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Abstract

An optimization algorithm for pairwise nuclear fusion with arbitrarily weighted
macroparticles is proposed and demonstrated using particle-in-cell (PIC) sim-
ulations. Compared with the classical nuclear fusion algorithm, the present
method enables a more efficient evaluation of the Coulomb collision operator,
thereby allowing straightforward integration into existing PIC codes with only
minor implementation effort. The algorithm is benchmarked for like-particle
fusion, D(d,n)*He, unlike-particle fusion, D(t,n)*He, thermonuclear fusion, and
beam-target fusion scenarios. Numerical results show that the CPU time can
be substantially reduced without any loss of simulation accuracy.
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Abstract. We propose and demonstrate an optimization algorithm for pair-
wise nuclear fusion with arbitrarily weighted macroparticles in particle-in-cell
(PIC) simulations. This algorithm achieves faster computation of the Coulomb
collision operator compared to classical nuclear fusion algorithms and can be
implemented in PIC simulation codes with minimal effort. The algorithm is
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benchmarked for like-particle D(d,n)3He reactions, unlike-particle D(t,n)*He re-
actions, thermonuclear fusion, and beam-target fusion scenarios. The results
show that CPU time can be reduced significantly without sacrificing simulation
accuracy.

Keywords: Particle-in-cell simulation; Nuclear fusion; Coulomb collision; Bi-
nary collision

I. INTRODUCTION

Particle-in-cell (PIC) simulations provide insights into the kinetic properties of
particles (such as velocity and position) during plasma interactions by track-
ing charged particles under the influence of both self-consistent and external
electromagnetic fields. This technique offers an intuitive understanding of field-
particle interactions and serves as a vital tool for investigating various plasma
physics problems [1-3], including inertial confinement fusion (ICF) [4-6], ion
acceleration [7,8], laser-nuclear interactions [9,10], and positron generation [11-
14]. Although PIC simulations are widely used for modeling plasma physical
processes, two critical challenges must be addressed in practical applications:
(1) numerical noise, which can be significantly suppressed using various meth-
ods [15] (e.g., variable weights [16], adaptive mesh refinement [17]), and (2) the
more critical challenge of high computational cost, which results in long simu-
lation times even on parallel computers [18]. Therefore, optimizing PIC codes
is both important and necessary to enhance the capabilities of corresponding
simulations [19-21].

In PIC simulations, the kinetic modeling of plasmas is usually dominated by col-
lective effects, and most PIC codes omit short-range Coulomb collisions between
particles. At high temperatures ( 1 keV) and relatively low plasma densities (

10%7 m=3), collisional effects are typically considered marginal, and a collision-
free approximation is valid in PIC simulations [22]. However, in plasmas with
lower temperatures or significantly higher densities, the effect of short-range
interactions between particles on system evolution must be addressed. Reduc-
ing the computational effort required to account for Coulomb collisions in PIC
simulations has become a primary concern in research topics including ICF and
strong-field ionization [23].

Initially, the particle distribution in plasma was determined by directly solving
the Fokker-Planck kinetic equation. The key to this method is calculating the
Rosenbluth potential to assess the contribution of Coulomb collisions to the
scattering coefficient [24]. However, coupling this method with PIC simulations
was initially complex, and the approach requires numerous simulated particles
to accurately calculate the Rosenbluth potential. In practical PIC simulations,
most models are based on the “binary collision” model proposed by Takizuka
and Abe (TA77) [25]. This model replaces direct collisions by calculating the
Coulomb cross-section between particles in the same cell and randomly select-
ing the appropriate scattering angle. Additionally, this methodology enables
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the simultaneous consideration of multiple elastic and inelastic collision chan-
nels in a pairwise process. Lavell et al. [26] applied the corrected binary collision
model, originally developed for charged-particle collisions, to all scattering chan-
nels considered, validating the accuracy and utility of their model across a wide
range of plasma environments. However, in binary collision modeling, the com-
putational efficiency (i.e., speed and accuracy) of high-dimensional Monte Carlo
integration methods depends strongly on the sampling technique employed. Xie
et al. [27] proposed a simple and efficient Monte Carlo method for computing
arbitrary ion velocity distributions. A method similar to Monte Carlo collision
(MCC) for simulating the transition region between collisionless and Coulomb
collisional plasma is presented in Ref. [28], where a lattice-based “collision field”
concept handles collisions between different particle types, offering significant
advantages for high-dimensional simulations. Manheimer et al. [29] developed
a Coulomb collision model for electron-electron and electron-ion collisions that
was simplified to an isotropic scattering model. The N97 method [30] uses the
same order-N binary-pairing procedure as TA77 but employs a different distribu-
tion function for the scattering angle. Cohen et al. [31] described a grid-based
binary model for Coulomb collisions that defines the unique particle counter-
part of a particle on the grid by randomly sampling the velocity distribution,
thereby omitting the process of direct particle pairing in simulation cells and
significantly reducing CPU runtime.

However, all these methods assume that macroparticles have identical weights,
so that the real particle density is linearly proportional to the number of
macroparticles in a cell. In many simulations, variable weights are necessary
to render the computational task feasible. Using appropriate pairing statistics,
Miller and Combi [32] applied the TA77 method to differentially weighted
particles, preserving energy and momentum while producing suitable relaxation
time scales compared with theoretical predictions. Subsequently, Nanbu
and Yonemura [33] developed a Coulomb collision algorithm for weighted
particles based on the cumulative properties of Coulomb collisions in plasma,
verifying its effectiveness through several examples. Higginson et al. [34]
detailed a method for applying fusion to PIC simulations with different particle
weights and validated it using analytical benchmarks for thermonuclear and
beam-target fusion reactions. Unlike the work of Higginson et al. [34], Wu et
al. [35] presented an algorithm for pairwise fusion applicable to macroparticles
of arbitrary weights at relativistic energies, compatible with the Coulomb
scattering algorithm widely used by Nanbu [33] and Sentoku [36], and im-
plementable in PIC simulation codes with Coulomb scattering with minimal
effort. Recently, Angus et al. [37] described a method for adjusting particle
velocities post-scatter to restore exact conservation of momentum and energy,
illustrating its efficacy with various test problems.

In the present work, we describe an efficient optimization method for the nu-
clear fusion algorithm and its implementation within the existing PIC code
Smilei [38]. Our aim was to develop collision-operator schemes with maximum
efficiency while maintaining simulation accuracy. Based on the classical nuclear
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fusion algorithm described in Ref. [25], our algorithm simplifies particle pairing
and reduces computational overhead by eliminating the particle address ran-
domization step. Collision particles are selected randomly, which significantly
reduces CPU time and improves the computational efficiency of collision pro-
cesses.

II. OPTIMIZATION OF THE NUCLEAR FUSION AL-
GORITHM

A. Theoretical Background

When two fusion-reactant macroparticles a and b undergo fusion, they create
two products A and B with an energy gain ). This process is described by Eq.

(1):

P =N abAt7

max UrelT
where n, ., is the maximum density of the two particles a and b, v, is the
relative velocity between the particles, and the fusion reaction cross-section
associated with the kinetic energy of the incident particle (denoted as o,;) is
expressed as follows:

0(Fo) = S(Eyy) exp (— 56‘) ,

cm

where E represents the Gamow energy given by

Eg = (na;Z2,Z5)*m,.c?.
Here, ., and E,,,, denote the kinetic energies of incident particles in the center-
of-mass (CM) and laboratory frames, respectively. «a; = e?/he is the fine-
structure constant, Z; denotes the atomic number, # represents the reduced
Planck constant, and c is the speed of light. m,. is the reduced mass, defined by
m,. = m,my/(m, +m,). The exponential term in Eq. (2) denotes the Coulomb
barrier penetration probability. S(FE),;,) is known as the astrophysical S-factor,
which varies gradually with kinetic energy for most nuclear reactions. According
to the parametric fitting formulae of Chulick et al. [39], the values of \/@ for
the reactions D(d,n)*He and D(t,n)*He are 31.40 and 34.37, respectively. The
cross-section and S-factor are parameterized as functions of the reactant particle
energy.

Note that coordinate system transformation during nuclear fusion implementa-
tion in the code is mandatory. When a fusion reaction occurs, the fusion prod-
ucts are generated in the CM frame, transformed into the laboratory frame, and
finally transformed back into the simulation frame.
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In the laboratory frame, the coordinate origin is fixed at a point in the laboratory,
similar to the target nucleus in a nuclear experiment. Particle ¢ moves at a
relative velocity of v,. Therefore, the velocity in the simulation frame should
first be transformed into the relative velocity in the laboratory frame by the
transformation v, 1,;, = |v, — v,/

[Figure 1: see original paper| (Color online) Relationship between center-of-mass
velocity and incident particle velocity.

In the center-of-momentum (CM) frame, a macro-collision may be considered
as being associated with two interacting macroparticles and the local density of
their respective species. In general, the fusion probability P of this interaction in
the CM frame can be expressed as the sum of the kinetic energy of the incident
particle a and target nucleus b relative to the center of mass, typically referred
to as the kinetic energy of their relative motion, denoted as E_ . As shown
in Fig. 1, the distance between the incident particle a and target nucleus b is
denoted by z, whereas that between the center of mass and target nucleus is

denoted by z.. According to the definition of the center of mass,

Mg

T, = —+—
m, +my,

Here, dx/dt represents the velocity of incident particle a (denoted by v,). Sim-

ilarly, dz_/dt represents the velocity of the center of mass (denoted by v,,).

This equation indicates that particle a moves toward particle b with velocity v,,

whereas the center of mass moves toward particle *b$ with velocity v,,,.

Therefore, the velocity of a relative to the center of mass (or equivalently, the
velocity of a in the CM frame) is given by

my

va,cm = Vg,lab — Yem = Vg lab*

m, +my
The velocity of b relative to the center of mass (denoted by v, in the CM frame)
is equal in magnitude to the velocity v, of the center of mass relative to b, but
opposite in direction. Hence, the following relationship is obtained:

ma
V) = Vg = ————— V4 lab-
b,cm cm ma+mb a,lab
The sum of the kinetic energies of particles a and b in the CM frame can be
calculated using Eq. (5) and Eq. (6):

1 1 1
Ecm = §mavg,cm + imbvg,cm = §mrvi,lab‘
Subsequently, the fusion products are generated in the CM frame with conser-
vation of energy and momentum. The energy released in a reaction (generally
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referred to as the Q-value) is given by the difference between the remaining
mass energies of the reactants and products. Therefore, the total kinetic energy
in the CM frame after the reaction is @) + E,,,,. This energy is then distributed
among product particles A and B in proportion to their masses.

In the CM frame, the total momentum of the particles is zero both before and
after the reaction. This implies that mv o, = —mpUp .. Therefore, the
kinetic energy of the product particles can be expressed as follows (considering
particle A as an example):

‘rUA | — 2Tn’B(CB + Ecm)
o my(my +mp)

To facilitate calculation of the fusion product, the momentum space is trans-
formed such that the velocity of the center of mass is in the z-direction. The
rotation matrix for this transformation is:

cosfcos¢p cosfsing —sinf
R = —sin ¢ cos ¢ 0 ,
sinfcos¢ sinfsing cosf

where 6 represents the polar angle of the outgoing particle in the z-CM frame,
and ¢ represents the azimuthal angle of the outgoing particle in this frame.

In the CM framework, particle emission is assumed to be isotropic, meaning it
occurs uniformly in all directions with respect to polar angle 6. The azimuthal
angle ¢ is selected from a uniform distribution between 0 and 27. These angles
are then used to calculate the velocity of the first product in the z-CM frame
as follows:

VA emez = [VAcml|(8in0cos ¢ T + sinfsin ¢y + cos 6 2).

From momentum conservation mgvy ., = —MpUp oy, the velocity of fusion
product B in the CM frame is

ma

vB,cm—z = 7777/ UA,cm-z'
B

The particle velocity vector should then be transformed back into the CM frame
using the inverse of the previous transformation:

_RT _RT
UA,cm =R UA,cm—zv UB,cm =R UB,cm—z'

Finally, after these coordinate transformations and velocity calculations, the
particle velocity vector is rotated back to the simulation frame using an inverse
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transformation, and the obtained fusion product is propagated as a conventional
macroscopic particle in the simulation frame.

Although this calculation is performed for all binary pairs in each simulation
cell, most of the computational time required by the binary collision operator
is spent randomizing and pairing particles rather than computing the collision
kinematics.

B. Optimizing the Algorithm

Most PIC codes (including Smilei [38]) with different collision models [30,40-
42] were inspired by TA77 [25]. The time steps of these codes follow a similar
procedure: (a) Particle groups are stored as a linked list within each simulation
cell, a data structure that offers significant advantages for parallel computations;
(b) Particle address indices are randomized to ensure randomness in subsequent
particle pairing; (c) Pairs of like-particles are determined from the top of the
address list; and (d) Pairs of unlike-particles are selected from the top of the
address list. Finally, new particles are generated through the fusion of paired
particles, the original linked list is updated, and product particle information is
stored. The primary steps of this algorithm are summarized in Fig. 2 [Figure
2: see original paper].

The relaxation time used in Coulomb collision calculations is more accurate
than standard approximations but is computationally expensive and requires
substantial CPU time, presenting a significant challenge for large-scale PIC sim-
ulations. To improve computational efficiency while maintaining the accuracy
of the Coulomb collision model, we implemented targeted optimizations to the
classical binary collision algorithm.

First, we eliminated the particle address index randomization. Although
macroparticles may collide multiple times during the simulation, collision pair
selection is, on average, performed once per execution of the optimization
algorithm. This would represent a significant time investment if particle address
index randomization were performed at each time step. Instead, selection of
colliding particle pairs is achieved using random numbers, which ensures the
randomness of particle pairing and eliminates the need for a particle address
randomization operation.

Second, we optimized the pairing of like-particles. As illustrated in Fig. 2(e),
when particle pairs belong to the same species, let N, .., denote the total number
of particles in the simulation cell. Two random numbers R, and R, are generated
(with R,, R, € (0,1]), and the indices of the paired particles are determined by
Do = RyNyum and p, = Ry N,,,,,,- This step is performed in a loop until N, /2
particle pairs are formed. If p, = p, and p, # N,um, then p, is incremented
by one; otherwise, it is decremented by one. These steps are applied recursively
to the remaining simulation cells until all cells are paired. The pseudocode is

provided in Algorithm 1.

chinarxiv.org/items/chinaxiv-202602.00134 Machine Translation


https://chinarxiv.org/items/chinaxiv-202602.00134

ChinaRxiv [$X]

Algorithm 1: Pairing of like-particles

Input: Information regarding all macroparticles in the simulation cell; Number
of particles in the cell (N,,,)

Output: Information of N, /2 particle collision pairs

1. repeat

. Generate two random numbers R,, R, € (0, 1]

. // Determine the index of particle pairs

Pq = Nnum X Ra’ by = Nnum X Rb

if p, = p, and p, # N,y then

. // If particle pairs have equal index within valid bounds
Pa =Py +1

. else

9. // If particle pairs have equal boundary index

10. p, =p, — 1

11. end if

12. until N, /2 pairs of colliding particles are selected

13. return N,,,,/2 particle colliding pairs

num

um

0~ oG LN

Third, we optimized the pairing of unlike-particles. For pairings between differ-
ent particle types, the total numbers of particles with lower density (N,) and
higher density (NNV,) should first be determined. Similar to the optimization for
like-particles, two random numbers R,, R, € (0,1] are generated, and the in-
dices of the pairs are determined by p, = R,N, and p, = R, N,. As shown in
Fig. 2(f), this procedure is repeated until N, particle pairings are completed.
The process is then executed recursively across all simulation cells until all cells
are paired. The pseudocode is given in Algorithm 2.

Algorithm 2: Pairing of unlike-particles

Input: Information regarding all macroparticles in the cell; Number of particles
with lower density in the cell (IV,); Number of particles with higher density in
the cell (V)

Output: Information of N, particle collision pairs

1. repeat

. Generate two random numbers R,, R, € (0, 1]

. // Determine different density particle index

Do =N, X R,, pp =Ny X Ry

. until NV, pairs of colliding particles are selected

. return N, particle colliding pairs

o UL W

The spatial grid size in this procedure is of the order of the Debye radius. Be-
cause it is unnecessary to consider Coulomb collisions between particles spaced
farther apart than the Debye radius, interactions between particles in different
simulation cells can be omitted, enabling parallel computation of the simula-
tion procedures. A flowchart comparing the classic binary collision algorithm
(TA77) with our optimization algorithm (NEW) is shown in Fig. 3 [Figure 3:
see original paper].
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III. BENCHMARKS

To evaluate the efficiency of the optimization algorithm, we present three typ-
ical simulations: D(d,n)"{3}He and D(t,n) {4}He thermonuclear fusion, and
D(d,n)"{3}He beam-target fusion. The results demonstrate that the optimiza-
tion algorithm computes the Coulomb collision process with maximum efficiency
without compromising physical accuracy. These benchmarks were implemented
using the PIC code Smilei [38]. All tests were performed with fields disabled.
Simulations can use cross-sectional data derived from experimental measure-
ments or parametric fitting equations; in this work, the second approach was
preferred to ensure direct comparison with theoretical predictions.

It is important to emphasize that the optimization algorithm operates on
probability-driven random pairing rather than complete traversal of all
particles. Although the number of pairings is limited by the lower-density
species, the optimization algorithm leverages Monte Carlo methods to achieve
robust sampling of high-density species. In nuclear fusion, the ion velocity
distribution follows the Maxwell-Boltzmann distribution, wherein energetic
particles (although sparse) contribute significantly to the fusion reaction
[34]. Random pairing cumulatively covers the high-energy region through
multiple independent samplings (cycling each time step) rather than relying
on single-step traversal. Consequently, the statistical fluctuations of random
pairing are attenuated by time-averaging effects in long-duration simulations,
ensuring accurate kinetic evolution.

A. D(d,n)"{3}He Thermonuclear Fusion

In the first benchmark, we created a simulation box with dimensions L, =
40mc/w, and L, = 407c/w,, divided into a 100 x 100 grid, with each cell con-
taining an equal number of D ions. The number density of D ions was 1020
cm”{-3}, and the particles were weighted unequally. Thermonuclear fusion
occurs when ions attain high temperatures. Because the fusion cross-section
depends strongly on the relative velocity of particles, most fusion events occur
between ions in the tails of the distribution with kinetic energies several times
higher than the mean plasma energy. Simulations were performed at different
temperatures to evaluate fusion reactivity and neutron spectra.

The neutron energy spectra obtained at different temperatures are shown in
Fig. 4 [Figure 4: see original paper|. Both TA77 and the optimization algo-
rithm yielded similar neutron energy spectra. The full width at half maximum
(FWHM) of the neutron energy spectra increased with initial ion temperature.
To validate the accuracy of the energy spectra generated by the optimization
algorithm, the number of particles per cell (PPC) was fixed at 1000 for all sim-
ulations. As illustrated in Fig. 5(a) [Figure 5: see original paper]|, by varying
the initial temperature of the D ions, we compared the effective FWHM of the
simulated energy spectra with the analytical fit of Ballabio [43] using relativis-
tic kinematics. The results reveal remarkable agreement. The ultimate goal
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of the optimization algorithm is to improve computational efficiency without
altering the underlying physics. Figure 5(b) presents the CPU runtime for the
D(d,n)"{3}He thermonuclear fusion simulation with an initial temperature of 10
keV. Compared with TA77, the CPU runtime was reduced by 30.5%. Although
the improvement in computational efficiency may not be universal, it becomes
more evident when simulating larger numbers of particles in complex collisions.

B. D(t,n)"{4}He Thermonuclear Fusion

To test the optimization algorithm for unlike-particles and illustrate the case of
unequal weighting, we conducted a simulation for D(t,n)"{4}He thermonuclear
fusion. The initial conditions were similar to the first benchmark, with a density
of 10%° ¢cm™{-3} for both ions and an initial temperature of 5 keV. The neutron
energy spectra were benchmarked by varying the initial numbers of D and T
ions in each cell. As shown in Fig. 6(a) [Figure 6: see original paper], when the
initial number of D ions was less than that of T ions (N, = 100 PPC, N, =
1000 PPC), the optimization algorithm matched the neutron energy spectrum
from the TA77 simulation. In the opposite case, with the particle numbers
reversed (N, = 1000 PPC, N, = 100 PPC), the results were as anticipated (see
Fig. 6(b)). Furthermore, when equal weights were maintained and the initial
density ratios of D and T ions were varied, the neutron energy distribution was
unaffected by variations in initial particle density, influencing only the peak of
the energy spectrum.

Because the nuclear reaction mechanism of the second benchmark differs from
the first, we performed multiple simulation sets. The evolution of the neutron
energy FWHM with ion temperature is shown in Fig. 7(a) [Figure 7: see orig-
inal paper], again demonstrating remarkable agreement between the optimiza-
tion algorithm (NEW) and theory (Ballabio). Additionally, we compared the
computational efficiency of D(t,n)"{4}He thermonuclear fusion in both cases,
as shown in Fig. 7(b), revealing a 25.5% reduction in CPU runtime for the
optimized algorithm compared with TA77.

C. D(d,n) " {3}He Beam-Target Fusion

Two distinct tests were conducted to investigate the feasibility of D(d,n)"{3}He
beam-target fusion using the optimization algorithm. In these simulations,
D(d,n)"{3}He beam-target fusion occurred when a high-energy beam impacted
a cold, stationary D ion target. In this scenario, the kinetic energy of the beam
determined the magnitude of the fusion cross-section. One group of D ions was
considered as a stationary background with a density of 102° ¢cm™{-3}, while
another group with equal density served as the projectile. Two simulations were
performed with projectile velocities of 0.05¢ and 0.1¢, and the resulting neutron
spectra are presented in Fig. 8 [Figure 8: see original paper]. Figures 8(a) and
8(b) illustrate the simulation results with initial velocities of 0.05¢ and 0.1¢,
respectively. As shown, the optimization algorithm accurately reproduced the
neutron energy spectra.
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Because the optimization algorithm partially removed particle traversal steps,
we illustrate the relative error in total kinetic energy during the simulation in
Fig. 9(a) [Figure 9: see original paper]. For the optimization algorithm, the
peak of the relative error stabilized at +0.02%, an insignificant energy deviation
considering statistical fluctuations during simulation. Additionally, as shown in
Fig. 9(b), the optimization algorithm significantly reduced CPU runtime by
32.5%.

IV. CONCLUSION

In this study, we addressed the computational inefficiency of multiparticle
complex collisions in PIC simulations by optimizing the classical PIC binary
Coulomb collision algorithm. The particle-pairing process was simplified by
removing the particle address randomization step, and collision particle pairs
were selected using random numbers. This eliminated the need to traverse all
particle address information within simulation cells and significantly reduced
CPU runtime. The optimized algorithm was benchmarked for like-particle
D(d,n)"{3}He, unlike-particle D(t,n)"{4}He, thermonuclear fusion, and beam-
target fusion scenarios. The results show that CPU runtime can generally
be reduced by approximately 30% while maintaining physical accuracy. The
minimal errors in energy and momentum enable the optimized algorithm to
minimize its effect on the underlying physics.

For plasmas with significantly high density ( 107{27} m™{-3}) or significantly
low temperature ( 1 keV), the collision frequency may increase substantially,
which would amplify the statistical error in the optimization algorithm (NEW).
Under such conditions, particle correlation effects (e.g., collective oscillations
or strong coupling) may exceed the algorithm’ s assumptions for independent
collision events. We plan to further validate the robustness of the optimization
algorithm in future studies. The generalization for parallel computations is
straightforward because the optimization algorithm operates cell-by-cell, and
particles are “sorted” throughout the simulation. Therefore, the performance
of the optimization algorithm is likely to improve substantially as the number
of particles and simulation system complexity increase. More importantly, the
optimization algorithm enables evaluation of problems that would otherwise
be inaccessible due to computational resource limitations, providing technical
support for subsequent large-scale particle collision simulations, including ICF
and laser-driven neutron sources.
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