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Abstract
We present the physical design and systematic optimization of a high-
performance storage ring tailored for the generation of high-power coherent
radiation, with particular emphasis on the extreme ultraviolet (EUV) regime.
The proposed ring adopts a Double Bend Achromat (DBA) lattice configu-
ration and integrates 12 superconducting wigglers to significantly enhance
radiation damping and minimize the natural emittance. And a bypass line
is adopted to generate high power coherent radiation. Comprehensive linear
and nonlinear beam dynamics analyses have been conducted to ensure beam
stability and robustness across the operational parameter space. The opti-
mized design achieves a natural emittance of approximately 0.8 nm and a
transverse damping time of around 1.46 ms, enabling the efficient buildup of
coherent radiation. Three-dimensional numerical simulations, incorporating
the previously proposed angular dispersion-induced microbunching (ADM)
mechanism, further confirm the system’s capability to generate high-power
EUV coherent radiation, with output powers reaching the order of several
hundred watts. These results underscore the strong potential of the proposed
design for applications in coherent photon science and EUV lithography.
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Wang,3, 4, 5 Qing-lei Zhang,3 Wei-shi Wan,6 Wei-jie Fan,1 Jun-hao Liu,2 Rui-
chun Li,1 Yan-xu Wang,4, 5 Kong-long Wu,1 Ji Li,1, † and Chao Feng3, ‡
1Zhangjiang Laboratory, Shanghai 201210, China 2School of Physical Science
and Technology, ShanghaiTech University, Shanghai 201210, China 3Shanghai
Advanced Research Institute, Shanghai 201210, China 4Shanghai Institute of
Applied Physics, Chinese Academy of Sciences, Shanghai 201800, China 5Univer-
sity of Chinese Academy of Sciences, Beijing 100049, China 6Quantum Science
Center of Guangdong-Hong Kong-Macao Greater Bay Area, Shenzhen 518045,
China We present the physical design and systematic optimization of a high-
performance storage ring tailored for the generation of high-power coherent
radiation, with particular emphasis on the extreme ultraviolet (EUV) regime.

The proposed ring adopts a Double Bend Achromat (DBA) lattice configuration
and integrates 12 supercon- ducting wigglers to significantly enhance radiation
damping and minimize the natural emittance. And a bypass line is adopted to
generate high power coherent radiation. Comprehensive linear and nonlinear
beam dynamics analyses have been conducted to ensure beam stability and
robustness across the operational parameter space.

The optimized design achieves a natural emittance of approximately 0.8 nm and
a transverse damping time of around 1.46 ms, enabling the efficient buildup of
coherent radiation. Three-dimensional numerical simulations, incorporating the
previously proposed angular dispersion-induced microbunching (ADM) mecha-
nism, further confirm the system’s capability to generate high-power EUV
coherent radiation, with output powers reaching the order of several hundred
watts. These results underscore the strong potential of the proposed design for
applications in coherent photon science and EUV lithography.

Keywords: storage ring, lattice design, beam dynamics, angular disperison-
induced microbunching.

INTRODUCTION
Accelerator-based light sources can be broadly categorized into synchrotron ra-
diation sources based on storage rings and free-electron lasers (FELs) driven by
linear accelerators.

FELs provide ultrashort pulses, high peak power, and access to short wave-
lengths, making them indispensable for time- resolved and high-field experi-
ments. However, their repeti- tion rate is typically limited to the range of
100 Hz to 100 kHz due to constraints from the electron gun and RF system,
thereby limiting average brightness and photon flux. Fur- thermore, FELs of-
ten require strong bunch compression to achieve high peak currents, resulting
in broad spectral band- widths that are not well suited for experiments demand-
ing high energy resolution, such as high resolution (�0.1 meV) angle-resolved
photoemission spectroscopy (ARPES) [1].

In contrast, storage rings inherently operate at high repe- tition rates with
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relatively long and stable electron bunches.

Combining the advantages of FELs and storage rings offers a promising path to
a high repetition rate, coherent light source with enhanced average power and
energy resolution. Al- though Self-Amplified Spontaneous Emission (SASE)-
based storage ring FELs [2–9] have been investigated, their per- formance is
fundamentally constrained by the relatively large energy spread of the stored
beam. Achieving sufficient ra- diation power under these conditions requires
long undula- tor sections, which significantly increase the overall size and ∗
Supported by Shanghai Municipal science and Technology Major Project † Cor-
responding author, Ji Li, liji@zjlab.ac.cn ‡ Corresponding author, Chao Feng,
fengc@sari.ac.cn construction cost of the facility. To mitigate these limitations,
alternative schemes originally developed for FELs—such as coherent harmonic
generation (CHG) [10] and echo-enabled harmonic generation (EEHG) [11–16],
both relying on laser- based electron beam manipulation—have been proposed
for adaptation to storage-ring-based light sources. However, these methods typ-
ically introduce large energy modulations to the beam, resulting in degraded
beam quality and a sub- stantial reduction in usable repetition rate—thereby
compro- mising one of the fundamental advantages of storage rings.

To overcome these limitations and enable high-average- power, narrow-band,
fully coherent EUV radiation, several alternative approaches have been pro-
posed, including steady- state microbunching (SSMB) [17–23] proposed by Ts-
inghua University team and angular dispersion-induced microbunch- ing (ADM)
based storage ring light source [24–27] proposed In the SSMB by Shanghai
Synchrotron Radiation Facility. scheme, the laser modulator forms potential
buckets on the scale of the laser wavelength, serving a role analogous to that
of the radio-frequency (RF) cavity in conventional stor- age rings. Since the
laser wavelength is much shorter than that of the RF cavity, the laser-induced
potential well forms ultrashort electron bunches with high charge density. The
precision-tailored lattice ensures that the microbunches are stored in a steady
state within the storage ring. Once real- ized, this approach has the potential
to generate high-average- power, fully coherent radiation from the EUV to the
x-ray regime.

Another alternative approach is the ADM scheme for stor- age ring light sources,
which leverages the intrinsically small vertical emittance of the electron beam.
Ref. [27] proposes a scheme utilizing a storage ring equipped with a bypass line.

Fig. 1 [Figure 1: see original paper]. Schematic layout of storage ring light
source based on the angular dispersion-induced microbunching.

This configuration is the focus of this paper. Within the by- pass, microbunches
formed via transverse-longitudinal cou- pling generate high-harmonic coherent
radiation before com- pletely dissipating. Thus, the main storage ring remains
free of microbunches and functions essentially as a damping ring.

The layout of a fully coherent light source based on the ADM concept is illus-
trated in Fig. 1. An electron beam with ultra-low vertical emittance and high
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peak current from the storage ring is extracted into the bypass line, where it
forms microbunches and subsequently emits coherent EUV radia- tion. The ver-
tical emittance grows in the bypass; conse- quently, the beam is reinjected into
the storage ring. There, its quality is rapidly restored via strong synchrotron
radiation damping until it again meets the requirements of ADM, after which
it can be extracted to the bypass, thereby enabling a continuous process. A
decrease in bunch charge is compen- sated by the full-energy linac , ensuring
stable output power of the coherent EUV radiation.

Building upon the work in Ref. [27], we propose a new, practical, and robust
lattice design for the storage ring and bypass line. The remainder of this paper
is structured as fol- lows. Section II details the lattice design of the storage ring,
addressing both linear and non-linear beam dynamics. Sec- tion III is dedicated
to the lattice design of the bypass line.

The integration of these two components and an evaluation of the overall radi-
ation performance are presented thereafter.

Finally, Section IV provides a concise summary. II. STORAGE RING DESIGN
The project of a fully coherent storage-ring–based light source requires a stor-
age ring with high beam current, low emittance, and strong radiation damping
to deliver high- quality electron beams for the bypass line, thereby enabling
the generation of high-average-power EUV radiation. In the preliminary design
phase, a candidate lattice design was pro- posed in Ref. [27]. The initial config-
uration adopts an eight- period triple-bend achromat (TBA) scheme, in which
four TBA cells form a superperiod. The straight sections on both sides of each
superperiod are designed with high beta func- tions, while the inner straight
sections adopt a low-beta de- sign. Each low-beta straight section accommo-
dates an in- sertion device composed of three superconducting sandwich- type
damping wigglers, which serve to enhance the syn- chrotron radiation losses
and thereby significantly reduce the damping times. In total, the ring hosts 18
superconducting damping wigglers distributed across the lattice.

Toward the technical design stage, we present in this sec- tion a more practical
and robust storage ring lattice, aiming to address the aforementioned challenges
while preserving the performance goals for coherent radiation generation. One
of the key design objectives of this storage ring is to achieve a vertical damping
time shorter than 1.5 ms. This criterion fol- lows the design study by Jiang et
al. [27], where such a strong damping condition was identified as necessary for
sustaining stable high-average-power coherent EUV radiation.

In our scheme, beam modulation in the bypass line in- troduces emittance per-
turbations that must be effectively damped before the next radiation process.
A vertical damp- ing time on the order of 1.5 ms ensures sufficient recov- ery of
beam quality, thereby preventing cumulative emittance growth and maintaining
radiation stability. Another impor- tant objective is to realize a relatively low
natural emittance, as it directly determines the attainable single-pulse radiation
performance.
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Accordingly, the linear optics is optimized to achieve en- hanced damping effi-
ciency and minimized emittance, while the nonlinear optics is carefully designed
to provide adequate dynamic aperture and momentum acceptance. In the follow-
ing subsections, the linear optics design and nonlinear dy- namics are discussed
in detail.

A. Linear optics design The definition of vertical damping time: 𝜏y = 2 2𝜋 E4

0 I2 with C𝛾 = 4𝜋
where U0 = Cr (mec2)3 = 8.85 × 10−5 m GeV 2 , c is the speed of light in
free space, re is the clas- sical electron radius, me is the electron mass, 𝜌 is
the bending radius, E0 is the beam energy and I2 = (cid:72) 1 $�$2 ds. The
damp- ing time is primarily determined by the synchrotron radiation In high-
field damping wigglers, the bending radius losses. 𝜌 of the electron trajectory is
much smaller than that in the dipole magnets, leading to the radiation integral
I2 from the wigglers that is significantly larger than the contribution from the
dipoles. Consequently, increasing the fraction of damp- ing wigglers in the
lattice can effectively reduce the damping time. In addition, the equilibrium
emittance can be expressed $�0 = 𝐶𝑞𝑤ℎ𝑒𝑟𝑒(𝑐𝑖𝑑 ∶ 73)𝐻𝑥|�$|3 ds, jx � 1, Hx =
𝛾x$�2𝑥 + 2�𝑥�𝑥�$px + 𝛽x$�$2 with � the reduced Planck’s constant, 𝛾 where
Cq = 55 is the Lorentz factor, 𝛽x, 𝛼x, 𝛾x are the horizontal twiss func- tions,
𝜂x, 𝜂px are horizontal dispersion function and disper- sion slope function. The
equilibrium emittance is primarily determined by the ratio I5/I2.

In high-field damping wig- glers, the radiation integral I2 is much larger
than that in the dipole magnets. Since the radiation integral I5 contains
the dispersion-dependent function H, its contribution remains small (almost
unchanged) when the wigglers are located in dispersion-free regions. Therefore,
by installing a sufficient number of damping wigglers in the low-dispersion
sections of the storage ring, the emittance can also be effectively re- duced.

In summary, since one of the key design objectives is to achieve a vertical damp-
ing time below 1.5 ms, a large number of superconducting damping wigglers
are required to substan- tially enhance the contribution of I2. As these wig-
glers must be placed in dispersion-free straight sections with low beta functions,
their contribution to I5 can be can be effectively reduced but not necessarily ne-
glected, since it is also related to the wiggler period length. Therefore, both the
damping time and the equilibrium emittance of the storage ring are es- sentially
dominated by the superconducting wigglers. Based on this conclusion, our core
design strategy is to maximize the fraction of I2 contributed by the wigglers in
the storage ring.

Accordingly, the bare lattice only needs to emphasize com- pactness and robust-
ness, without being strictly constrained by emittance-oriented lattice structures.
Considering these requirements, a natural choice is to adopt the simple double-
bend achromat (DBA) lattice combined with superconducting wigglers, which
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maximize the contribution of the wigglers to strong damping effect while offering
a simple lattice structure and favorable nonlinear beam dynamics.

Furthermore, the storage ring must maintain a compact layout with the con-
sideration of damping performance and total cost, while simultaneously offer-
ing adequate straight sections for beam injection, extraction, and RF cavities.
In this design, we therefore adopt four straight sections. Based on this con-
sideration, several lattice configurations were studied, including DBA, DBA-
wiggler-DBA, DBA-wiggler- DBA-wiggler-DBA and DBA-wiggler-DBA-wiggler-
DBA- wiggler-DBA, where the wigglers are located in the straight sections
between DBA arcs. Using the beam parameters of the preliminary design
listed in Ref. [27], evaluations of both the damping times and the equilib-
rium emittance were carried out. Furthermore, taking into account the prac-
tical challenges in wiggler design and realization, each superconducting wig-
gler was assumed to have a length of 1.8 m and a peak mag- netic field of
6.5 T, which is a reasonable assumption. As a starting point, the theoretical
minimum emittance of a single DBA structure [28, 29] can be expressed as:
$�0, 𝐷𝐵𝐴, 𝑚𝑖𝑛 = 𝐶𝑞�2𝐼5, 𝐷𝐵𝐴𝑗𝑥𝐼2, 𝐷𝐵𝐴𝐶𝑞�2�$3.

During the initial stage of the design, Ref. [27] was taken as a primary reference,
where a beam energy of 1 GeV was adopted. Following this approach, the initial
beam energy in our study was likewise set to 1 GeV. To maximize the damping
effect, the magnetic field strength of dipole magnets were chosen to be 1.4 T
which operate at the higher feasible magnetic field strength, corresponding to
a bending radius of 𝜌DBA = 2.38 m. For the contribution of the damping
wig- glers, the emittance can be expressed as: $�0, 𝑤𝑖𝑔𝑔𝑙𝑒𝑟 = 𝐶𝑞�$2 I5w jxI2w
where the synchrotron radiation integrals for the wigglers, I2w and I5w, can be
simplified as:

I2w = (cid:90) Lw $�2𝑑𝑠 = (𝐵�)2(𝑐𝑖𝑑 ∶ 90)𝐿𝑤𝐵2𝑑𝑠 = (𝐵�)2 · 𝐼5𝑤 ≈
⟨�𝑥⟩𝐿𝑤𝑤ℎ𝑒𝑟𝑒𝐿𝑤𝑑𝑒𝑛𝑜𝑡𝑒𝑠𝑡ℎ𝑒𝑡𝑜𝑡𝑎𝑙𝑙𝑒𝑛𝑔𝑡ℎ𝑜𝑓𝑡ℎ𝑒𝑤𝑖𝑔𝑔𝑙𝑒𝑟, 𝐵�$ is the magnetic rigid-
ity, Bw is the peak magnetic field of the wig- gler, and 𝜌w is the minimum
bending radius of the electron trajectory inside the wiggler, since the local
bending radius varies sinusoidally along the wiggler. The wiggler wave num-
ber is given by kw = 2𝜋/𝜆w, with 𝜆w being the wiggler pe- riod length. The
quantity �𝛽x� represents the average horizon- tal beta function within the
wiggler, and in the present calcu- lation we set �𝛽x� = 1 m. In our survey,
the wiggler period was chosen to be 𝜆w = 130 mm. The wiggler synchrotron-
radiation integrals determined for this choice are I2w = 3.42 and I5w = 1.844
× 10−3. Consequently, the horizontal equi- librium emittance of the DBA
lattice combined with wigglers can be written as:

I5,DBA + I5w I2,DBA + I2w According to Eq. 8, the natural beam emittance is
not solely determined by the damping wiggler, but is governed by the combined
contributions of the DBA lattice and the damping wiggler through the radiation
integrals I2 and I5, in addition to the beam energy. The contribution of the
damping wiggler to the emittance can be effectively suppressed by placing it
in regions with low beta functions and dispersion, which signif- icantly reduces
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its contribution to I5. Moreover, by employ- ing a high-field damping wiggler
whose radiation integral I2 is much larger than that of the DBA lattice, the
overall beam emittance can be further reduced. According to the Eq. 1, the
vertical damping time of the wiggler can be written as: 𝜏y = 2 0 (I2w + I2,DBA)
Using Eqs. 8 and 9, we perform a estimate of the equilib- rium emittance and
the vertical damping time for several DBA–wiggler configurations. The results
are summarized in Table 1 . From the table, it can be seen that as the fraction
of the wiggler within a single superperiod increases, the damp- ing time can
be significantly reduced, and the emittance can also decrease. However, as the
wiggler fraction increases, the rate of emittance reduction gradually slows down,
while the associated costs continue to rise. Moreover, an excessive number of
DBA cells not only enlarges the ring circumfer- ence but may also leads to small
momentum compaction fac- tor, thereby affecting the momentum acceptance.
We there- fore selected the last combination. Based on this configura- tion,
we employed a thin-dipole model (Appendix A) to rep- resent the wiggler and
performed an overall optimization of its length, number of periods, and peak
field. The final design specifies a total wiggler length of 1.885 m, 14.5 periods,
a pe- riod length of 130 mm, and a peak magnetic field of 6.3135 T.

It is worth noting that such parameters are within the demon- strated capability
of existing superconducting wiggler tech- nology [30–32].

To ensure an undisturbed beam trajectory through the wig- gler and a zero
second field integral, the peak fields at the end poles are adjusted to 1.4837 T
and 4.6404 T . Unlike ideal wiggler models, which are inherently achromatic,
real wigglers have fields that start from zero, making them non- achromatic by
nature. Therefore, the adjustment of the end- pole fields must also ensure that
the wiggler as a whole re- mains achromatic.

Considering the trade-offs among damping time, Touschek lifetime, IBS effects,
emittance growth, radiation perfor- mance, and cost, a beam energy of 1.4 GeV
is selected as a compromise for the proposed compact storage ring design.

The final design adopts a superperiod structure composed of four DBA cells and
three superconducting wigglers, with four superperiods around the entire ring.
We then optimized the ring parameters with respect to emittance, damping
time, cir- cumference, working point, and momentum compaction fac- tor. Fig.
2 [Figure 2: see original paper] shows the 𝛽-functions and dispersion functions for
one quarter of the storage ring (corresponding to a single su- perperiod), clearly
illustrating the oscillations of the disper- sion within the wiggler sections. The
main ring parameters are summarized in Table 2 .

It is worth noting that, since this lattice extensively em- ploys superconducting
damping wigglers, the wiggler serves as a critical component of the lattice rather
than merely an in- sertion device. Therefore, during the lattice design process,
it is essential to fully account for the vertical focusing effect in- troduced by
the wiggler and the impact of its induced disper- sion on the emittance. We
first need to compute the electron trajectory inside the wiggler based on its
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three-dimensional field distribution. A series of thin dipole magnets are then
placed along this trajectory to ensure that they correctly re- produce the wiggler’
s vertical focusing effect, and to guar- antee that the transfer matrix derived
from this thin-dipole model matches the one obtained numerically from the 3D
field distribution. This approach allows us to design the lat- tice based on the
Courant-Snyder formalism [33] using a thin- dipole representation of the wig-
gler—a versatile and efficient method. Given that the wiggler is an s-dependent
3D mag- netic element, the thin-dipole model provides a sufficiently accurate
approximation, while the envelope method [29, 34] offers a more rigorous alter-
native. Thus, upon completion of the design, the envelope method should be
applied to verify its reliability.

Fig. 2. Beta and dispersion functions for one quarter of the ring.

Compared with the Courant–Snyder theory, the beam enve- lope method obtains
the required physical quantities by solv- ing the eigenvalues and eigenvectors. In
the present scheme, for the wiggler with a complex three-dimensional magnetic
field, numerical tracking can be employed instead of relying on transfer matri-
ces. Moreover, this method is capable of han- dling complicated coupled optics
problems. First, the beam Table 1. Estimated beam parameters for different
DBA-wiggler configurations.

Emittance(nmrad) DBA-wig-DBA DBA-wig-DBA-wig-DBA DBA-wig-DBA-
wig-DBA-wig-DBA 𝜏y(ms) Table 2. Ring parameters adopted in simulations.
our numerical modeling.

Beam energy (MeV) Circumference (m) Tune (x/y) Horizontal emittance (nm・
rad) Energy spread Energy loss per turn (MeV) Damping time (x/y/s) (ms) RF
frequency (MHz) RF voltage (MV) Harmonic number Bunch charge (nC) num-
ber of bunches Bunch length (mm) Beam current (A) Peak current (A) Coupling
ratio Touschek lifetime (h) 19.14/9.23 0.123% 1.46/1.46/0.73 envelope method
are applied to determine the critical physi- cal parameters of the storage-ring
light source equipped with high-field superconducting wigglers. The detailed
derivation is presented in the Appendix B.

As a representative case, fully coherent storage ring light source design adopts
a superperiod consisting of four DBA cells and three superconducting wigglers.
The evolution of the generalized twiss matrices along the storage ring can be
achieved in Eq. B7.

In the uncoupled case, general- ized twiss matrices can be reduced to the fa-
miliar Courant- Snyder form, as shown in Eqs. B12, B12, B14. Fig. 3 [Figure
3: see original paper] com- pares the Twiss functions of a single superperiod
obtained from Courant-Snyder theory and from the beam envelope method. In
the Courant–Snyder theory, the wiggler is repre- sented using a thin-dipole
model implemented in ELEGANT code [35], while the beam envelope method
is realized using a self-developed code. In addition to correctly reproducing the
characteristic oscillations of the dispersion within the wig- gler, the remaining
Twiss functions exhibit excellent agree- ment between the two approaches.
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In the next step, we will employ the envelope method in conjunction with the
wiggler field map to compute the equi- librium emittance of the storage-ring
light source. Detailed derivations are also presented in Appendix B.

The equilibrium emittance can be achieved by solving Eq. B19. In the storage
ring, the eigen-emittance in the hor- izontal direction can be calculated from the
solution for the sigma matrix (Eq. B36) as: 0.753 nm・rad. As shown in Ta- ble
2, the result obtained from the two methods are in very good agreement. This
consistency validates the reliability of B. Nonlinear beam dynamics Despite the
inherent nonlinear dynamic robustness of the DBA lattice, the extensive use of
superconducting damping wigglers necessitates a detailed optimization of the
nonlinear beam dynamics.

Table 3 . Ring parameters with IBS. Beam energy (MeV) Circumference (m)
Tune (x/y) Horizontal emittance (nm・rad) Energy spread Energy loss per turn
(MeV) Damping time (x/y/s) (ms) RF frequency (MHz) RF voltage (MV) Har-
monic number Bunch charge (nC) Bunch length (mm) Betatron coupling Tou-
schek lifetime (h) 19.14/9.23 0.131% 1.46/1.46/0.73 In the optimization, the
wiggler was modeled using the full 3D magnetic field distribution rather than
the thin-dipole ap- proximation.

Table 4 . Beam parameters with and without IBS effects.

Parameters Horizontal emittance (nm・rad) Vertical emittance (pm・rad) En-
ergy spread Bunch length (mm) Touschek lifetime (h) Betatron coupling W/O
IBS 0.123% W/ IBS 0.131% The nonlinear dynamics optimization was carried
out with Elegant. Throughout the optimization process, the chromatic- ities
were consistently corrected at +1.5 in both transverse planes. Both sextupole
strengths and their longitudinal posi- tions were further optimized to maximize
the dynamic aper- ture (DA), while constraints were imposed to preserve ade-
quate spacing between magnets for engineering feasibility.

The effective DA—the primary optimization objective—is defined as the phase-
space area occupied by particles that sur- vive 1024 turns of tracking in Elegant,
with those crossing integer or half-integer resonances regarded as lost.

Fig. 3. Comparison of the Twiss functions, including the horizontal beta func-
tion 𝛽x (a), the vertical beta function 𝛽y (b), and the horizontal dispersion
function 𝜂x (c), between the ELEGANT and envelope method incorporating
three superconducting wigglers.

Fig. 4 [Figure 4: see original paper]. Frequency map analysis extracted from
1024-turn tracking using Elegant: (a) dynamic aperture with diffusion rates, (b)
tune footprint.

As shown in the frequency map of Fig. 4(a), the optimized sextupole config-
uration produces a large on-momentum DA of about $±$17 mm. This result
guarantees high injection ef- ficiency for the off-axis injection scheme and demon-
strates that the amplitude-dependent tune shifts (ADTS) are effec- tively sup-
pressed. The tune footprint presented in Fig. 4(b) further confirms the small
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tune shifts of the surviving par- ticles. Low vertical emittance and high peak
current in the electron beam are essential for generating high-power EUV co-
herent radiation in a storage ring. This inevitably leads to a shortened Tou-
schek lifetime. For low-energy, high-current storage rings, the local momentum
aperture (LMA) is the limiting factor for the Touschek lifetime. Consequently,
we performed a detailed optimization of the LMA, with particu- lar emphasis
on the DBA arc sections where the momentum aperture is most constrained
by large disperison. Throughout this process, special attention was given to
maintaining a suf- ficiently large DA. The LMA of one superperiod in the ring,
obtained from tracking simulations with Elegant, is shown in Fig. 5 [Figure 5:
see original paper]. In the arc section, the LMA exceeds 3%, which rep- resents
a relatively large value and is of particular importance Fig. 5. Local momentum
acceptance of one superperiod. for ensuring a sufficient Touschek lifetime. high-
peak-power radiation pulse. To meet this requirement, the beam first passes
through a matching section to provide a large beta function at the entrance of
ADM. It then tra- verses a dipole magnet which generates dispersion, followed
by a modulator where energy modulation is introduced. Af- ter passing through
a dogleg, the beam forms microbunch- ing, and coherent radiation is produced
in the radiator. Since the energy modulation process leads to an increase in
energy spread and introduces vertical dispersion, vertical emittance growth can
occur through transverse–longitudinal coupling.

To achieve a high repetition rate and generate high-average- power radiation, the
electron beam must be injected into the ring for damping, so that it can reach the
beam quality re- quired for bypass line. Consequently, a demodulation section is
introduced following the ADM scheme to restore the beam properties as quickly
as possible, thus enabling the generation of high-average-power radiation. In
the following subsection, we will present the optical design of the entire bypass
line as well as an evaluation of the radiation performance based on this design.

A. Lattice design of the bypass line Fig. 8 [Figure 8: see original paper]. Beam
optics for bypass section.

The design and optimization of the bypass line were mainly carried out using the
ELEGANT code. The overall de- sign strategy was guided by the methodology
presented in Ref. [27]. The first step was to optimize the bypass line based
on the ADM mechanism in order to achieve a high bunching factor and ensure
sufficient single-shot radiation pulse energy.

Subsequently, the elements in the double-bend structure were tuned to realize
isochronicity between the modulation point and the demodulation point.

Fig. 8 show the optical functions of the bypass line. The first undulator serves
as the energy modulator in the ADM mechanism, while the second and third
undulators are used as radiators. The last undulator is dedicated to energy
de- modulation. Between the two radiator sections, a double- bend structure is
implemented, consisting of five quadrupoles and eight sextupoles. To preserve
the longitudinal phase space of the electron beam between the entrances of the
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Fig. 6 [Figure 6: see original paper]. Touschek lifetime vs RF voltage.

Fig. 6 shows the effect of RF voltage on the Touschek life- time. As illustrated
in the figure, the storage ring achieves its maximum Touschek lifetime when the
RF voltage is set to 3.8 MV. Additionally, the intra-beam scattering (IBS) effect
can- not be ignored due to the low emittance and high beam cur- rent. The
beam parameters with considering IBS effects are shown in Table 3. The beam
parameters listed in Table 3 are obtained from the ibsEmittance calculations
performed with the ELEGANT code [35]. The IBS effect is evaluated based
on Bjorken–Mtingwa’s formula. To illustrate the impact of IBS on the beam
quality, Table 4 presents a comparison of key beam parameters with and without
the inclusion of IBS effects.

III. BYPASS LINE DESIGN The aim of this paper is to generate high–average-
power coherent radiation by utilizing the low-emittance beam in a storage
ring through the ADM mechanism and a demodula- tion technique [36–39].
During the modulation, coherent ra- diation generation, and demodulation
processes, the electron beam inevitably experiences additional perturba-
tions. If the coherent radiation section were directly integrated into the
main storage ring lattice, these perturbations would signifi- cantly increase
the difficulty of storage ring design and beam dynamics optimization.

To mitigate this challenge, a dedicated bypass line is in- troduced to spatially
separate the radiation-generation section from the storage ring. This configu-
ration effectively decou- ples the design of the coherent radiation system from
the stor- age ring lattice, thereby increasing the overall feasibility of the design.
Fig. 7 [Figure 7: see original paper] shows the schematic layout of the bypass
line. The basic layout is derived from the preliminary de- sign [27]. According
to the optimized conditions of the ADM scheme, an extremely small vertical
angular dispersion of the electron beam at the entrance of the ADM section is
required in order to achieve a large bunching factor and thus generate Fig. 7.
Schematic layout of bypass line. modulation and demodulation sections, the
first-order trans- port matrix terms R53, R54, R56 and the second-order terms
T511, T522, T521, T533, T544, T543, T566 should be optimized to approach
zero. As shown in Fig. 7, the Dogleg 1 and Dogleg 2 sections provide identical
values of R54 and R56, while the double-bend structure in the middle of the lay-
out contributes −2R54 and −2R56. After the optimization, the energy spread
introduced by modulation can be effec- tively canceled, thereby ensuring that
the increase of emit- tance remains as small as possible. Fig. 9 [Figure 9: see
original paper] shows the values of R53, R54, R56 between the centers of the
modulation and demodulation sections. In addition, compared with Ref. [27],
our bypass line design deliberately breaks the optical sym- metry in order to
provide higher flexibility in parameter op- timization. Two matching sections
are placed at the entrance and exit of the bypass line, each comprising two
dipoles and three quadrupoles. Their purpose is to return the beam to the same
vertical plane as the initial trajectory and to maintain achromatic conditions at
both ends.
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Beam tracking simulations were then performed in ELE- GANT [35] to further
optimize the emittance growth and en- ergy spread at the exit of the bypass
line.

Fig. 9. The transfer matrix terms R53, R54 and R56 between the entrance of
the modulator and demodulator.

B. Radiation performance Based on the design of the storage ring and the by-
pass line described above, this subsection focuses on the performance evaluation
of coherent radiation through combining simula- tions of the storage ring and
the bypass line. According to the storage ring design described above, up to 200
bunches can be stored in the ring and can in principle be injected into the by-
pass line to produce radiation. The increase of the beam emittance and energy
spread induced by the bypass line will be damped by the storage ring according
to the following re- lation [40–42]: (cid:18) 𝜖y(t) = 𝜖y0 exp 𝛿 (t) = $�$2 $�$0
exp (cid:18) (cid:19) (cid:20) (cid:18) 1 − exp (cid:19) (cid:20) (cid:18) 1 − exp
(cid:19)(cid:21) (cid:19)(cid:21) where 𝜖y0 and 𝜖ye are the vertical emittances
after demodula- tion and at the equilibrium state, respectively; 𝜎$�$0 and 𝜎𝛿e
are the energy spreads after demodulation and at the equilibrium state, respec-
tively; 𝜏y and 𝜏z are the damping times in the ver- tical and longitudinal planes,
respectively. According to the above equation, the electron beam experiences an
increase in energy spread and emittance after passing through the bypass line,
followed by damping in the storage ring. This cyclic process leads to a gradual
growth of both emittance and en- ergy spread until a new equilibrium state is
reached. Since the radiation power based on the ADM mechanism is less sensi-
tive to the beam energy spread than to the emittance, and as shown in Table
2, the transverse damping time is twice the longitudinal damping time, the pri-
mary concern is the beam emittance. According to the optimization condition
of the ADM mechanism, when the initial beam emittance is 6 pm, the electron
beam at the entrance of the radiator can form a well microbunching structure,
thereby generating high-power coherent radiation. Therefore, the new equilib-
rium emittance is chosen to be 6 pm・rad. According to the bypass line de- sign
described in the previous section, the emittance of the electron beam increases
from the initial value of 6 pm・rad to 6.109 pm・rad after passing through the
bypass line, corre- sponding to the emittance growth of 1.82%. In contrast, the
growth of energy spread is only 5.38 × 10−5. The growth of energy spread in the
bypass line design is much smaller than that of the emittance. Therefore, the
repetition rate of the coherent radiation is primarily determined by the vertical
emittance damping.

Fig. 11 [Figure 11: see original paper]. beam in the radiator and (b) the
corresponding bunching factor. (a) Longitudinal phase space distribution of the
electron tions of the ADM scheme, the corresponding parameters re- quired to
generate coherent radiation are obtained, with the main simulation parameters
summarized in Table 5 . The elec- Fig. 10 [Figure 10: see original paper].
(a) Vertical emittance evolution with the number of turns.(b) Energy spread
evolution with the number of turns.
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Table 5. bypass line parameters for simulation. Substituting the above value to-
gether with the storage ring parameters listed in Table 2 into Eq. 10 and 11, the
ver- tical emittance and energy spread evolution with the num- ber of turns are
obtained as shown in Fig. 10. We as- sume that after each modulation–demodu-
lation in the bypass line, the electron beam undergoes 53 turns of damping in the
storage ring. Fig. 10 presents the results for the 600 modulation-demodulation.
As shown, starting from the ini- tial storage-ring vertical emittance of 3.45 pm・
rad, the beam reaches a new equilibrium emittance of 6 pm・rad after mul- tiple
turns. Starting from the initial relative energy spread of 0.123%, the beam
reaches a quasi-equilibrium energy spread of 0.123076% after multiple turns. In
the new equilibrium state, the energy spread is 0.123076% and the emittance is
6 pm・rad. Based on the revolution frequency of our storage ring, the repetition
rate of a single bunch is calculated to be 32.75 kHz. To ensure that the bunches
can be extracted from the ring into the bypass line during the flat-top of the
kicker pulse, we assume that 200 bunches are filled in the storage ring. The
total radiation repetition rate reaches 6.55 MHz.

The next step is devoted to evaluating the single-pulse en- ergy of coherent radia-
tion. Following the optimized condi- Bending angle of first bend (mrad) Length
of first bend (m) Laser wave length (nm) Energy modulation amplitude (𝜎E0)
R56 of dogleg (µm) Dispersion of dogleg (mm) Distance between two bends in
dogleg (m) Modulator length (m) Modulator period length (m) Radiator length
(m) Radiator period length (m) tron beam parameters are primarily taken from
Table 2. In the modulation section, The laser-electron beam interaction in the
modulator induces an energy modulation amplitude of 0.6 times the intrinsic
energy spread. Three-dimensional numerical simulations performed with Ele-
gant show that the bunching factor at the 20th harmonic (13.3 nm) at the en-
trance of the radiator section reaches approximately 8.5%, as illustrated in Fig.
11,which is large enough to generate the co- herent radiation. Fig. 11(a) presents
the electron beam distri- bution at the radiator entrance, while Fig. 11(b) shows
the cor- responding bunching factor distribution. Finally, the coherent radiation
process of the microbunched electron beam in the Fig. 12 [Figure 12: see origi-
nal paper]. Output radiation pulse and the corresponding single-shot spectrum.
radiator was simulated using Genesis [43]. Fig. 12 shows the temporal profile of
a single radiation pulse and the cor- responding EUV spectrum. After passing
through a 4-m-long undulator with a period length of 2.5 cm, a single-pulse en-
ergy of approximately 34.67 µJ can be generated. Combin- ing this value with
the radiation repetition rate of 6.55 MHz, the average EUV power is estimated
to be about 227 W, ex- ceeding the design target of 100 W.

To evaluate the influence of the bypass line on the equilib- rium emittance when
IBS is included, several lattice config- urations were analyzed. For the bare
storage ring, an initial transverse coupling of 0.3% was assumed, yielding a
horizon- tal emittance of about 800 pm・rad and a vertical emittance of 2.39
pm・rad. When IBS is taken into account, the equilib- rium horizontal emittance
increases to 1.16 nm・rad, while the vertical emittance increases to 3.45 pm・
rad.

chinarxiv.org/items/chinaxiv-202602.00197 Machine Translation

https://chinarxiv.org/items/chinaxiv-202602.00197


For the configuration consisting of one turn of the stor- age ring followed by one
bypass line, the vertical equilibrium emittance reaches 51 pm・rad due to the
large vertical disper- sion in the undulator, and further increases to 57.1 pm・
rad when IBS is included. This confirms that the effect of verti- cal dispersion
in the bypass line is properly captured in the IBS calculations.

In order to assess the IBS effect after multiple damping turns, a configuration
corresponding to 53 turns in the stor- age ring plus one bypass line was studied.
When transverse coupling in the ring is neglected and only quantum excitation
from the wigglers and bending magnets in the bypass line is Fig. 13 [Figure 13:
see original paper]. (a) The current distribution of the entire bunch. (b) The
current distribution of the microbunched beam formed through the ADM mech-
anism at the peak beam current. considered, the vertical equilibrium emittance
is reduced to approximately 1.5 pm・rad. By introducing a small amount of cou-
pling in the storage ring to match the nominal vertical emittance of 2.39 pm・
rad, the final vertical emittance under IBS remains close to 3.45 pm・rad. These
results demonstrate that multiple damping turns in the storage ring effectively
suppress the contribution of the large vertical dispersion in the bypass line, and
the IBS-induced vertical emittance growth remains well controlled. The corre-
sponding beam parame- ters for the different lattice configurations discussed
above are summarized in Table 6 .

Due to the modulation in the ADM within the bypass line, the electron beam
locally forms microbunches, leading to a sharp increase in the local beam current.
As shown in Fig. 13(a), the current distribution of the entire bunch be- fore
modulation exhibits a peak current of about 120 A, while Fig. 13(b) shows the
current distribution after microbunching, where the peak current rises to nearly
1000 A. Therefore, it is of great importance to investigate the IBS effect in the
bypass line.

We use the IBSCATTER element in ELEGANT to simu- late the impact of the
IBS effect on the electron beam in the bypass line. It explicitly includes the
contribution of vertical dispersion in the calculation of the IBS growth rates.

To model the cumulative IBS effect along the bypass, mul- tiple IBSCATTER
elements are distributed throughout the en- tire bypass line. The electron beam
is tracked through the full bypass lattice, and IBS kicks are applied at each
IBSCATTER location.

The resulting emittance growth is directly obtained from the tracked beam dis-
tribution at the exit of the bypass, after Parameters Horizontal emittance (nm・
rad) Vertical emittance (pm・rad) Energy spread Bunch length (mm) Betatron
coupling Table 6. Beam parameters for the different lattice configurations.

Ring + bypass (W/O IBS) 0.1221% Ring + bypass (W/ IBS) 0.12444% Bare
ring (W/ IBS) 0.131% Bare ring (W/O IBS) 0.123% 53 rings + bypass (W/O
IBS) 0.123% 53 rings + bypass (W/ IBS) 0.131% all IBS kicks have been applied,
rather than being inferred solely from the IBS growth time. This approach
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ensures that the reported emittance evolution reflects the integrated IBS effect
along the bypass line.

The IBSCATTER element simulates IBS by tracking par- ticles through the
element, computing local scattering effects slice by slice, and accumulating the
resulting changes to the beam’s emittance and energy spread over the process
of the simulation. In the simulation, the electron beam is assumed to have an
initial uniform current distribution of 120 A. We use 6.4 × 107 macro-particles,
longitudinally divided into 20,000 slices, with each slice being 13.3 nm long and
containing 3200 particles. This setup ensures that, after microbunch- ing, the
electron beam exhibits the corresponding variations in current. Finally, when
taking IBS into account, we tracked the electron beam through the entire by-
pass line and found that the emittance increased from 6 pm・rad to 6.1222
pm・rad, corresponding to a growth of 2.0367%. Consistent with the previous
analysis, the corresponding repetition rate is 5.98 MHz, resulting in an average
power reduced to 200.77 W. It should be noted that only the coherent radiation
from a single undulator is considered here. we minimize the emittance growth
of the electron beam along the bypass line, thereby improving the demodula-
tion perfor- mance. Meanwhile, the IBS effect on the microbunches was also
taken into account in the bypass line. Finally, we demon- strated the feasibil-
ity of generating fully coherent EUV radi- ation with average output powers
over hundred-watt. This combination of a strong-damping storage ring and a
carefully tailored bypass line scheme highlights a promising pathway toward
storage-ring-based coherent light sources.

The effects of coherent radiation–induced energy spread and emittance growth
on the average output power are not addressed in this paper and will be inves-
tigated in detail in fu- ture work. It should be noted that the wiggler radiation
may pose significant challenges for the vacuum chamber design, particularly
with respect to power density and heat-load man- agement. A more detailed
engineering analysis of radiation transport and shielding will be carried out in
future work. In this design, the repetition rate reaches 5.98 MHz, with a total
of 200 bunches, meaning that repetition rate for single bunch is 30 kHz. This
poses a significant challenge for the design of the kicker which is used to extract
the bunches from the storage ring to the bypass. Both issues are currently under
investigation.

IV. CONCLUSION Appendix A: thin-dipole Model In summary, we have pro-
posed and systematically op- timized a practical and robust lattice design
for a fully storage-ring-based light source aimed at the generation of high-
average-power EUV radiation. The ring adopts a four- superperiod struc-
ture. Each superperiod comprises four DBA cells and three high-field
superconducting wigglers, provid- ing strong radiation damping and a low
natural emittance. In addition, the lattice exhibits excellent nonlinear dy-
namic per- formance, including a DA exceeding 17 mm and a minimum
LMA greater than 3%. Since this lattice extensively employs supercon-
ducting damping wigglers, the wiggler serves as a critical component of
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the lattice rather than merely an inser- tion device. To verify the reli-
ability of the wiggler based on thin-dipole approximation, we developed
an envelope- method code based on realistic field-map tracking. Then we
verified its consistency with ELEGANT results, thereby en- suring the
reliability of the design across the linear optics regime.

Furthermore, a new bypass line design with asymmetric optics was introduced.
Based on the optimization conditions of the ADM mechanism, the single-pulse
radiation energy was optimized by increasing the bunching factor. In addition,
To accurately evaluate the radiation damping and quantum excitation of the
wigglers in the storage ring, the wigglers are modeled using number of thin
dipoles. In this model, a wiggler is longitudinally divided into a number of thin
dipole magnets. The Halbach expansions of the wiggler magnetic field can be
expressed as [29, 44, 45]:

Bx = − (cid:88) ky,mn sin(mkxx) sinh(ky,mny) sin(nkzz), (cid:88) Cmn
cos(mkxx) cosh(ky,mny) sin(nkzz), (cid:88) ky,mn cos(mkxx) sinh(ky,mny)
cos(nkzz), model, each wiggler period is divided into 32 thin dipole slices. With
a total of 14.5 periods, the complete wiggler is therefore represented by 464
dipole slices. This discretization ensures sufficient accuracy in reproducing the
magnetic field variation along the longitudinal direction.

To verify the validity of the model, the transfer matrix obtained from the realis-
tic three-dimensional magnetic field map is compared with that from the sliced
thin-dipole repre- sentation. As shown in Eq. A6a and A6b , the two results
show excellent agreement, confirming that the thin-dipole model accurately re-
produces the optical properties of the wig- gler. y,mn = m2k2 x + n2k2 We
assume that the electron beam travels along the central axis of the wiggler (y
= 0). Consequently, the magnetic field components Bx and Bz vanish at y =
0, and only the By component contributes to the Hamiltonian. For simplicity,
the By can be expressed as:

By = Cysin(kzz), where Cy is the peak magnetic field of the wiggler in one
period. The peak magnetic fields at the ends of the wiggler are adjusted so that
both the first and second integrals of the magnetic field are equal to 0. Then,
this structure can be made achromatic while also allowing the electron beam to
pass through transparently. After the optimization, the final design specifies a
total wiggler length of 1.885 m, 14.5 pe- riods, a period length of 130 mm, and
a peak magnetic field of 6.3135 T. Fig. 14 [Figure 14: see original paper] shows
the beam trajectory from Runge- Kutta method.

Fig. 15 [Figure 15: see original paper]. Vertical magnetic field of the wiggler.
Appendix B: Envelope method based on wiggler in the storage Here, we will
introduce the envelope method based on wig- gler in the storage ring. The
matched lattice functions for the given storage ring configuration are obtained
by first comput- ing the closed orbit x0(s) and the associated 6 × 6 transfer
matrices M (sj ← s0) at a discrete set of locations sj around the ring. The
closed orbit calculation ensures that all subse- quent linear optics quantities are
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evaluated in a self-consistent reference frame where x0(s) is periodic over one
revolution.

The one-turn transfer map is defined as MC � M (s0 + C ← s0), where C is the
ring circumference. This matrix is diagonal- ized as MC Vk = 𝜆k Vk, k = I, II,
III where the eigenvalues 𝜆k occur in complex-conjugate pairs on the unit circle
in the absence of damping, Vk is the eigen- vector and k is the eigenmode index.
Each pair corresponds to one of the three independent oscillatory modes of the
cou- pled 6D system: horizontal betatron, vertical betatron and synchrotron
motion.

The eigenvectors are normalized according to the symplec- tic form †S Vk = I,
Fig. 14. Particles trajectories in the wiggler from implicit midpoint integrators.

The vertical magnetic field distribution of the damping wiggler is shown in Fig.
15. Based on this field profile, the wiggler is modeled as a series of thin dipole
slices. In this ap- proach, the continuous magnetic field is discretized into mul-
tiple short bending elements. The deflection angle of each slice is given by
LbBy/B𝜌, where Lb is the effective length of the slice, By is the local vertical
magnetic field, and B𝜌 is the magnetic rigidity of the beam. The edge focusing
effect is taken into account through the divergence of particle trajec- tories at the
entrance and exit of each slice. In the present Tthin−dipole = Tf ield−map =
3.3235 × 10−5 4.0023 × 10−6 3.7744 × 10−6 2.8261 × 10−10 −8.3873 × 10−9
2.1898 × 10−8 0 3.7741 × 10−6 0 4.0023 × 10−6 −0.1426 −0.9529 −0.1426 0 1
−6.76 × 10−4 0 −7.8625 × 10−9 0 7.3401 × 10−10 −0.1445 −0.9537 −0.1435
0 1 −6.7895 × 10−4 (A6a) (A6b) with the 6 × 6 symplectic matrix −1 0 0 0 0
0 which defines the canonical coordinates (x, px, y, py, z, 𝛿).

The mode identification is performed by projecting the nor- malized eigenvectors
onto each canonical coordinate pair, thereby associating each eigenmode with
the dominant sub- space (x, px), (y, py), or (z, 𝛿).

For each mode k � {I, II, III}, we define the generalized Twiss matrix at the
reference location s0 as ij(0) = Vk Tk Vk i, j = 1, 2, 3, 4, 5, 6, where TII = TIII
= (B6a) (B6b) (B6c) Tk is the 6 × 6 projector onto the canonical subspace of
mode k. The generalized Twiss matrices are propagated along the storage ring
using ij(sn) = M (sn ← s0) 𝛽k ij(0) M (sn ← s0)�.

The full ring tunes are then given by Simultaneously, we construct a real canon-
ical transformation matrix 2(cid:2)R(v1), I (v1), R(v3), I (v3), R(v5), I (v5)],
where R(v1), R(v3) and R(v5) denote the real parts of the first, third, and fifth
columns of the normalized eigenvectors, while I (v1), I (v3) and I (v5) represent
their correspond- ing imaginary parts. For each location sn, the local phase
advances µk(sn) are extracted from the block-diagonal form of the similarity
transform:

R(sn) = N (sn)−1 M (sn ← sn−1) N (sn−1), where each 2$×$2 block in R
is a pure rotation of the form: (cid:18) cos µk sin µk − sin µk cos µk (cid:19)
(B10) 𝜈k(sn) = µk(sn), k = I, II, III, (B11) with the one-turn tunes 𝜈k(C)
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obtained by evaluating at s = In the uncoupled limit, 𝛽k reduces to the familiar
Courant–Snyder form. The familiar Twiss parameters in the horizontal plane
can be expressed as: 𝛽x = 𝛽I 𝛼x = −𝛽I 𝛾x = 𝛽I In the vertical plane, they can
be expressed as: 𝛽y = 𝛽II 𝛼y = −𝛽II 𝛾y = 𝛽II (B12a) (B12b) (B12c) (B13a)
(B13b) (B13c) Finally, the dispersion in the horizontal and vertical plane can
be expressed as: (B14a) (B14b) In the next step, we will employ the envelope
method in conjunction with the wiggler field map to compute the equi- librium
emittance of the storage-ring light source. First, we will introduce the covariance
matrix to describe the beam dis- tribution: �x2� �xpx� �xpy� �pxy� �pxpy� �pxz�
�px𝛿� �pyz� �py𝛿� �ypy� . (B15) This can be compactly written as Σij = �XiXj�,
�X T = (cid:0)x px y py z 𝛿(cid:1) , (B16) where Σij is the (i, j) component of
the“Sigma matrix”, and the Xi,j(i, j = 1⋯6) are the dynamical variables. The
brack- ets �・� indicate an average overall particles in the bunch. Ne- glecting
radiation and other effects, and considering only the Lorentz force from external
electromagnetic fields, the trans- port remains symplectic. According to the
one-turn transfer map in Eq. B1, the equilibrium beam distribution can be
de- scribed as: Σij(s0) = Σij(s0 + C) = �M (Xi)M (Xj)�. (B17) Therefore, the
matched distribution is one that satisfies: (B18) However, in a storage ring,
the presence of radiation leads to the damping of the emittance toward an
equilibrium value.

As a consequence, the previously defined transfer matrix M is no longer symplec-
tic. Moreover, in addition to the first- order terms, the transfer matrix M also
contains zero-order contributions arising from quantum excitation. Therefore,
a matched distribution should then be written as: Σ = M・Σ・M T + D. (B19)
M , in addition to the conventional elements associated with magnetic optics,
the radiation damping terms must also be included. The matrix D, on the other
hand, primarily ac- counts for the quantum excitation terms. In our storage-
ring light source, the elements that introduce radiation effects are mainly the
RF cavities, dipole magnets, and superconducting wigglers. In particular, the
quantum excitation terms for the dipole magnets and wigglers can be expressed
as:

D66(bend) = 2CL$�5𝑐|�|3, 𝐷66(𝑤𝑖𝑔𝑔𝑙𝑒𝑟) = 2𝐶𝐿�5𝑐|𝐵�/𝐵𝑦|3, (𝐵20)(𝐵21)𝑤ℎ𝑒𝑟𝑒𝑐𝑖𝑠𝑡ℎ𝑒𝑠𝑝𝑒𝑒𝑑𝑜𝑓𝑙𝑖𝑔ℎ𝑡𝑖𝑛𝑓𝑟𝑒𝑒𝑠𝑝𝑎𝑐𝑒, 𝐵𝑦𝑖𝑠𝑡ℎ𝑒𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐𝑓𝑖𝑒𝑙𝑑𝑜𝑓𝑡ℎ𝑒𝑤𝑖𝑔𝑔𝑙𝑒𝑟, 𝐵�$
is the magnet rigidity. Their damping terms can be expressed as:

M66(bend) = − M61(bend) = − M66(wiggler) = − M61(wiggler) = − (B𝜌/By)2
, (B𝜌/By)3 , (B22) (B23) (B24) (B25) where C𝛾 = 4𝜋 (mc2)3 = 8.85 × 10−5 m
GeV 2 . For an RF cavity, we have all the other damping matrix terms of M zero
except that M22 = M44 = − eVRF sin 𝜙RF (B26) where e is the elementary
charge, VRF and 𝜙RF are the RF voltage and phase, respectively. Using the
matching condi- tion Eq. B19, we will determine the Sigma matrix. Given the
Sigma matrix at a location s0, the Sigma matrix at a location s1 = s0 + ds can
be expressed as:

The first step of the envelope method for calculating the equi- librium emittances
in a storage ring is to find the first-order terms M and zeroth-order terms D.
For the transfer matrix Σ(s1) = M (s1 ← s0) ・Σ(s0) ・M �(s1 ← s0) + D(s1 ←
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s0) (B27) The Sigma matrix at s2 is given by: Σ(s2) = M (cid:0)s2 ← s1 = M
(cid:0)s2 ← s0 (cid:1) ・Σ(s1) ・M �(cid:0)s2 ← s1 (cid:1) ・Σ(s0) ・M �(cid:0)s2
← s0 (cid:1) (cid:1) + D(cid:0)s2 ← s1 (cid:1) (cid:1) ・M �(cid:0)s2 ← s1 +
M (cid:0)s2 ← s1 (cid:1) ・D(cid:0)s1 ← s0 (cid:1) + D(cid:0)s2 ← s1 (cid:1).
(B28) Then:

M (s2 ← s0) = M (s2 ← s1)M (s1 ← s0) D(s2 ← s0) = M (s2 ← s1)D(s1 ←
s0)M T (s2 ← s1) + D(s2 ← s1) Then, we can achieve:

M (sn ← s0) = M (sn ← sn−1)M (sn−1 ← sn−2)⋯M (s1 ← s0) D(sn ← s0)
= (cid:88) M (s2 ← sr)D(sr ← sr−1)M T (sn ← sr) Finally, we can find the
equilibrium emittances by solving Eq. B19. Making use of the eigenvectors U
of M , we can construct the diagonal matrix Λ from the eigenvalues of M :

We can define ˜Σ and ˜D as: Σ = U ˜Σ・U T , The solution for the Sigma matrix
can be written as: ˜Σij = 1 − ΛiΛj (B29) (B30) (B31) (B32) (B34) (B35) (B36)
(B33) The matched (equilibrium) beam distribution Σ can be ob- tained. The
corresponding emittances are then determined from the three eigenvalues of ΣS.
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