, which we
denote as Sg. The second term represents the action of the matter field, and
the third term is the Gibbons–Hawking–York surface contribution. Variations
in this action to the metric provide the Einstein equation. The surface term
does not influence the equation of motion, so neglecting this term is common
practice in quantum cosmology [32–37, 56–Carrying out the 3+1 decomposition
and quantizing spacetime and all matter fields provides [1] ˆH|Ψ(cid:105) = 0,
ˆHi|Ψ(cid:105) = 0, where i = 1, 2, 3. Equation (5) is the Wheeler–DeWitt
equation, which is usually taken as the foundation of quantum gravity, and Eq.
(6) is the diffeomorphism constraint (or momentum constraint). For the case of
a homogeneous and isotropic universe, the diffeomorphism constraint is trivial
[3, 60, 61].

The right-hand side of the Wheeler–DeWitt equation is zero, and the eigenvalue
of the Hamiltonian operator is zero. This leads to difficulty understanding the
evolution of the quantum gravitational system, which is the so-called problem
of time in quantum gravity [1, 4, 5]. One way to resolve this problem is to
divide the total Hamiltonian operator into two parts [1, 4, 5]: ˆH|Ψ(cid:105)
= ˆPt|Ψ(cid:105) + ˆht|Ψ(cid:105) = −i 𝜕|Ψ(cid:105) + ˆh(t)|Ψ(cid:105) = 0,
where t is the global time variable and ˆPt represents the conjugate momentum
operator of t. Then, the evolution of the quantum gravitation system is based
on the Schr¨odinger- like expression of Eq. (7). However, there are other more
complex issues related to this equation, such as the multiple choice problem,
functional evolution problem, and Hilbert space problem [4, 5].

There have been many attempts to resolve the problem of time [4, 5, 7, 62, 63].
To date, no one has been able to generally overcome these difficulties completely
[4]. Nev- ertheless, these difficulties can be bypassed for some simple cases. For a
homogeneous and isotropic universe, the Hamiltonian operator does not depend
on the spacetime coordinate. Therefore, there is no functional evolution problem.
If the influence of cos- mological particle production is relatively small, one can
approximately define a unique vacuum, which can simplify the definition of
the inner product. For the multiple-choice problem, it is unnatural to suppose
that there is a privileged time coordinate. Thus, there is a possibility that
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several of these time coordinates are reasonable. However, strictly specifying
this viewpoint is difficult and beyond the scope of this work. Usually, one
chooses the time coordinate that can simplify the calculations.

Brown and Kuchaˇr showed that the dust field can play the role of the global
time variable t in Eq. (7) [6–8, 11]. Introducing a dust field gives the total
action as [7, 11] S = Sg + Sm + S𝜕M − (cid:90) −g𝜌(gµ𝜈𝜕µT 𝜕𝜈T + 1).

The last term in Eq. (8) is the action of the dust field. The 𝜌 and T represent
the rest-mass density and dust field, respectively [7, 11]. Using the canonical
time gauge fixing condition T = t [7, 64] provides the Hamiltonian constraint
[7]:

PT + Hg + Hm = 0, where PT represents both the Hamiltonian and the momen-
tum of the dust field, Hg represents the Hamiltonian of spacetime corresponding
to the Einstein–Hilbert action, and Hm represents the Hamiltonian of the usual
matter field. The total Hamiltonian is equal to zero, which is the requirement
of the generalized covariance principle [1].

Quantizing PT → ˆPT = −i𝜕t transforms Eq. (9) into the Wheeler–DeWitt
equa- tion [8, 11] or the Liouville–von Neumann equation [12, 13] ( ˆPT + ˆHg
+ ˆHm)|Ψ(cid:105) = 0, d𝜌tot = −i[ ˆHg + ˆHm, 𝜌tot].

These two equations are equivalent. If knowledge about the information of the
subsys- tem is solely important, one can trace out the environment and obtain
Eq. (3).

The philosophy hidden behind Eqs. (10) and (11) is that the global wave func-
tion of the universe (spacetime+matter field+clock/dust field) appears as static.
However, if one only cares about the information of the subsystem, the evolu-
tion of the state related to the subsystem can be observed. This perspective is
commonly adopted by the open quantum system community [12, 13]. The total
system is in the eigenstate of the total Hamiltonian operator and is static. How-
ever, as there are interactions between the subsystem and environment, energy
flows in or out of the subsystem, and the subsystem state usually changes with
time.

Generally, the clock in any physical theory has no influence on the system evo-
lution.

The clock is a tool to record changes in time. However, this is not true for Eqs.
(10) and (11). These clocks correspond to a non-zero Hamiltonian PT . Thus,
they influence the evolution of the universe. One can eliminate this influence
in Eqs. (10) and (11) by constraining that |PT | (cid:28) |Hm| (combining with
Eq. (9), this constraint is equivalent to |PT | (cid:28) |Hg|). This constraint
implies that Tr(𝜌 ˆH) → 0, where, ˆH = ˆHg + ˆHm. This ensures that the
clock does not influence the evolution of the universe (spacetime+matter field).
The universe can be seen as an isolated system.

For any isolated system, the Hamiltonian is conserved. Therefore, if the con-

chinarxiv.org/items/chinaxiv-202603.00037 Machine Translation

https://chinarxiv.org/items/chinaxiv-202603.00037


dition of Eq. (12) is satisfied at the initial time it will always be satisfied at
any time. Noted that when we say “universe,”from now on, we do not include
the clock as the influence of the clock can be eliminated by the condition of Eq.
(12).

For the flat FRW (k=0) universe, the metric of spacetime is [65, 66] ds2 = N
2dt2 − a2(t)(dx2 + dy2 + dz2), where a(t) is the scale factor, N = 1 corresponds
to the proper time coordinate, and N = a(t) corresponds to the conformal time
coordinate. It is easily shown that −g = N a3 and the Ricci scalar is [37] R =
6(N −2a−2 ˙a2 + N −2a−1¨a − N −3 ˙N a−1 ˙a), where ˙a = da/dt and ˙N =
dN /dt. Thus the Einstein-Hilbert action becomes Sg = − (cid:90) dx4N −1a
˙a2 + (cid:90) dx4 d (N −1a2 ˙a).

The second term on the right hand side of Eq. (15) has no influence on the
dynamics and can be canceled by the Gibbons–Hawking–York surface term.
Then the Lagrangian of spacetime is [55, 60] Here, we introduce the definition
V0 � (cid:82) dx3. The physical meaning of V0 is the coordinate volume of the
space slice. The V0 is divergent for the flat FRW universe.

Lg = − V0N −1a ˙a2. This will initially lead to a difficulty for our model, but
we can prove (details to come) that V0 as a global factor is not important and
can be seen as a global conformal factor.

That is, any value of V0 corresponds to the same results.

The conjugate momentum of the canonical variable a is given as 𝜋a = − V0N
−1a ˙a.

The Poisson bracket between 𝜋a and a is {a, 𝜋a} = 1. Then, the Hamiltonian
of the spacetime is given as [55] Hg = − N a−1$�$2 For the quantization, the
conjugate momentum 𝜋a becomes −i𝜕a.

In the conformal time coordinate (N = a), the Hamiltonian operator of the
spacetime is equivalent to a free particle with one degree of freedom.

Equation (10) is a first order differential equation about the time variable.
Therefore the definition of the inner product related to the canonical variable a
can be simply taken as [6, 11]: (cid:90) (cid:104)f | g(cid:105) = daf ∗(a)g(a).

If there exist certain matters, the integral in Eq. (19) should also be taken
over all the degrees of freedom related to these matters. And if the matters
are certain fields with infinite degrees of freedom, usually the integral measure
related to these degrees of freedom is complicated [67].

In this work, the matter is a scalar field which the degrees of freedom are infinite.

It is convenient to work in the second quantization representation. The inner
product corresponding to the scalar field is given in Eq. (29).

It is reasonable to study the evolution of the quantum universe based on any
one of Eqs. (10), (11), and (3). Husain and Pawlowski [7] noted that the theory
of quantum gravity based on Eq. (10) is complete. If we are not interested
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about the information of the environment, Eq. (10) reduces to Eq. (3). Here,
Eq. (3) is the fundamental equation in this work.

3 Hamiltonian of the scalar field in flat (k = 0) FRW
spacetime As a simple case, a real scalar field plays the role of the environment.
The second quantization form of the Hamiltonian operator of the scalar field
in Minkowski spacetime is well-known. However, in curved spacetime, it is
difficult to find a general form of the Hamiltonian in the second quantization
representation (there could be no general form).

The main obstacle is the equation of motion of the scalar field in curved space-
time being usually very difficult to solve. For de-Sitter spacetime, the Hamil-
tonian operator in the particle number representation was derived in [68, 69].
However, this is not sufficient to study quantum cosmology as the quantum
FRW universe may not be in the de- Sitter spacetime. We use a method similar
to that in [69] to generalize the form of the Hamiltonian operator obtained in
[68, 69].

For convenience, we temporarily mark C(t) = a2(t) and fix N = a. Then, the
FRW metric of Eq. (13) becomes ds2 = C(t)(dt2 − dx2 − dy2 − dz2).

We consider a real massless scalar field in curved spacetime. The action is [54]
(cid:90) −ggµ𝜈𝜙,µ𝜙,𝜈, and the Hamiltonian density is C(t)(cid:0) ˙$�2 − (�𝑥�)2 −
(�𝑦�)2 − (�𝑧�$)2(cid:1).

The equation of motion of the scalar field is [54, 69] (cid:3)𝜙 = C −2(t)𝜕t
(cid:0)C(t)𝜕t𝜙(cid:1) − C −1(t)$�2�$ = 0.

We formally denote the solution of the equation of motion as [69] 𝜙(x, t) =
(cid:88) (cid:126)k (cid:0)a(cid:126)kΦ(cid:126)k(x, t) + a† (cid:126)k (cid:126)k
(x, t)(cid:1), where a(cid:126)k is a complex parameter that does not depend on
the spacetime coordinate.

As the space slice for FRW (k = 0) spacetime is flat, Φ(cid:126)k(x, t) can
be written as [69] Φ(cid:126)k(x, t) = (2𝜋)− 3 2 (t)f(cid:126)k(t)ei(cid:126)k・
(cid:126)x.

Bringing Eqs. (24) and (25) into Eq. (23) gives an expression in which
f(cid:126)k(t) must be satisfied as ¨f(cid:126)k(t) + (cid:2)(cid:126)k2 +
(cid:3)f(cid:126)k(t) = 0.

We first consider this case C(t) � t𝜔, where 𝜔 is a real number. Different values of
𝜔 represent various spacetimes. The 𝜔 = −2 represents the de-Sitter spacetime,
while 𝜔 = 2 and 𝜔 = 4 represent the radiation and non-relativistic matter
dominated FRW spacetimes, respectively. For these special cases, 𝜔 is an integer.
In most cases, 𝜔 may be a non-integer. Bringing C(t) � t𝜔 into Eq. (26) and
defining Jk(t) � t−1/2f(cid:126)k(t) and z � |(cid:126)k|t provides the Bessel
equation [69] J(cid:48)(cid:48) k(z) + J(cid:48) k(z) + (1 − z2 )Jk(z) = 0,
where $�2 = 1𝑘𝑖𝑛𝑑𝑠𝑜𝑓𝐻𝑎𝑛𝑘𝑒𝑙𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠(𝐻(1)4(�$ − 1)2 and J(cid:48) k(z) =
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dJk(z)/dz, with 𝜈 not being an integer. The two 𝜈 (z) and H(2) 𝜈 (z)) are two
linearly independent solutions of the Bessel expression in Eq. (27). Thus, we
have Φ(cid:126)k(x, t) = (2𝜋)− 3 � gk(t)ei(cid:126)k・(cid:126)x. 2 (t)t

2 H(2)
𝜈 (kt)ei(cid:126)k・(cid:126)x Here, we define the function gk(t).

In Eq. (28), we can replace H(2) 𝜈 (z) by H(1) 𝜈 (z), while H(1) 𝜈 (z) is related
to the Bunch–Davies vacuum [54]. Although different kinds of Hankel functions
correspond to various vacuums, choosing any one of them can lead to similar
forms of the Hamiltonian oper- ator (second quantization representation) for the
scalar field. Thus, we can arbitrarily choose H(2) In fact, in the next section, we
only consider 𝜈 (z), as was done in [69]. the simple case where the cosmological
particle production is very small and can be neglected. Thus, differences in the
vacuum are not important.

We have not fixed the value of 𝜔. In [69], Feng studied the special case of 𝜔
= −2 for a massive scalar field. In this case, Eq. (26) has an additional mass
term, which increases the difficulty of solving the equation for 𝜔 (cid:54)= −2.
This is why we consider only the massless scalar field here. Carrying out the
quantization for the scalar field and introducing the inner product gives [69]
(cid:90) (cid:104)f1|f2(cid:105) � i dx4C(t)𝛿(t − t0)(cid:2)f ∗ 1 ∇tf2 − (∇tf ∗ 1
)f2 (cid:3).

This is an integral over the Klein–Gordon current on the Cauchy surface [69].
One can prove the following property [69]: [a(cid:126)k, a† (cid:126)k(cid:48) ]
= $�$3((cid:126)k − (cid:126)k(cid:48)).

We introduce the following definitions to represent the Hamiltonian operator in
the particle number representation [69]: 𝜖k(t) � (2𝜋)3C(t)(cid:0) ˙gk(t) ˙g∗ k(t) +
k2gk(t)g∗ k(t)(cid:1), (cid:52)k(t) � (2𝜋)3C(t)(cid:0) ˙g2 k(t)(cid:1), k(t) + k2g2
k(t)(cid:52)k(t)(cid:1) 1 (cid:17) 1 k(t) − (cid:52)∗ (cid:16)𝜖k(t) + 𝜔k(t) 2𝜔k(t)
𝜖k(t) + 𝜔k(t) (cid:52)∗ uk(t), 𝜔k(t) � (cid:0)$�$2 uk(t) � vk(t) � A(cid:126)k(t)
� uk(t)a(cid:126)k + vk(t)a† −(cid:126)k (cid:126)k (t) � u∗ k(t)a† (cid:126)k
k(t)a−(cid:126)k.

The physical meaning of 𝜔k(t) is the frequency (energy) of the scalar particle
in the con- formal time coordinate. In general, the frequency of the particle on
curved spacetime is time-dependent. The A† (cid:126)k (t) and A(cid:126)k(t)
represent the creation and annihilation operators of the scalar particles, respec-
tively. Equations (36) and (37) are the Bogolyubov trans- formation where
the Bogolyubov coefficients are uk(t) and vk(t). For some special cases where
(cid:52)k(t) → 0, the a† (cid:126)k of the scalar particles, respectively [68]. How-
ever for the general cases, a† (cid:126)k and a(cid:126)k also represent the cre-
ation and annihilation operators ( a(cid:126)k) can not be interpreted as the
creation (annihilation) operator of the scalar particles [68]. For convenience,
we often neglect the operator hat. The reader can easily distinguish what the
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c-number and q-number are based on the context.

Using Eqs. (22), (24), (25), and (28)-(37) can transform the Hamiltonian of the
scalar field to where (cid:90) H𝜙(t) � dx3H𝜙 = |(cid:126)k|(cid:0)A† (cid:126)k
(t)A(cid:126)k(t) + Vk(t)(cid:1), (cid:88) (cid:126)k Vk(t) � (cid:0)uk(t)u∗ k(t)
− vk(t)v∗ k(t)(cid:1).

The A† (cid:126)k (t)A(cid:126)k(t) is the particle number operator and Vk(t)
represents the vacuum energy.

Equation(38) shows that the particle number and vacuum energy can change
over time, which may lead to cosmological particle production. The calculation
process for this Hamiltonian operator is complex, and the main steps are de-
scribed in Appendix A. For the special case of 𝜔 = −2, a similar derivation can
be found in [69].

We note out that the Hamiltonian in Eq. (38) corresponds to the metric in Eq.
(20).

For a more general form of the FRW metric in Eq. (13), the form of the
Hamiltonian in Eq. (38) is incorrect. If we rescale the coordinate time variable,
dt → a N dt, the metric in Eq. (20) changes into Eq. (13). In addition, the
eigenvalue of the Hamiltonian operator represents the energy of the matter.

In quantum mechanics, the particle energy is proportional to the frequency, and
kµxµ is an invariant scalar under reparametrization.

Thus, rescaling the coordinate time also requires rescaling the frequency
𝜔(cid:126)k → N a 𝜔(cid:126)k.

Therefore, we must also rescale the Hamiltonian H → N a H. This gives
H𝜙(t) = (cid:88) (cid:126)k |(cid:126)k|(cid:0)A† (cid:126)k (t)A(cid:126)k(t) +
Vk(t)(cid:1).

This Hamiltonian operator corresponds to the metric in Eq. (13). The lapse
function N (t) can be an arbitrary function of the time variable t.

When the quantum evolution of the universe is dominated by heat radiation, the
vac- uum energy of the scalar field can be neglected. We only consider the simple
case where the cosmological particle production is small and can be neglected.
For a radiation- dominated universe, the zero point of the effective frequency
of the scalar particle is at the singular point of spacetime. The scalar particle
cannot go across the Stokes line while the universe is expanding. Thus, even
though the spacetime background is not static, scalar particles are not produced
from the vacuum state (see [70] for more details). Under these approximations,
we can define a unique vacuum, and the par- ticle number operator does not
change over time. Then, the Hamiltonian operator in Eq. (40) becomes (cid:88)
(cid:126)k |(cid:126)k|A† (cid:126)k A(cid:126)k.

The physical meaning of each part of the Hamiltonian operator of Eq. (41) is
clear.
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A(cid:126)k is the particle number operator related to the momentum (cid:126)k.
The N a is the red shift factor, which may sometimes be a blue shift. However, we
use the red shift The A† (cid:126)k as the unified term for simplicity. Equation
(41) shows that the only influence of the FRW (k = 0) spacetime for the scalar
particle is a red shift. In particular, N = a can represent both the Minkowski
spacetime and FRW spacetime in conformal time coordinates. When N = a, Eq.
(41) reduces to the Hamiltonian of the scalar field in the flat spacetime when
neglecting the vacuum energy.

When deducing the Hamiltonian operator of Eq. (40), we assume C(t) � t𝜔.
This includes infinitely homogeneous and isotropic spacetimes, but not all.

In fact, this form of C(t) � t𝜔 does not include all FRW (k=0) spacetimes. Then,
one may ask if the Hamiltonian of Eq. (41) is correct for any kinds of FRW (k=0)
spacetimes (The cosmological particle production can be neglected). Our view
is that Eq. (41) should be reasonable for any kind of flat FRW spacetime (The
cosmological particle production can be neglected). Equation (13) shows that
the only possible variation for the FRW spacetime is expansion or contraction,
where the scale factor a(t) is a unique variable.

Neglecting the cosmological particle production indicates that the only impact
for this kind of variation on the scalar particle is from red shifting. This can
be quantified by the factor N a , which is the only difference between the flat
FRW spacetime and Minkowski spacetime. Thus, the Hamiltonian of Eq. (41)
should be reasonable in any flat FRW spacetime. Therefore, the form of Eq.
(41) should be suitable to study quantum cosmology. All our specific examples
in this paper support this point.

Taking the continuous limit and replacing the summation in Eq. (41) with an
integral gives (cid:90) (2𝜋)3 d(cid:126)k3|(cid:126)k|A† (cid:126)k A(cid:126)k.

If the scalar field plays the role of the environment, the total Hamiltonian of
the universe Htot = − V0N −1a ˙a2 + (cid:90) (2𝜋)3 d(cid:126)k3|(cid:126)k|A†
(cid:126)k A(cid:126)k.

Before quantization, Htot = 0 is equivalent to the Friedmann equation. The V0
is a trivial global factor that can be eliminated and does not influence the results.
we rescale the spacetime coordinate by a global parameter, xµ → x(cid:48) µ
= 𝜆xµ, then V0 → V (cid:48) 0 represents the coordinate volume related to
the coordinate µ. The relationship between 𝜆 and V (cid:48) x(cid:48) 0 is
monotonic with a one-to-one correspondence.

Thus, V0 can also be seen as a global conformal factor. Although V0 does
not impact any 0 = $�$3V0. Here, V (cid:48) results, we still retain V0 in our
formulas and take it as a finite value to show the global scaling symmetry (this
treatment is often used by different researchers in quantum cosmology [8, 11,
60]). It is shown in Eq. (43) that the interaction Hamiltonian is not small, and
no term can be viewed as small. Therefore, although gravity is the weakest force,
for certain cases, we cannot use the Born-Markov quantum master equation to
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describe its dynamics.

4 Heat radiation dominated evolution of the quan-
tum universe In the proper time coordinate (N = 1), the metric of the flat FRW
spacetime is ds2 = dt2 − a2(t)(dx2 + dy2 + dz2).

From Eqs. (18) and (41), the Hamiltonian operator of the spacetime and the
real scalar field are ˆHg = a + ˆ$�2𝐻�$ = (cid:88) |(cid:126)k|A† (cid:126)k
A(cid:126)k. (cid:126)k In Eq. (45), we use symmetrized factor ordering to
keep the Hamiltonian operator as Hermitian.

When the scalar field plays the role of the environment, Eq. (3) can be written in
another equivalent form as [13] 𝜌(t) = Tr𝜙 (cid:0)U (t, 0)𝜌tot(0)U †(t, 0)(cid:1).

Here, we trace out all the degrees of freedom corresponding to the scalar field.
The 𝜌(t) represents the reduced density matrix related to spacetime, 𝜌tot(0)
represents the initial density matrix of the total system (spacetime+scalar field),
and U (t, 0) is the time evolution operator [13], U (t, 0) = Texp(cid:8) − i (cid:90)
t ds(cid:0) ˆHg(s) + ˆH𝜙(s)(cid:1)(cid:9).

The T denotes the chronological time ordering operator. As U †(t, 0) = U (0, t),
the path integral representation of Eq. (47) is usually called the closed real-time
path integral.

In the Schr¨odinger picture, ˆHg and ˆH𝜙 are time independent. The infinites-
imal time evolution operator U (𝛿t, 0) can be written as U (𝛿t, 0) = exp(cid:8)
− i( ˆHg + ˆH𝜙)𝛿t(cid:9) = exp(−i ˆHg𝛿t)exp(−i ˆH𝜙𝛿t) + o(𝛿t2).

Here, we use the first-order Suzuki–Trotter decomposition [71].

Bringing Eq. (49) into Eq. (47), discretizing the time variable (t → t1, t2, ⋯
, tN ) and inserting (cid:82) dan|an(cid:105)(cid:104)an| = 1 at each time slice
gives N , a− N ) = (cid:90) (cid:90) (cid:90) × (cid:104)a+ 0 |𝜌tot(0)|a− 0
(cid:105)(cid:104)a− N |𝜌(tN )|a− (cid:8)(cid:104)a+ N −1Tr𝜙 0 |ei ˆHg𝛿tei
ˆH𝜙𝛿t|a− N |e−i ˆHg𝛿te−i ˆH𝜙𝛿t|a+ N −1(cid:105)(cid:104)a+ 1 (cid:105)
・・・(cid:104)a− N −1|ei ˆHg𝛿tei ˆH𝜙𝛿t|a− N −1|e−i ˆHg𝛿te−i ˆH𝜙𝛿t|a+ N
(cid:105)(cid:9), N −2(cid:105) ・・・N , a− N ) � (cid:104)a+ where 𝜌(a+ and
N to represent the number of the discretized time points. In Eq. (50), (cid:82)
da± the abbreviation of (cid:82) da+ i , and we use tN to represent the final
time point. For simplicity, we consider the case where there is no entanglement
between spacetime and N (cid:105). Note that we use N to represent the lapse
function i da− the scalar field at the initial time. Then, the initial state of the
total system can be written as [47–49, 55] 𝜌tot(0) = 𝜌(0) � 𝜌𝜙(0), where 𝜌(0)
and 𝜌𝜙(0) represent the density matrix of spacetime and the scalar field at the
initial time, respectively. This condition is used extensively for open quantum
systems [12, 13]. If the initial state cannot be written in the form of Eq. (51),
Eq. (47) is difficult to solve for the usual case.
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Using the condition of Eq. (51), Eq. (50) can be written in the more compact
form where (cid:90) N , a− N ) = (cid:90) (cid:90) N −1|e−i ˆHg𝛿t|a+ 0 |ei
ˆHg𝛿t|a− × (cid:104)a+ × (cid:104)a− N −1(cid:104)a+ N |e−i ˆHg𝛿t|a+ N
−1(cid:105) N −2(cid:105) ・・・(cid:104)a+ 0 |𝜌(0)|a− 0 (cid:105) 1 (cid:105) ・・・
(cid:104)a− N −1|ei ˆHg𝛿t|a− N (cid:105)IrN, IrN �Tr𝜙 (cid:8)e−i ˆH𝜙(a+ ×
𝜌𝜙(0)ei ˆH𝜙(a− N )𝛿te−i ˆH𝜙(a+ 1 )𝛿tei ˆH𝜙(a− N −1)𝛿t・・・e−i ˆH𝜙(a+ 2 )𝛿t
・・・ei ˆH𝜙(a− N )𝛿t(cid:9). 1 )𝛿t This is the so-called influence functional [40–
45, 47–49, 72–75], which includes all the influences of the environment on the
system. If there are no interactions between the system and the environment,
the influence functional is trivially equal to one.

Recalling that for a particle (one degree of freedom), (cid:104)x|p(cid:105) =
1√ eipx. This indicates that the coordinate and the momentum cannot be de-
termined simultaneously. Similarly for spacetime, (cid:104)a|𝜋a(cid:105) = 1√
elements: ei𝜋aa. Thus, one can easily calculate the following matrix (cid:104)a+
n+1|e−i ˆHg𝛿t|a+ n (cid:105) =exp (cid:110)−3iV0a+ n+1a+ 4𝜋𝛿t(a+ (cid:0)
3iV0a+ 𝛿t(a+ n+1a+ n+1 + a+ (cid:111) n (a+ n+1 − a+ n+1 + a+ (cid:1) 1
(cid:104)a− n |ei ˆHg𝛿t|a− n+1(cid:105) =exp (cid:110)3iV0a− n+1a− 4𝜋𝛿t(a−
(cid:0) −3iV0a− 𝛿t(a− n (a− n+1 − a− n+1 + a− n+1a− (cid:1) 1 n+1 + a−
(cid:111) Noting that for the classical evolution of the FRW universe dominated
by heat radiation, aT does not change with time: aT = a0T0 [65,76]. The a0
and T0 represent the scale factor and temperature of the radiation at the initial
time, respectively. Assuming at the initial time, the density matrix of the scalar
field is given as [12] 𝜌𝜙(0) = (cid:89) Akj )(cid:0)1 − exp( )(cid:1), where $�$0
is an arbitrary parameter. If spacetime is classical, $�$0 = a0T0 (in the proper
time coordinate) and the density matrix of Eq. (56) represents an equilibrium
state with temperature T0. For quantum spacetime, the value of the scale factor
can be indefinite.

Thus, the temperature of the heat bath may also be indefinite. The relationship
between $�0𝑎𝑛𝑑𝑡ℎ𝑒𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛𝑜𝑓𝑡ℎ𝑒𝑠𝑐𝑎𝑙𝑎𝑟𝑒𝑙𝑑𝑖𝑠(𝑐𝑖𝑑 ∶ 0)𝑎𝐻�

𝜌

�$(0)(cid:1) = 0 � $�$0.

We introduce a parameter $�$0 to simplify our formulas later. When $�$0 is
equal to zero, the average value of the Hamiltonian operator of the scalar field
is zero.

Combining Eqs. (46), (53), and (56) gives an influence functional of (cid:110)
IrN = exp V0$�2�390·(𝑐𝑖𝑑 ∶ 2)1+𝑖�0�$t (cid:80)N n=1( 1 )(cid:3)3 (cid:111) The
main steps in the derivations of the influence functional are summarized in Ap-
pendix B. This influence functional contains all the influences of the heat scalar
field on quantum spacetime. When $�$0 → 0, the influence functional is IrN →
1. This is reasonable as $�$0 → 0 means that there are no radiation particles.

If we introduce the universal dynamical map J to the reduced density matrix
such that 𝜌(t2) = J (t2, t1)𝜌(t1) [73, 77], then Eqs. (54), (55), and (58) readily
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show that J (t3, t1) (cid:54)= J (t3, t2)J (t2, t1) (t1 ≤ t2 ≤ t3). That is, the
map J does not satisfy the semigroup property. This indicates that the memory
time of the environment is long and non-Markovian dynamics are presented in
the evolution of the quantum universe.

It is difficult to handle the integral in Eq. (52) based on the influence functional
of Eq. (58). We consider the following simple situation: |i$�0�$t (cid:88) )|
(cid:28) 1.

Semiclassically, this condition indicates that the temperature of the ra-
diation is far less than the Planck temperature. In this case, using (1
+ x)3 = 1 + 3x + o(x2) simplifies the influence functional of Eq. (58)
as IrN = exp (cid:110) V0 (cid:2)1 − 3i$�0�𝑡(𝑐𝑖𝑑 ∶ 88))(𝑐𝑖𝑑 ∶ 3)(𝑐𝑖𝑑 ∶
111)𝐵𝑟𝑖𝑛𝑔𝑖𝑛𝑔𝐸𝑞𝑠.(54), (55), 𝑎𝑛𝑑(60)𝑖𝑛𝑡𝑜𝐸𝑞.(52)𝑎𝑙𝑙𝑜𝑤𝑠𝑤𝑟𝑖𝑡𝑡𝑖𝑛𝑔𝑡ℎ𝑒𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠𝑜𝑓𝑡ℎ𝑒𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑚𝑎𝑡𝑟𝑖𝑥𝑎𝑠𝑁, 𝑎−
𝑁) = 𝑁(𝑐𝑖𝑑 ∶ 90)(𝑐𝑖𝑑 ∶ 90)(𝑐𝑖𝑑 ∶ 90)𝑁 − 1(𝑐𝑖𝑑 ∶ 104)𝑎 + 0|�$(0)|a− 0 (cid:105)
(cid:89) (cid:110) N (cid:88) × exp (cid:110) N (cid:88) × exp (cid:2)−3iV0a+
n−1a+ 4𝜋𝛿t(a+ (cid:2)3iV0a− n−1a− 4𝜋𝛿t(a− n (a+ n−1 − a+ n−1 + a+
n (a− n−1 − a− n−1 + a− + i$�0�$t (cid:3)(cid:111) (cid:1) 1 (cid:0) 3iV0a+
𝛿t(a+ n−1a+ n−1 + a+ (cid:3)(cid:111) N (cid:89) − i$�0�$t (cid:0) −3iV0a−
𝛿t(a− n−1a− n−1 + a− (cid:1) 1 where, N represents the normalized constant.
This may differ for various equations, but we use N as the unified symbol. In
addition, when 𝛿t → 0, n + a± Using this equation, Eq. (61) can be simplified
as N , a− N ) =N (cid:90) (cid:90) (cid:90) × (cid:104)a+ 0 |𝜌(0)|a− 0 (cid:105)
(cid:89) (cid:0) 3iV0a+ (cid:1) 1 (cid:89) (cid:0) −3iV0a− (cid:1) 1 2 ・exp{Ir+
+ Ir−}, where, Ir± � (cid:88) (cid:2)�3iV0a± n−1 − a± n (a± � i$�0�$t (cid:3).

The Ir+ and Ir− are functions with N -1 variables as Ir± = Ir±(a± N −1). For
convenience, we introduced the abbreviation Ir± to represent Ir+ or Ir− (simi-
larly for 2 , ⋯, a± 1 , a± In conventional path integral quantum mechanics (for
isolated systems), any path in the phase space has the same amplitude. Equa-
tions (61) and (63) show that in quantum gravity, the amplitudes of different
paths in phase space may differ. This is distinct from the usual unitary quantum
mechanics. The form of the Hamiltonian operator of Eq. (45) gives rise to this
difference. There is a coupling term between the scale factor and momentum,
which leads to the different amplitudes for various paths. Usually (for isolated
systems), if there is no coupling term between the canonical variable and the
conjugate momentum, all paths in the phase space have the same amplitude.
In addition, the forms of the Hamiltonian operators in Eqs. (45) and (46) give
rise to the energy flux between the scalar field and spacetime. An interesting
question that goes beyond the scope of this work is whether there is an explicit
relationship between the energy flux and the different amplitudes for different
paths.

Taking the continuous limit (N → ∞ or 𝛿t = tN /N → 0), the dimension of
the integral in Eq. (63) becomes infinity. And iIr+ (or −iIr−) becomes the
action of the total system. That is Ir± = (cid:90) tN dt(cid:2)�3iV0a±(t)(cid:0)
˙a±(t)(cid:1)2 a±(t) (cid:3).
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Thus, iIr+ or −iIr− is the discretized version of the action Sg + S𝜙.
The classical trajectory corresponding to lim Ir± is (cid:16) cl(t) = 0
)2 + (cid:0)(a± N )2 − (a± 0 )2(cid:1) t (cid:17) 1 The steepest de-
scent contour approximation provides [78] (cid:90) b g(s)ezh(s)ds � i
(cid:114) 2𝜋 g(s0)exp(zh(s0) − i where, s0 is the saddle point defined
by 𝜕h(s0)/𝜕s = 0. The 𝜎 and $�$0 are defined by $�2ℎ(𝑠0)/�$s2 =
𝜎ei$�0.𝐵𝑟𝑖𝑛𝑔𝑖𝑛𝑔𝐸𝑞.(66)𝑖𝑛𝑡𝑜𝐸𝑞.(65), 𝑎𝑛𝑑𝑢𝑠𝑖𝑛𝑔𝑡ℎ𝑒𝑠𝑡𝑒𝑒𝑝𝑒𝑠𝑡𝑑𝑒𝑠𝑐𝑒𝑛𝑡𝑐𝑜𝑛𝑡𝑜𝑢𝑟𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝐸𝑞.(67), 𝑡ℎ𝑒𝑛𝑡ℎ𝑒𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠𝑙𝑖𝑚𝑖𝑡𝑜𝑓𝐸𝑞.(63)(�$t
→ 0) becomes N , a− N ) �N (a+ (cid:90) 0 (cid:104)a+ 0 |𝜌(0)|a− 0 (cid:105)exp
(cid:110)−2i$�0𝑡𝑁𝑁 +𝑎+2𝑖�0𝑡𝑁𝑁 +𝑎−16�𝑡𝑁16�𝑡𝑁𝑁 +𝑎+0)(𝑎+𝑁 −𝑎+𝑁 +𝑎−
0)(𝑎−𝑁−𝑎−0)2+0)2(𝑐𝑖𝑑 ∶ 111)𝐼𝑡𝑖𝑠𝑎𝑠𝑠𝑢𝑚𝑒𝑑𝑡ℎ𝑎𝑡𝑡ℎ𝑒𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑑𝑒𝑛𝑠𝑖𝑡𝑦𝑚𝑎𝑡𝑟𝑖𝑥𝑜𝑓𝑠𝑝𝑎𝑐𝑒𝑡𝑖𝑚𝑒𝑖𝑠𝑔𝑖𝑣𝑒𝑛𝑎𝑠0, 𝑎−
0) = (�$$�$2) 1 exp(cid:8) − ipa(a+ 0 − a− (cid:0)(a+ 0 )2 + (a− 0
)2(cid:1)(cid:9), where 𝜌(a± 0 , 0) is a Gaussian wave packet. The pa and
𝛼 are two arbitrary parameters where pa represents the initial momentum of
spacetime and 𝛼 measures the initial fluctuations of spacetime. One can show
that the initial uncertainty of the scale factor is equal to 𝛼/

2. Bringing Eq. (69) into Eq. (68) and introducing the
approximation
N + a± (cid:2)1 − + o(cid:0)( )2(cid:1)(cid:3), one can complete the integrals
in Eq. (68), which gives N , a− N ) =N ・N ) 1 (cid:0) 1 2$�2 − 𝑖�$1a+ (cid:110)
(cid:2)(a− (cid:1) 1 × exp N )3 − (a+ N ) 1 (cid:0) 1 2$�2+𝑖�1𝑎−𝑁)3(𝑐𝑖𝑑 ∶ 3)+
2𝑖�$0tN (cid:1) 1 (pa − $�1(𝑎+𝑁)2−2�0𝑡𝑁𝑁)2)2𝑁)2−2�$0tN N )2 )2 $�4+4�$2
(pa − $�$1(a− $�4 + 4�2𝑁) − 2�2 + 𝑖�1𝑎 + 2�2 − 𝑖�1𝑎 − (𝑐𝑖𝑑 ∶ 111)𝐻𝑒𝑟𝑒, 16�$tN
Equation (71) gives the reduced density matrix of spacetime at time tN , which
can provide all the information about quantum spacetime. The non-diagonal
elements of the reduced density matrix of spacetime contain the information of
coherence [79], and the diagonal elements represent the probability distribution.
Denoting 𝜌(a, tN ) � N = a− (cid:104)a|𝜌(tN )|a(cid:105) as the diagonal element
(a+ N = a), 𝜌(a, tN ) = N |a|・exp a2 −$�$1a2)2 1 $�2𝑎2(𝑐𝑖𝑑 ∶ 110)−(𝑝𝑎−2�$0tN
$�2 + 4�21�$2a2(cid:1) 1 (cid:0) 1 $�2 + 4�$2 (cid:111) where 𝜌(a, tN ) represents
the probability distribution of the scale factor at time tN .

The size of the quantum universe may be uncertain at any given moment.

Combining Eqs. (45) and (69) gives Tr(ˆ$�2𝑎�(0)) = 𝑝22�$2 .

Figure 1 [Figure 1: see original paper]: Variations in the probability distribution
of the scale factor. The horizontal and vertical axes represent the scale factor
and time variable, respectively. The black curve is the classical trajectory of the
universe driven by heat radiation. The parameters are taken as: pa = 10, 𝛼 =
0.5, V0 = 200.

In addition, the condition of Eq. (12) gives the constraint 2$�2 = 𝑉 0�$0, which
can reduce one of the independent parameters.

Variations in the probability distribution are shown in Fig. 1. In this figure, the
different colors represent various probabilities. The black curve represents the
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classical trajectory of the universe as driven by heat radiation (this trajectory
can be obtained by solving the classical Friedmann equation where matter is
the heat radiation). One can infer that as t → ∞, the average value of the scale
factor will approach infinity.

The evolution of the wave packet is consistent with the classical trajectory, which
is similar to the case of a free particle. If the free particle is described by a
Gaussian wave packet, the trajectory of the wave packet is consistent with the
classical evolution of the free particle. Figure 2 [Figure 2: see original paper]
is the 3-dimensional representation for the evolution of the wave packet. This
figure clearly shows that the wave packet is dispersed with time.

Figure 3 [Figure 3: see original paper] shows that the average value of the scale
factor ((cid:104)a(cid:105) = Tr(a𝜌)) increases with time. Classically, $�$0 =
aT does not change with time; thus, as the classical universe grows bigger, the
temperature of the radiation decreases. Semi-classically, it is natural to assume
that $�0 ∼ 𝑇 𝑟(𝑎�$) ・T . Therefore, as the average scale factor increases, it is
reasonable to expect the temperature of the radiation to decrease.

Coherence is an important feature of quantum systems. The process of decoher-
ence Figure 2: 3-dimensional graphic for the evolution of the wave packet. The
parameters are taken as: pa = 10, 𝛼 = 0.5, V0 = 200.

Figure 3: Variations in the average value of the scale factor ((cid:104)a(cid:105)).
The horizontal and vertical axes represent the time variable and (cid:104)a(cid:105),
respectively. The parameters are taken as: pa = 10, 𝛼 = 0.5, V0 = 200. can
be viewed as a decrease in coherence. The coherence is defined by [79] (cid:88)
i(cid:54)=j |𝜌ij| = (cid:88) |𝜌ij| − (cid:88) |𝜌ii|.

The information of coherence is contained by the non-diagonal elements of the
reduced density matrix. Figure 4 Figure 4: see original paper shows variations
in the coherence with time, which mono- tonic increase over time. Figure 5
[Figure 5: see original paper] shows that the bigger the universe is (measured
by the average value of the scale factor (cid:104)a(cid:105)), the bigger the co-
herence is. This indicates that the small quantum universe does not decohere
to the classical universe. Figure 4(b) and Fig. 6 [Figure 6: see original pa-
per] show that variations in the Gibbs entropy (defined by SG = − (cid:80) i
𝜌iiln𝜌ii) and the variance (defined by (cid:52)a = (cid:112)(cid:104)a2(cid:105)
− (cid:104)a(cid:105)2) have similar trends as the coher- ence. The variance
measures the absolute value of the quantum fluctuations. Thus Fig. 6 shows
that the absolute quantum fluctuations monotonically increase with time.

However, the relative quantum fluctuation (defined as (cid:52)a/(cid:104)a(cid:105))
decreases with time, as shown in Fig. 7 [Figure 7: see original paper]. Figure 7
shows that the variation rate of the relative quantum fluctu- ation at first is fast
and then gradually becomes slow. Figure 8 [Figure 8: see original paper] shows
that the larger absolute quantum fluctuations are associated with the higher
coherence. Smaller rela- tive quantum fluctuations show the characteristics of
the evolution of the Gaussian-like quantum state. For Gaussian distribution,
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the relative fluctuations are small since the distribution decays exponentially
fast. This leads to the smaller relative fluctuations.

Therefore, one can use the average or expectation values and the second or-
der fluctu- ations to characterize the whole system. On the other hand, if the
evolution follows other distributions such as streched exponential or power law,
the tail part of the dis- tribution can be fatty and the rare fluctuation events
can become important. In such cases, the relative fluctuations are not small
but significant. The average or expectation values can no longer be representa-
tive. The whole statistical distribution is necessary to characterize the system
dynamics.

Figure 3, Fig. 4(a), Fig. 4(b) and Fig. 6 show that when increas-
ing the parameter pa, variations in these quantities ((cid:104)a(cid:105),
Co, SG and (cid:52)a) are more rapid. Equation (75) shows that if
we increase the parameter pa (and fixing the parameters 𝛼 and V0),
then the parameter $�$0 will be increased. Semiclassically, increasing
$�0𝑚𝑒𝑎𝑛𝑠𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔𝑡ℎ𝑒𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒𝑜𝑓𝑡ℎ𝑒𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑠𝑡𝑎𝑡𝑒𝑜𝑓𝑡ℎ𝑒𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒(�$0 � $�$0
and $�$0 � (cid:104)a(cid:105)T ). Thus Figure 4: Variations in the coherence
and Gibbs entropy. The horizontal axis for these two figures represents the
time variable. The vertical axis represents the (a) coherence and (b) Gibbs
entropy.

The parameters are taken as: 𝛼 = 0.5, V0 = 200. these figures show that the
higher initial universe temperature is related to more rapid evolution of these
quantities. In addition, Figure 5 shows that if we fix the average value of the
scale factor and decrease the parameter pa, then the coherence increases.

Thus for a given size of the universe, the lower temperature corresponds to a
more quantum universe.

To sum up, in this section, we studied the evolution of the heat radiation domi-
nated quantum universe in the proper time coordinate. The dynamical informa-
tion of the quantum spacetime is included in the reduced density matrix. The
diagonal elements of the reduced density matrix show that the evolution of the
quantum universe described by the wave packet is consistent with the classical
evolution trajectory of the universe.

And the non-diagonal elements of the reduced density matrix show that the
coherence increases with time. The variations in the Gibbs entropy and the
absolute quantum fluctuation have similar trends as the coherence. This means
that the small quantum universe can grow up to a bigger one, yet the bigger
universe still maintains important quantum characteristics such as the coherence
in our model.

In order to obtain a classical universe from the initial quantum state, more
complicated models are needed. (a)(b)

Figure 5: Variations in the coherence versus the average value of the
scale factor (cid:104)a(cid:105). The horizontal and vertical axes represent
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(cid:104)a(cid:105) and coherence, respectively. The parameters are taken as:
𝛼 = 0.5, V0 = 200.

Figure 6: Variations in the variance. The horizontal and vertical axes represent
the time variable and variance, respectively. The parameters are taken as: 𝛼 =
0.5, V0 = 200.

Figure 7: Variations in the relative quantum fluctuation ((cid:52)a/(cid:104)a(cid:105)).
The horizontal and vertical axes represent the time variable and (cid:52)a/(cid:104)a(cid:105),
respectively. The parameters are taken as: 𝛼 = 0.5, V0 = 200.

Figure 8: Variations in the quantum fluctuation versus the coherence. The
horizontal axis represents the coherence. The parameters are taken as: pa = 10,
𝛼 = 0.5, V0 = 200.

5 Non-relativistic matter dominated evolution of
the quantum universe We assume that there are Nm particles with mass m that
all have the same properties.

If these particles are spin-0 and charge-0, they can be viewed as the quanta of
a real massive scalar field. All these particles compose a perfect isentropic fluid
[80].

Hamiltonian operator is [80] ˆH𝜙 = V0N Nmm. We introduce the coordinate
volume V0 from the perspective of quantum field theory [see Eq. (79)]. The
factor V0 is needed to keep the entire system with global scaling symmetry.
The Hamiltonian operator in Eq. (77) can also be interpreted as the Hamil-
tonian of a Bose–Einstein condensate. This condensate is composed of Nm real
scalar particles with a rest mass m. All particles are in the ground state and
the kinetic energy can be neglected.

The Hamiltonian operator in Eq. (77) can also be derived by assuming that the
Hamiltonian operator in Eq. (41) can be generalized for the case of the massive
scalar field. The Hamiltonian then becomes ˆH𝜙 = N (cid:88) (cid:126)k (cid:0)
|(cid:126)k|2 a2 + m2(cid:1) 1 (cid:126)k A(cid:126)k.

When m → 0, this Hamiltonian operator becomes that of Eq. (41). For the case
N = a, the Hamiltonian operator of Eq. (78) is consistent with that in [68,69].
In another case N = 1, Eq. (78) is consistent with the Hamiltonian operator in
[55]. Thus, the form of the Hamiltonian operator of Eq. (78) should be rational
despite the lack of an exact proof. For a large rest mass, the Hamiltonian oper-
ator in Eq. (78) becomes ˆH𝜙 = N m (cid:88) (cid:126)k (cid:126)k A(cid:126)k
= N m (cid:90) (2𝜋)3 d(cid:126)k3A† (cid:126)k A(cid:126)k.

The particle number for non-relativistic particles is usually conserved. cle num-
ber is Nm (Nm � (cid:82) d(cid:126)k3A† (cid:126)k Hamiltonian operator of Eq.
(79) reduces to the Hamiltonian operator of Eq. (77).

A(cid:126)k) and all particles are in the ground state, the If the parti- For
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the case where the universe is dominated by non-relativistic matter, the total
Hamiltonian operator becomes ˆHtot = ˆHg + ˆH𝜙 = a + ˆ$�$2 ) + V0N Nmm.

Solving Htot = 0 gives the classical evolution trajectory of the universe. In
the proper time coordinate (N = 1), a(t) � t 2 a(t) � t2. These results strongly
indicate the Hamiltonian operator in Eq. (77) is 3 [65]. In the conformal time
coordinate (N = a), reasonable.

In the proper time coordinate, the total Hamiltonian operator is ˆHtot = ˆHg
+ ˆH𝜙 = a + ˆ$�$2 ) + V0Nmm.

In Eq. (81), ˆH𝜙 = V0Nmm. Bringing ˆH𝜙 into the definition of influence func-
tional of Eq. (53), we have ImN =Tr𝜙 (cid:8)e−iV0mNm𝛿t ・・・e−iV0mNm𝛿t
× 𝜌𝜙(0)eiV0mNm𝛿t ・・・eiV0mNm𝛿t(cid:9).

Here, we use ImN to represent the influence functional in the case of the
non-relativistic particles dominated universe. Using Tr(ABC) = Tr(CAB) ,
one can show that the influence functional is equal to one. Assuming the
initial state of the total system can be written as 𝜌tot(0) = 𝜌(0) � 𝜌𝜙(0),
similar to Eq. (52), we have (cid:90) N , a− N ) = N −1(cid:104)a+ N |e−i
ˆHg𝛿t|a+ N −1(cid:105) (cid:90) (cid:90) N −1|e−i ˆHg𝛿t|a+ 0 |ei ˆHg𝛿t|a−
× (cid:104)a+ × (cid:104)a− N −2(cid:105) ・・・(cid:104)a+ 0 |𝜌(0)|a− 0
(cid:105) 1 (cid:105) ・・・(cid:104)a− N −1|ei ˆHg𝛿t|a− N (cid:105), n+1|e−i
ˆHg𝛿t|a+ where (cid:104)a+ n+1(cid:105) are the same as in Eqs. (54) and
(55), respectively. Bringing Eqs. (54) and (55) into Eq. (83), and using
the approximation n (cid:105) and (cid:104)a− n |ei ˆHg𝛿t|a− in Eq. (62)
gives N , a− N ) =N (cid:90) (cid:90) (cid:90) × (cid:104)a+ 0 |𝜌(0)|a− 0
(cid:105) (cid:114) (cid:89) 3iV0a+ (cid:114) (cid:89) −3iV0a− exp{Im+ +
Im−}, where, Im± � (cid:88) (cid:2)�3iV0a± n−1 − a± n (a± (cid:3), If
$�0 = 0, 𝐸𝑞.(64)𝑖𝑠𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑡𝑜𝐸𝑞.(85).𝑇 𝑎𝑘𝑖𝑛𝑔𝑡ℎ𝑒𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠𝑙𝑖𝑚𝑖𝑡, 𝑖𝐼𝑚 + (𝑜𝑟 −
𝑖𝐼𝑚−)𝑖𝑛𝐸𝑞.(85)𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑠𝑡ℎ𝑒𝑎𝑐𝑡𝑖𝑜𝑛𝑜𝑓𝑠𝑝𝑎𝑐𝑒𝑡𝑖𝑚𝑒𝑑𝑒𝑛𝑒𝑑𝑏𝑦𝑡ℎ𝑒𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛𝑜𝑓𝐸𝑞.(45).𝑇 ℎ𝑎𝑡𝑖𝑠, 𝐼𝑚±$
= (cid:90) tN dt(cid:2)�3iV0a±(t)(cid:0) ˙a±(t)(cid:1)2 (cid:3).

The classical trajectory corresponding to lim Im± is (cid:16) cl(t) = 2 +
(cid:0)(a± 2 − (a± (cid:17) 2 2 (cid:1) t Expanding lim Im± in Eq. (86) around
the classical trajectory in Eq. (87), and using the steepest descent contour
approximation of Eq. (67) allows solving the integrals in Eq. (84) (taking the
continuous limit N → ∞) over the variables (a± 1 , a± 1 , ⋯, a± N −1) Figure
9 [Figure 9: see original paper]: Evolution of the probability distribution of the
scale factor. The horizontal axis represents the scale factor, and the vertical
axis represents the time variable. The black curve is the classical trajectory
of the universe driven by non-relativistic particles. The parameters are taken
as: pa = 5, 𝛼 = 0.5, V0 = 200, mNm = 3𝜋p2 a/(2V 2 Figure 10 [Figure 10:
see original paper]: 3-dimensional graphic for the evolution of the wave packet.
The parameters are taken as: pa = 5, 𝛼 = 0.5, V0 = 200.

Figure 11 [Figure 11: see original paper]: Variations in the (a) coherence and
(b) Gibbs entropy as functions of the time variable.
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The parameters are taken as: 𝛼 = 0.5, V0 = 200. Figure 12 [Figure 12: see
original paper]: Variations in the coherence versus the average value of the
scale factor (cid:104)a(cid:105). The horizontal and vertical axes represent
(cid:104)a(cid:105) and coherence, respectively. The parameters are taken as: 𝛼
= 0.5, V0 = 200.

Figure 13 [Figure 13: see original paper]: Variations in the variance. The hori-
zontal and vertical axes represent the time variable and variance, respectively.
The parameters are taken as: 𝛼 = 0.5, V0 = 200.

Figure 14 [Figure 14: see original paper]: Variations in the relative quantum
fluctuation. The horizontal and vertical axes represent the time variable and
relative fluctuation, respectively. The parameters are taken as: 𝛼 = 0.5, V0 =
200.

Figure 15 [Figure 15: see original paper]: Variations in the quantum fluctua-
tion versus the coherence. The horizontal axis represents the coherence. The
parameters are taken as: pa = 5, 𝛼 = 0.5, V0 = 200. to give N , a− N ) =N
(a+ (cid:110) × exp (cid:90) 0 (cid:104)a+ 0 |𝜌(0)|a− 0 (cid:105) 2 − (a+ 2
)2(cid:111) 2 − (a− If there is no entanglement between quantum spacetime
and the non-relativistic particles at the initial time, then the initial density ma-
trix of the universe can be written as 𝜌tot(0) = 𝜌(0) � 𝜌𝜙(0). For simplicity, The
initial reduced density matrix 𝜌(0) is chosen as 0 , a− 0 ) =(a+ 2 (a− 2 (cid:3)
− 2 exp(cid:8) − ipa (cid:2)(a+ − (a− (cid:2)(a+ 0 )3 + (a− 0 )3(cid:3)(cid:9).

Bringing Eq. (89) into Eq. (88), one can complete the integrals over a± 0 in
Eq. (88).

This gives N , a− N ) =N・N ) 1 (cid:0) 1 2$�2+𝑖�2(𝑐𝑖𝑑 ∶ 1)1(𝑐𝑖𝑑 ∶ 110)𝑁)3(𝑐𝑖𝑑 ∶
1)1𝑁)1(𝑐𝑖𝑑 ∶ 0)12�2 − 𝑖�2(𝑝𝑎 − 2�$2(a+ $�4 + 4�2𝑁)3(𝑝𝑎 − 2�$2(a− $�4 + 4�$2 ×
(cid:2)(a− N )3 − (a+ N )3(cid:3) − 2$�2 − 𝑖�2) − (𝑐𝑖𝑑 ∶ 111)2�2 + 𝑖�$2) where
Equation (90) provides the diagonal elements of the reduced density matrix (a+
N = a) as 𝜌(a, t) = N |a| (cid:0) 1 $�2 + 4�2�2(𝑐𝑖𝑑 ∶ 1)1(𝑐𝑖𝑑 ∶ 110) − (𝑝𝑎 − 2�$2a 3
$�2 + 4�2�$2 (cid:111) In addition, one noted that the classical trajectory of the
non-relativistic particles dominated universe (in the proper time coordinate) can
also be written as The parameter $�$1 is a(t) = $�$1 (cid:0)t + (a(0)) 3 (cid:1)
2 $�1 = (6�$mNm) The evolution of the diagonal element of the reduced density
matrix (representing the probability distribution of the scale factor) are shown
in Fig. 9.

In this figure, the different colors represent the various diagonal elements 𝜌(a, t)
in Eq. (92). The black curve represents the classical trajectory of the universe
driven by non-relativistic matter. Figure 9 shows that the classical evolution
of the universe is consistent with the trajectory of the wave packet. As time
progresses, the wave packet evolves to where the scale factor becomes larger,
which indicates that the universe grows. Figure 10 is the 3-dimensional plot
for the evolution of the wave packet. This figure shows that the wave packet is
dispersed with time. Noted that the condition (12) can give rise to a constraint
among pa, 𝛼 and V0mNm. However, it is not very easy to analytically exactly
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solve the condition (12) in this case. Our numerical simulations indicate that
this constraint can be approximately taken as mNm = 3𝜋p2 a/(2V 2 Figure
11(a) shows the variations in the coherence, which increase with time. Fig- ure
12 shows that a bigger universe is associated with a bigger coherence. Therefore,
the small quantum universe does not grow up to a classical one. Variations
of the Gibbs entropy and the absolute quantum fluctuation are shown in Fig.
11(b) and Fig. 13, respectively. These two figures show that both the Gibbs
entropy and the absolute quantum fluctuation increase with time. However, Fig.
14 shows that the relative quantum fluctuation decreases with time. And the
variation rate of the relative quan- tum fluctuation gradually becomes slower.
Figure 15 shows that the larger absolute quantum fluctuations are associated
with the higher coherence.

In the proper time coordinate, we have shown that the coherence increases
with time both in heat radiation and non-relativistic matter dominated uni-
verse. Thus, quantum spacetime can not evolve to a classical one in this model
of minimally massless scalar field and non-relativistic particles in flat FRW uni-
verse. We introduced some approxi- mations to obtain this result. One may
think that the result will be different without these approximations. However,
we will show in the next section that in the conformal time coordinate, without
any approximation, one still reaches the same conclusion.

6 Evolution of the reduced density matrix in the
conformal time coordinate

6.1 Heat radiation dominated universe
According to Eqs. (18) and (41), in the conformal time coordinate (N = a), the
Hamil- tonian operator of spacetime, and the real massless scalar field are ˆHg
= (cid:88) ˆH𝜙 = |(cid:126)k|A† (cid:126)k A(cid:126)k. (cid:126)k Figure 16
[Figure 16: see original paper]: Evolution of the probability distribution of the
scale factor. The horizontal axis represents the scale factor, and the vertical
axis represents the time variable. The black curve is the classical trajectory of
the universe. The parameters are taken as: pa = 1, 𝛼 = 1, V0 = 𝜋.

Figure 17 [Figure 17: see original paper]: Variations in the (a) coherence and
(b) Gibbs entropy as functions of the time variable.

The parameters are taken as: 𝛼 = 1, V0 = 𝜋. (a)(b)

Figure 18 [Figure 18: see original paper]: Variations in the coherence versus the
average value of the scale factor (cid:104)a(cid:105). The horizontal and vertical
axes represent (cid:104)a(cid:105) and coherence, respectively. The parameters
are taken as: 𝛼 = 1, V0 = 𝜋.

Figure 19 [Figure 19: see original paper]: Variations in the variance. The hori-
zontal and vertical axes represent the time variable and variance, respectively.
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The parameters are taken as: 𝛼 = 1, V0 = 𝜋.

Figure 20 [Figure 20: see original paper]: Variations in the relative quantum
fluctuation. The horizontal and vertical axes represent the time variable and
relative fluctuation, respectively. The parameters are taken as: 𝛼 = 1, V0 = 𝜋.

Figure 21 [Figure 21: see original paper]: Variations in the quantum fluctua-
tion versus the coherence. The horizontal axis represents the coherence. The
parameters are taken as: pa = 1, 𝛼 = 1, V0 = 𝜋.

Assuming that the initial state of the total system can be written as 𝜌tot(0) =
𝜌(0) � 𝜌𝜙(0), the similarity to Eq. (52) provides the reduced density matrix as
(cid:90) N , a− N ) = N −1(cid:104)a+ N |e−i ˆHg𝛿t|a+ N −1(cid:105) (cid:90)
(cid:90) N −1|e−i ˆHg𝛿t|a+ 0 |ei ˆHg𝛿t|a− × (cid:104)a+ × (cid:104)a− N
−2(cid:105) ・・・(cid:104)a+ 0 |𝜌(0)|a− 0 (cid:105) 1 (cid:105) ・・・(cid:104)a− N
−1|ei ˆHg𝛿t|a− N (cid:105).

We assume that the initial state of spacetime is a Gaussian wave packet de-
scribed by Eq. (69). Then, bringing Eq. (69) into Eq. (97) and integrat-
ing over a± 0 , a± 1 , ⋯, a± (taking 𝛿t → 0) gives N , a− N ) = 0 $�$2 +
𝜋$�2)1(16�$3t2 (cid:110)−3iV0 (cid:2)(a+ N )2 − (a− N )2(cid:3)(cid:111) ×
exp × exp (cid:110)−(pa − 3V0a+ 2$�2 − 3𝑖𝑉 0(𝑐𝑖𝑑 ∶ 110) − (𝑝𝑎 − 3𝑉 0𝑎 − 2�2 +
3𝑖𝑉 016�$2t2 )2( 1 $�$4 + 9V 2 )2( 1 $�4+9𝑉 216�$2t2 (cid:111) (cid:111) N = a)
N = a− (cid:111) The diagonal element of the reduced density matrix is then (a+
𝜌(a, tN ) = 0 $�$2 + 𝜋$�2)1(16�3𝑡2 ·𝑒𝑥𝑝(𝑐𝑖𝑑 ∶ 110)−(𝑎−4�$patN $�2+16�$2t2 It
is worthwhile to point out that in the derivation process of the reduced density
matrix (98), we do not introduce any approximation. The reduced density ma-
trix (98) is exact. Replacing the scale factor in (98) by the space coordinate, one
can obtain the density matrix corresponding to a free particle with one degree
of freedom. Thus all the features of the quantum spacetime in the conformal
time coordinate is similar to a free particle.

As the Hamiltonian of the scalar field in the conformal time coordinate is
conserved, we denote it by (cid:104)H𝜙(cid:105). The condition (12) gives
Tr(𝜌ˆ$�2𝑎) = 𝑝22�2 = (𝑐𝑖𝑑 ∶ 104)𝐻�$(cid:105). (100) Thus, the parameters
pa, 𝛼, V0 and (cid:104)H𝜙(cid:105) are not independent. The evolution of the
diagonal element of the reduced density matrix is shown in Fig. 16.

In Fig. 16, different colors represent different values of the diagonal elements
in (99). The black line represents the classical trajectory of the universe. The
evolution of the wave packet is consistent with the classical trajectory of the uni-
verse. Figure 16 clearly shows that the peak values decreases with time. This
shows that the absolute quantum fluctuation becomes more and more impor-
tant. This figure indicates that the universe grows to become bigger as time
goes by. Figure 17(a) shows that the coherence monotonically increases with
time. Figure 18 shows that the bigger the universe is, the bigger the coherence is.
Thus in the conformal time coordinate, the heat radiation dom- inated quantum
universe also does not decohere to a classical universe. Figure 17(b) and Fig. 19
show that the Gibbs entropy and the absolute quantum fluctuation also increase

chinarxiv.org/items/chinaxiv-202603.00037 Machine Translation

https://chinarxiv.org/items/chinaxiv-202603.00037


with time. Noted that Eq. (99) is the Gaussian distribution. Thus the analytic
expressions for the average value of the scale factor and the absolute quan-
tum fluctua- 0 $�2)1/2, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.𝐵𝑜𝑡ℎ(𝑐𝑖𝑑 ∶ 104)𝑎(𝑐𝑖𝑑 ∶ 105)𝑡𝑖𝑜𝑛𝑎𝑟𝑒(𝑐𝑖𝑑 ∶
104)𝑎(𝑐𝑖𝑑 ∶ 105) = 4�𝑝𝑎𝑡𝑁/3𝑉 0𝑎𝑛𝑑(𝑐𝑖𝑑 ∶ 52)𝑎 = (�2/2 + 8�$2t2 and (cid:52)a
monotonically increase with time. In addition, similar analysis with those in
N /9V 2 Sec. 4 show that in the conformal time coordinate, the higher ini-
tial temperature also corresponds to more rapid variations in these quantities
((cid:104)a(cid:105), Co, SG and (cid:52)a). And for a given size of the universe,
the lower temperature corresponds to a more quantum uni- verse. Figure 20
shows that the relative quantum fluctuation monotonically decreases with time.
In the conformal time coordinate, the analytic expression of the relative N ))1/2.
Figure 21 shows quantum fluctuation is (cid:52)a/(cid:104)a(cid:105) = (1/(2p2
0 $�2/(32�2𝑝2𝑎�$2) + 9V 2 Figure 22 [Figure 22: see original paper]: Variations
in the probability distribution of the scale factor. The horizontal and vertical
axes represent the scale factor and time variable, respectively. The black curve
shows the evolution for the classical trajectory of the universe. The parameters
are taken as: 𝛼 = 1, V0 = 1, A0 = 1, mNm = 10. that the larger absolute
quantum fluctuations are associated with the higher coherence.

Comparing these results with those in Sec. 4, we can see that all conclusions
in the conformal time coordinate are consistent with those in the proper time
coordinate.

In [81], Ashtekar and other researchers introduced the non-commutativity to
mea- sure the quantum nature of a system. The fading of the non-commutativity
character- istics the process of the decoherence. Working in the conformal time
coordinate and as- suming that the matter is the radiation field, they found
that the non-commutativity in- creases with time. The larger the universe, the
larger the non-commutativity is [81,82].

This is consistent with our results.

6.2 Non-relativistic particles dominated universe
In the conformal time coordinate, the Hamiltonian operator of spacetime and
non- relativistic matter are ˆHg = − ˆH𝜙 = aV0Nmm. (101) Observing the
Hamiltonian operator in Eq. (101), it is similar to a charged particle in an uni-
form electrostatic field. This is also an exactly solvable model [14]. Assuming
that the initial density matrix of the total system can be written as 𝜌tot(0)
= 𝜌(0) � 𝜌𝜙(0), similar to Eq. (52), the evolution of the reduced density ma-
trix is (cid:90) N , a− N ) = N −1(cid:104)a+ N |e−i ˆHg𝛿t|a+ N −1(cid:105)
(cid:90) (cid:90) N −1|e−i ˆHg𝛿t|a+ 0 |𝜌(0)|a− 0 (cid:105)(cid:104)a− N −1|ei
ˆHg𝛿t|a− × (cid:104)a+ × (cid:104)a+ × (cid:104)a− N −2(cid:105) ・・・0
|ei ˆHg𝛿t|a− N (cid:105) ・ImN, 1 (cid:105) ・・・where ImN �Tr𝜙 (cid:8)e−i
ˆH𝜙(a+ × 𝜌𝜙(0)ei ˆH𝜙(a− N )𝛿t ・・・e−i ˆH𝜙(a+ 1 )𝛿t ・・・ei ˆH𝜙(a− 1
)𝛿t N )𝛿t(cid:9) (102) (103) is the influence functional. All particles are as-
sumed to be in the ground state (kinetic energy is zero). Bringing the Hamil-

chinarxiv.org/items/chinaxiv-202603.00037 Machine Translation

https://chinarxiv.org/items/chinaxiv-202603.00037


tonian operator ˆH𝜙 of Eq. (101) into Eq. (103) gives the influence functional
as ImN = Tr𝜙 (cid:110) exp(cid:2) − i𝛿tmV0Nm (cid:88) n − a− (cid:111) n
)(cid:3)𝜌𝜙(0) (cid:110) = exp − i𝛿tmV0Nm (cid:88) n − a− (cid:111) We as-
sume that the initial state of spacetime is a Gaussian wave packet as 0 , a−
0 ) = (𝜋$�$2) 1 exp(cid:8) − ipa(a+ 0 − a− (cid:0)(a+ 0 − A0)2 + (a− 0 −
A0)2(cid:1)(cid:9), (104) (105) Bringing Eqs. (104) and (105) into Eq. (102)
completes the integrals over these variables N −1) (taking 𝛿t → 0) to finally ob-
tain 1 , ⋯, a± 0 , a± N , a− N ) = 0 $�$2 + 𝜋$�2)1(16�$3t2・exp (cid:110)−3iV0
(cid:2)(a+ N )2 − (a− N )2(cid:3) + ( mNmtN )V0(a+ N − a− (cid:111)
(cid:110)−(pa − 3V0a+ × exp (cid:110)−(pa − 3V0a− × exp 2mV0NmtN )2(
1 2$�2 − 3𝑖𝑉 016�2𝑡22𝑚𝑉 0𝑁𝑚𝑡𝑁)2(12�$2 + 3iV0 + 3V0A0 + 3V0A0 $�$4 + 9V
2 $�4 + 9𝑉 216�$2t2 (cid:111) (cid:111) (106) In the derivation process of the re-
duced density matrix (106), we do not introduce any approximation. Then the
diagonal element of the reduced density matrix becomes N = a− N = a) 𝜌(a,
tN ) = (cid:110) −(a− 4𝜋patN 3 𝜋mNmt2 16$�$2t2 0 $�$2 + 𝜋$�2)1(16�3𝑡2𝑁 −
𝐴0)2(𝑐𝑖𝑑 ∶ 111)𝑇 ℎ𝑒𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑜𝑓𝐸𝑞.(12)𝑔𝑖𝑣𝑒𝑠𝑟𝑖𝑠𝑒𝑡𝑜𝑡ℎ𝑒𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡2�$2
= A0NmV 2 (107) (108) Variations in the diagonal element are shown in Fig.
22. From this figure, we can see that the classical trajectory is consistent with
the evolution of the wave packet. Figure 23 [Figure 23: see original paper] shows
that the coherence and the Gibbs entropy monotonically increase with time.

Figure 24 [Figure 24: see original paper] shows that the bigger the universe is,
the bigger the coherence is. Therefore in the conformal time coordinate, the non-
relativistic particles dominated quantum the absolute quantum fluctuation as
(cid:52)a = ($�2/2+8�$2t2 universe also can not decohere to a classical universe.
From Eq. (107), one can obtain 0 $�$2)1/2. Thus the trend of the variations in
the absolute quantum fluctuation are the same with that in Fig 19.

N /9V 2 However, Fig. 25 [Figure 25: see original paper] shows that the relative
quantum fluctuation monotonically decreases with time. And the variation rate
of the relative quantum fluctuation gradually becomes slower. Figure 26 [Figure
26: see original paper] shows that the larger absolute quantum fluctuations are
associated with the higher coherence.

To sum up, we have studied the evolution of the heat radiation or the non-
relativistic particle dominated universe both in the proper time coordinate and
in the conformal time coordinate. In different cases, the classical trajectory of
the universe is consistent with the evolution of the wave packet. The coherence
increases with time, thus the quantum universe can not decohere to a classical
one. Comparing Fig. 4, Fig. 6, Fig. 11, Fig. 13, Fig. 17, Fig. 19 and
Fig. 23, we find that in different cases, the variations of the absolute quantum
fluctuation and the Gibbs entropy have the similar trend with the variations of
the coherence. This is the characteristic of the evolution of the Gaussian-like
quantum state. All these quantities are monotonically increase with time in
different scenarios. In the conformal time coordinate, we have not introduced
any approximation. Thus the results in conformal time coordinate are exact.

Figure 23: Variations in the (a) coherence and (b) Gibbs entropy as functions
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of the time variable.

The parameters are taken as: V0 = 1, A0 = 1, mNm = 10.

Figure 24: Variations in the coherence versus the average value of the scale
factor (cid:104)a(cid:105). The parameters are taken as: V0 = 1, A0 = 1, mNm
= 10. (a)(b)

Figure 25: Variations in the relative quantum fluctuation. The horizontal and
vertical axes represent the time variable and relative fluctuation, respectively.
The parameters are taken as: V0 = 1, A0 = 1, mNm = 10.

Figure 26: Variations in the quantum fluctuation versus the coherence. The
horizontal axis represents the coherence. The parameters are taken as: 𝛼 = 1,
V0 = 1, A0 = 1, mNm = 10.

7 Dark energy dominated evolution of the quantum
universe We have not yet quite understood the nature of the dark energy. One
way to describe the dark energy is the cosmological constant. The action of
the dark energy can be characterized by [11] SΛ = − (cid:90) (109) where Λ
represents the cosmological constant. In this work, we constrain that Λ > 0.

If the metric of the flat FRW spacetime is defined by (13), then the Hamiltonian
of the dark energy is given by Again, the total Hamiltonian Htot = Hg + HΛ
has the global scaling symmetry. The V0N a3. (110) coordinate volume V0
can be viewed as a global scaling factor. Thus the actual value of V0 is not
important.

The dark energy is a specific type of (or a class of) matter, one can represent it
by the cosmological constant. The only possible observable degree of freedom
of the total system considered here is the scale factor.

In the proper time coordinate or the conformal time coordinate, it is not con-
venient to study the evolution of the dark energy dominated quantum universe
by the way of the path integral. One often uses the gauge condition N = 1/a
[32,37], then the metric (13) becomes ds2 = a2 dt2 − a2(dx2 + dy2 + dz2).

Introducing q = a2, then the metric (111) becomes [32, 37] ds2 = dt2 − q(dx2
+ dy2 + dz2).

The Hamiltonian of the spacetime and the dark energy are then given as Hg =
− ˙q2 = − (111) (112) (113) (114) In Eq. (113), 𝜋q represents the conjugate
momentum of the canonical variable q, 𝜋q = − (115) Observing the Hamilto-
nian operator (113) and (114), the whole system is similar to the case (101)
discussed in the Sec. 6.2. We can use the same method as the Sec. 6.2 to solve
it. Assuming that the initial state of the spacetime is given by 0 , q− 0 ) =
(𝜋$�2)1𝑒𝑥𝑝(𝑐𝑖𝑑 ∶ 8)−𝑖𝑝𝑞(𝑞+0−𝑞−(116)(𝑐𝑖𝑑 ∶ 0)(𝑞+0−𝑄0)2+(𝑞−0−𝑄0)2(𝑐𝑖𝑑 ∶
1)(𝑐𝑖𝑑 ∶ 9), 𝑤ℎ𝑒𝑟𝑒𝑄0 = 𝑇 𝑟(𝑞�$(0)) represents the average value of the scale fac-
tor q at the initial time. According to (114), Q0 being equal to zero means that
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the Hamiltonian of the dark energy is zero.

In order to ensure the Hamiltonian of the dark energy to be non-zero, we set
Q0 as a finite positive value. The condition (12) gives rise to 2$�$2 ) = Noted
that q ≥ 0, or equivalently to say, when q ≤ 0, all elements of the density V0Q0.
(117) matrix are equal to zero at any time. We can choose the parameters to
ensure that (cid:104)q+ N (cid:105) = 0 while q ≤ 0. In this case, the condition
q ≥ 0 is not important thus can be neglected. Then q can take values from
−∞ to +∞. This can simplify our N |𝜌(tN )|q− analysis. Using the same
method as in the Sec. 6.2, one can obtain N , q− N ) =N ・exp (cid:2)(q−
(cid:110) 3iV0 32𝜋tN (cid:110)−(pq − 3V0q+ 16𝜋tN N )2 − (q+ N )2(cid:3) +
( 16𝜋tN 16𝜋 )2( 1 2$�2 − 3𝑖𝑉 032�𝑡𝑁 + 𝑉 0�𝑡𝑁 · 𝑒𝑥𝑝(𝑐𝑖𝑑 ∶ 110) − (𝑝𝑞 − 3𝑉 0𝑞 −
16�𝑡𝑁 · 𝑒𝑥𝑝 + 𝑉 0�𝑡𝑁16�$ )2( 1 2$�2 + 3𝑖𝑉 032�𝑡𝑁 + 3𝑉 0𝑄016�𝑡𝑁 + 3𝑉 0𝑄016�$tN
$�4 + 9𝑉 2162�$2t2 $�4 + 9𝑉 2162�$2t2 The diagonal element is (q+ N = q− N =
q) (cid:110) −(q− 𝜌(q, tN ) = N −Q0)2 16𝜋pq tN 162$�2𝑡2(𝑐𝑖𝑑 ∶ 111)(162�$3t2 0
$�$2 + 𝜋$�$2) 1 )V0(q+ N − q− (cid:111) (cid:111) (cid:111) (118) (119) Figure
27 [Figure 27: see original paper]: Variations in the probability distribution of
the scale factor. The horizontal and vertical axes represent the scale factor (q)
and time variable, respectively. The black curve shows the evolution for the
classical trajectory of the universe. The parameters are taken as: 𝛼 = 0.5, V0
= 40, Q0 = 1, Λ = 5.

Figure 28 [Figure 28: see original paper]: Variations in the (a) coherence and
(b) Gibbs entropy as functions of the time variable.

The parameters are taken as: V0 = 40, Q0 = 1, Λ = 5.

Figure 29 [Figure 29: see original paper]: Variations in the coherence versus the
average value of the scale factor (cid:104)q(cid:105). The parameters are taken
as: V0 = 40, Q0 = 1, Λ = 5.

Figure 30 [Figure 30: see original paper]: Variations in the relative quantum
fluctuation. The horizontal and vertical axes represent the time variable and
relative fluctuation, respectively. The parameters are taken as: V0 = 40, Q0 =
1, Λ = 5.

Figure 31 [Figure 31: see original paper]: Variations in the quantum fluctua-
tion versus the coherence. The horizontal axis represents the coherence. The
parameters are taken as: 𝛼 = 0.5, V0 = 40, Q0 = 1, Λ = 5.

The evolution of the probability distribution is shown in Fig. 27.

In this figure, different colors represent different values of the probabilities. The
black curve represents the classical evolution trajectory of the universe driven
by the dark energy. Figure 27 shows that the classical trajectory of the universe
is consistent with the evolution of the wave packet. We point out that although
the range of the horizontal axis of Fig. 27 is from -2 to 8, we can see from Fig.
27 that 𝜌(q, t) = 0 when q < 0. Thus Fig. 27 is consistent with the condition
q ≥ 0. Figure 28 shows the variation of the coherence and the Gibbs entropy.
From this figure, we can see that the coherence monotonically coherence is. The
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absolute quantum fluctuation still is (cid:52)a = ($�2/2 + 8�$2t2 increases with
time. Figure 29 shows that the bigger the universe is, the bigger the 0 $�$2)1/2.

It increases with time. Thus the variation of the Gibbs entropy and the absolute
N /9V 2 quantum fluctuation has the similar trend with the variation of the
coherence. Figure 30 shows that the relative quantum fluctuation decreases
with time. Figure 31 shows that the larger absolute quantum fluctuations are
associated with the higher coherence.

In [11], Maeda used the Schr¨odinger equation (2) to study the evolution of the
quantum universe as driven by a cosmological constant. Maeda shown that the
classical trajectory of the universe is consistent with the evolution of the wave
packet. Thus a small quantum universe can evolve to a bigger one. This is
consistent with our results.

Both results show that the cosmological constant does not give rise to the de-
coherence of the universe. We point out that if the matter field has infinity
degrees of freedom, it is difficult to solve the Schr¨odinger equation (2). Thus
the method in [11] is not suitable to study the quantum evolution of the heat
radiation dominated universe. However, the method presented in this work can
deal with more complicated scenarios.

8 Quantum transition of the flat FRW universe
Many studies have considered quantum tunneling in a compact (k = 1) universe
[32–35, 83–88]; yet, these results can be controversial. Different methods can
give various results. For example, the results from the Euclidean path integral
can differ from those from the Lorentzian path integral. The Lorentzian path
integral quantum cosmology gives various results under differing conditions [32,
36] (for example, selecting different integral domains related to the lapse func-
tion).

Recently, researchers have realized that the Euclidean path integral may miss
some important information [17, 32, 37]. Thus, we use the closed real-time path
integral to study quantum transitions of the universe. We fix the lapse function
using the gauge condition (such as N = 1). Therefore, the lapse function as a
Lagrangian multiplier is not an integral variable (ADM quantization [89]). Such
a treatment is often used in quantum cosmology [8, 11, 83–85, 90, 91].

One can study the transition probability of the quantum universe by setting
the initial state as a wave packet. For a heat radiation dominated universe,
assuming the initial state is described by Eq. (69), the transition probability of
the universe from the initial state to the final state |a, tN = 1(cid:105) (without
loss of generality, we fixed tN = 1) is 𝜌(a, $�0) = 𝑁(𝑐𝑖𝑑 ∶ 0)110𝑉 2(𝑐𝑖𝑑 ∶ 1)10 −
128�$2p2 (cid:1)2 0 − 2p2 5 $�$2V 2 −(cid:0)pa − $�2𝑉 0�415𝑎2 − 3𝑉 0𝑎20 −
2𝑝20 − 128�$2p2 5 $�$2V 2 10V 2 (cid:110) × exp (120) (cid:111) Substituting
Eqs. (72) and (75) into Eq. (73) and setting tN = 1 in (73) transforms Eq. (73)
into Eq. (120).
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Equations (120) can be diagrammatically presented by Fig. 32 [Figure 32: see
original paper]. In this figure, the different colors represent various transition
probabilities, and the green curve represents Figure 32: Variations in the tran-
sition probability. The horizontal axis represents the parameter $�$0, and the
vertical axis represents the scale factor a. The different colors represent various
transition probabilities, and the green curve represents the average of the scale
factor. The parameters are fixed as pa = 1 and V0 = 50. the average of the
scale factor a in time tN = 1. Our discussions in Sec. 4, indicate that $�$0
� T0 (initial temperature of heat bath). Thus, Fig. 32 shows the influence of
the temperature on the transition probability. As $�$0 increases, the average
value of the scale factor (denoted by (cid:104)a(cid:105)tN =1) monotonically
increases. This indicates that under higher temperatures, a small quantum
universe has a higher chance of a transition to a bigger universe. Figure 32
shows that (cid:104)a(cid:105)tN =1 � $�$0. Recalling that in the classical
FRW (k = 0 and N = 1) universe, the relation between the scale factor and
$�0𝑖𝑠𝑎(𝑡) = (32�3/90)1/4�$0 Fig. 32 is consistent with the classical result. t,
thus a(t = 1) � $�$0. Therefore, the conclusion obtained from We introduce the
function G(u, $�$0) � (cid:82) ∞ u 𝜌(a, $�$0)da based on Eq. (120). The G(u,
$�$0) represents the total transition probability of the universe to a big universe
from the initial state of Eq. (69). It is difficult to obtain an analytic form of
G(u, $�$0).

Thus, the numerical calculation results of G(u, $�$0) are shown in Fig. 33
Figure 33: see original paper, which shows that G(u, $�$0) → 1 as $�$0 increases.
Therefore, as the initial temperature of the radiation increases, the transition
probability of the universe from the initial state of Eq. (69) to a bigger universe
increases. When $�$0 is enough high, G(u, $�$0) → 1.

In [92], Linde studied the thermal scalar field induced tunneling of the quan-
tum uni- verse. He showed that the tunneling probability is P (𝜙) � N ・
exp{−6.34𝜙/(T 𝜆)} [92].

The 𝜙 and T represent the scalar field and temperature, respectively, and 𝜆
is the coeffi- Figure 33: The left figure represents the total probability of the
universe with a scale factor a ≥ u, where the horizontal axis is the parameter
$�$0 and the vertical axis represents the total probability of the universe with a
≥ u. The parameters are fixed as pa = 1 and V0 = 50.

The right figure represents the total probability to create a universe with 𝜙
≥ 𝜙c, where the horizontal axis is the temperature and the vertical axis is
the function K(𝜙c, T ). The coefficient 𝜆 is fixed as 𝜆 = 1. cient of the
$�4𝑡𝑒𝑟𝑚𝑖𝑛𝑡ℎ𝑒𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑖𝑎𝑛𝑜𝑓𝑡ℎ𝑒𝑠𝑐𝑎𝑙𝑎𝑟𝑒𝑙𝑑.𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑤𝑒𝑑𝑒𝑛𝑒𝐾(�$c, T ) � (cid:82)
∞ P (𝜙)d𝜙. The meaning of the function K(𝜙c, T ) is the total probability to
create a universe with 𝜙 ≥ 𝜙c. The 𝜙c is a real positive number and can be
arbitrarily fixed with- out loss of generality. One can easily prove that K(𝜙c, T
) = N・exp{−6.34𝜙c/(T As shown in Fig. 33(b), K(𝜙c, T ) increases (up to the
upper limit 1) with tempera- ture T . This indicates that a greater temperature
increases the chances of creating an universe. Our results are consistent with
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those obtained by Linde to a certain extent.

In this section we showed that as the radiation temperature increases, it is
easier for a small universe to have a transition to a bigger one. We note that
the probability of Eq. (120) may not be simply viewed as the chance of the
universe tunneling from “nothing.”This is also different from the meaning of
the Hartle–Hawking wave function.

Equation (120) corresponds to the evolution of the initial wave packet in Eq.
(69). This represents a spacetime structure with the fluctuations of the scale
factor give by 𝛼.

That is, the current results give the transition probability from a small and
highly fluctuating spacetime to a larger universe with a definite scale factor.

9 Conclusions and discussions
In this work, we non-perturbatively studied the evolution of the quantum uni-
verse through the closed real-time path integral. The basic equation of this
work is the Liouville–von Neumann expression in Eq. (3). The time variable t
in Eqs. (3) and (10) can be interpreted as the dust field. By introducing the
dust field as the clock, Brown and Kuchaˇr transformed the Wheeler–DeWitt
equation into the form of Schr¨odinger’s equation [6, 7]. This model may help
resolve the problem of time in quantum gravity and quantum cosmology. The
average value of the Hamiltonian operator for the dust field is usually not equal
to zero. This means that the clock can influence the evolution of the universe.
However, in any formal physical theory, the clock does have not any influence
on the evolution of the related system. We introduce the condition of Eq. (12)
to eliminate the influence of the clock. The physical meaning of the condition in
Eq. (12) is the average value of the Hamiltonian operator of the clock is set to
zero. In this work, the impact of this condition on the evolution of the quantum
universe is not strong.

There are several parameters in our model, and the effect of the condition in
Eq. (12) is to eliminate one of the independent parameters.

We derived the Hamiltonian operator for the massless real scalar field in the flat
FRW spacetime. Our method is similar to that in [69]. However, the derivation
in [69] is only correct in the de-Sitter spacetime. Our derivation is exact for
more general situations. We proved the form of the Hamiltonian operator of Eq.
(41) in some special FRW spacetimes. We used some rationales to infer that
the Hamiltonian operator of Eq. (41) should be reasonable in any kind of FRW
(k = 0) spacetime. Thus, Eq. (41) can be used to study the quantum universe.
In the Hamiltonian operator of Eq. (41), we neglected the cosmological particle
production and the vacuum energy. For some ex- tremal situations where the
cosmological particle production is important, the operator of Eq. (41) is not
valid.

For the flat FRW universe, there is a divergence problem as space is not compact.
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This divergence can be attributed to the coordinate volume V0. We illustrate
that the coordinate volume can be viewed as a global conformal factor that
can be eliminated from all equations. Thus, the value of the coordinate volume
V0 does not influence the results, and the divergence problem related to the
coordinate volume can be solved.

However, to clearly show that the total system has a global scaling symmetry,
we still retain V0 in our formulas.

Based on Eq. (3), by setting the initial state of spacetime as a Gaussian
wave packet, we studied the evolution of the universe in the cases where the
environments are heat radiation, non-relativistic matter and dark energy, re-
spectively. Regardless of the mat- ter form, we find that the average value
(cid:104)a(cid:105) of the scale factor increases with time in both the proper
time coordinate and the conformal time coordinate. The evolution for the quan-
tum universe described by the wave packet is always consistent with the clas-
sical evolution trajectory of the universe described by the scale factor. This
indicates that the universe can grow from the initial state. We also find that
the coherence, the absolute quantum fluctuation and the Gibbs entropy all in-
crease with time. However, the relative quantum fluctuation decreases with
time. Smaller relative quantum fluctu- ations show the characteristics of the
evolution of the Gaussian-like quantum state. For Gaussian distribution, the
relative fluctuations are small since the distribution decays exponentially fast.
This leads to the smaller relative fluctuations. Therefore, one can use the aver-
age or expectation values and the second order fluctuations to characterize the
whole system. On the other hand, if the evolution follows other distributions
such as streched exponential or power law, the tail part of the distribution can
be fatty and the rare fluctuation events can become important. In such cases,
the relative fluctu- ations are not small but significant. The average or expecta-
tion values can no longer be representative. The whole statistical distribution
is necessary to characterize the system dynamics.

We show that the larger absolute quantum fluctuations are associated with the
higher coherence. The variations in the absolute quantum fluctuation and the
Gibbs entropy are consistent with the variations in the coherence. The coher-
ence increases with time which indicates that the bigger universe still maintains
important quantum natures in our model. For the radiation dominated uni-
verse, the higher initial tempera- ture corresponds to more rapid variations of
these quantities. We show that for a given size of the radiation dominated
universe, the lower temperature corresponds to a more quantum universe. In
the proper time coordinate, in order to obtain these results, we introduced cer-
tain approximations. However, in the conformal time coordinate, without any
approximation, we obtained the same results. Therefore, our results are reason-
ably reliable. If we think that the spacetime of the observed universe today is
classical and quantum in the very early times, then our work shows that more
complicated models maybe needed to describe the decoherence process.

We also studied the transition of the quantum universe in the case where the
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initial state of the spacetime is a Gaussian wave packet. We find that as the
temperature of the bath increases, the transition probability of the universe to
a bigger one increases.

In addition, for any massless field (no self-interaction) minimally coupled to
the flat FRW spacetime, it appears reasonable to think that the Hamiltonian
operator of the field has a similar structure to Eq. (41). That is, the Hamiltonian
should be equal to the red shift factor times the sum of all quanta energies
(neglecting the vacuum energy and cosmological particle production. For the
scalar field, the summation is carried out to the momentum. And for other
fields, the summation should also include all the internal degrees of freedom. ).
Then, using the same method with that in Sec. 4, one can show that in the
proper time coordinate any massless field minimally coupled to the flat FRW
spacetime can generally lead to non-Markovian dynamics.
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A Derivation for Hamiltonian operator in Eq. (38) According to the definition
of the function gk(t) (Eq. (28)), one easily obtains k(t)gk(t) − ˙gk(t)g∗
C −1(t)t (cid:110) (kt)𝜕tH(2) 𝜈 (kt) (cid:111) = (2𝜋)−3 ・− H(2)∗ 𝜈
(kt)𝜕tH(2)∗ (121) where 𝜈 is a real number. Substituting the Wronskian
determinant of (cid:110) 𝜈 (z)𝜕zH(2)∗ (z) − H(2)∗ (z)𝜕zH(2) 𝜈 (z) (cid:111)
(122) into Eq. (121) gives k(t)gk(t) − ˙gk(t)g∗ k(t) = i(2𝜋)−3C −1(t). (123)
Substituting Eqs. (24) and (28) into Eq. (22) provides (cid:88) (cid:88)
(cid:110) a(cid:126)ka (cid:126)k(cid:48) ˙gk(t) ˙gk(cid:48)(t)ei(cid:126)k・
(cid:126)xei (cid:126)k(cid:48)・(cid:126)x (cid:126)k(cid:48) (cid:126)k
k(cid:48)(t)e−i(cid:126)k・(cid:126)xe−i (cid:126)k(cid:48)・(cid:126)x k(t)
˙g∗ (cid:126)k(cid:48) ˙g∗ (cid:126)k k(cid:48)(t)ei(cid:126)k・(cid:126)xe−i
(cid:126)k(cid:48)・(cid:126)x + a(cid:126)ka† (cid:126)k(cid:48) ˙gk(t) ˙g∗
k(t) ˙gk(cid:48)(t)e−i(cid:126)k・(cid:126)xei (cid:126)k(cid:48)・(cid:126)x a
(cid:126)k(cid:48) ˙g∗ (cid:126)k − a(cid:126)ka (cid:126)k(cid:48)((cid:126)k ・
(cid:126)k(cid:48))gk(t)gk(cid:48)(t)ei(cid:126)k・(cid:126)xei (cid:126)k(cid:48)・
(cid:126)x (cid:126)k(cid:48)((cid:126)k ・(cid:126)k(cid:48))g∗ k(t)g∗
(cid:126)k (cid:126)k(cid:48)((cid:126)k ・(cid:126)k(cid:48))gk(t)g∗ +
a(cid:126)ka† a (cid:126)k(cid:48)((cid:126)k ・(cid:126)k(cid:48))g∗ (cid:126)k
k(cid:48)(t)e−i(cid:126)k・(cid:126)xe−i (cid:126)k(cid:48)・(cid:126)x
k(cid:48)(t)ei(cid:126)k・(cid:126)xe−i (cid:126)k(cid:48)・(cid:126)x k(t)gk(cid:48)(t)e−i(cid:126)k・
(cid:126)xei (cid:126)k(cid:48)・(cid:126)x(cid:111) Thus, the Hamilto-
nian operator is H𝜙(t) = (cid:90) dx3H𝜙 (2𝜋)3C(t) (cid:88) (cid:110)
a(cid:126)ka−(cid:126)k (cid:2)(cid:0) ˙gk(t)(cid:1)2 + (cid:126)k2(cid:0)gk(t)(cid:1)2(cid:3)
(cid:126)k (cid:2)(cid:0) ˙g∗ (cid:126)k −(cid:126)k (cid:2) ˙gk(t) ˙g∗ a(cid:126)k
(cid:126)k (cid:2) ˙gk(t) ˙g∗ + a(cid:126)ka† (cid:126)k k(t)(cid:1)2 +
(cid:126)k2(cid:0)g∗ k(t)(cid:1)2(cid:3) k(t) + (cid:126)k2gk(t)g∗ k(t) +
(cid:126)k2gk(t)g∗ k(t)(cid:3) k(t)(cid:3)(cid:111) (124) (125) Introduc-
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ing the definitions for 𝜖k(t), (cid:52)k(t), and 𝜔k(t) (see Eqs. (31),
(32), and (33)) gives the Hamiltonian operator of Eq. (125) as H𝜙(t) =
(cid:88) (cid:8)𝜖k(t)(a† (cid:126)k a(cid:126)k + a(cid:126)ka† (cid:126)k ) +
(cid:52)k(t)a(cid:126)ka−(cid:126)k (cid:126)k + (cid:52)∗ k(t)a† −(cid:126)k
(cid:9). (cid:126)k Starting from the definition of Eq. (33), we have
k(t) = $�2𝑘(𝑡) − (𝑐𝑖𝑑 ∶ 52) ∗ 𝑘(𝑡)(𝑐𝑖𝑑 ∶ 52)𝑘(𝑡) = −(2�)6𝐶2(𝑡)(𝑐𝑖𝑑 ∶
126)𝑘2(𝑐𝑖𝑑 ∶ 0)˙𝑔∗ = (𝑐𝑖𝑑 ∶ 126)𝑘2.𝑘(𝑡)𝑔𝑘(𝑡) − ˙𝑔𝑘(𝑡)𝑔 ∗ 𝑘(𝑡)(𝑐𝑖𝑑 ∶
1)2(126)(127)𝑈𝑠𝑖𝑛𝑔𝑡ℎ𝑒𝑠𝑒𝑑𝑒𝑛𝑖𝑡𝑖𝑜𝑛𝑠𝑢𝑘(𝑡), 𝑣𝑘(𝑡), 𝐴(𝑐𝑖𝑑 ∶ 126)𝑘(𝑡), 𝑎𝑛𝑑𝐴 † (𝑐𝑖𝑑 ∶
126)𝑘(𝑡)(𝑠𝑒𝑒𝐸𝑞𝑠.(34), (35), (36), 𝑎𝑛𝑑(37)), 𝑎𝑛𝑑𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑𝑤𝑖𝑡ℎ𝐸𝑞.(127)𝑔𝑖𝑣𝑒𝑠𝑡ℎ𝑒𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑜𝑓𝐸𝑞.(126)𝑖𝑛𝑎𝑚𝑜𝑟𝑒𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑓𝑜𝑟𝑚[69]𝐻�$(t)
= (cid:88) (cid:126)k |(cid:126)k|(cid:8)A† (cid:126)k (t)A(cid:126)k(t) +
A(cid:126)k(t)A† (cid:126)k (t)(cid:9).

In addition, one can prove that [69] (cid:2)A (cid:126)k1 (t1), A† (cid:126)k2
(t2)(cid:3) =(cid:0)uk1(t1)u∗ k1(t2) − vk1(t1)v∗ k1(t2)(cid:1) × $�$3(
(cid:126)k1 − (cid:126)k2). (128) (129) Substituting Eqs. (129) into (128)
provides the Hamiltonian operator of Eq. (38).

B Derivation for the influence functional IrN The influence functional of Eq.
(53) can be written as IrN =Tr𝜙 (cid:110) exp(cid:8)i𝛿t (cid:88) (cid:2) ˆH𝜙(a−
− ˆH𝜙(a+ (cid:111) n )(cid:3)(cid:9)𝜌𝜙(0) (130) Substituting Eqs. (53) and
(56) into Eq. (130) allows writting the influence functional of Eq. (130) as
IrN = Tr𝜙 (cid:110) exp(cid:2)i𝛿t (cid:88) (cid:88) (cid:126)k |(cid:126)k|A†
(cid:126)k A(cid:126)k( (cid:89) Akj )(cid:0)1 − exp( )(cid:1)(cid:111) Thus,
Here, IrN =Tr𝜙 (cid:110) (cid:89) exp(cid:8)(cid:2) − (cid:126)k − i𝛿t (cid:88)
)(cid:3)|(cid:126)k|A† (cid:126)k A(cid:126)k (cid:9)(cid:111) (cid:89) (1 − e−
(cid:126)k (cid:126)k )(cid:3) (131) (132) (133) is a parameter that is indepen-
dent with the variables (a± N ). therefore, it does not impact the properties of
the reduced density matrix of Eq. (52) and can be absorbed into the normaliza-
tion constant N . 1 , ・・・, a± 0 , a± In the particle number representation, the
influence functional can be written as IrN = (cid:88) (cid:89) (cid:110)(cid:2)
− n1,⋯,nk,⋯(cid:126)k − i𝛿t (cid:88) (cid:111) )(cid:3)|(cid:126)k|nk (cid:89)
1 − exp (cid:126)k (cid:110)(cid:2) − 1 − i𝛿t (cid:80)N n=1( 1 (cid:111).
)(cid:3)|(cid:126)k| (134) Here, nk represents the particle number with mo-
mentum (cid:126)k. Equation (134) gives ln IrN = − (cid:88) (cid:110) 1 −
exp(cid:8)(cid:2) − (cid:126)k − i𝛿t (cid:88) )(cid:3)|(cid:126)k|(cid:9)(cid:111)
Taking the continuous limit and integrating over the momentum (cid:126)k indi-
cates ln IrN = − (cid:90) (2𝜋)3 ・d(cid:126)k3 ln (cid:110) 1 − exp(cid:8)(cid:2)
− − i𝛿t (cid:88) )(cid:3)|(cid:126)k|(cid:9)(cid:111) (cid:0)1 + i$�0�$t (cid:80)N
n=1( 1 )(cid:1)3 .

Thus, one can easily obtain the influence functional in Eq. (58).
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