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Abstract

Crossflow instability dominates boundary-layer turbulence transition near the
leading edge of swept wings; therefore, its stability analysis is crucial for achiev-
ing drag reduction, noise reduction, and thermal protection of flight vehicles
via laminar-flow control. In this study, a finite-Reynolds-number-based lin-
ear stability analysis is employed to investigate the instability characteristics
of the Falkner-Skan-Cooke boundary layer and the swept flat-plate boundary
layer. By solving the Orr-Sommerfeld equation and the Rayleigh equation for
boundary layers with different pressure gradients, the respective roles of viscous
and inviscid effects in crossflow instability are elucidated. Furthermore, based
on the generalized resonance mechanism involving triad resonance and Bragg
scattering, specific wavenumbers are identified for wall roughness elements and
steady disturbance modes that can efficiently trigger crossflow boundary-layer
instabilities.
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Abstract

Crossflow instability dominates the laminar-turbulent transition of boundary
layers near the leading edge of swept wing surfaces. Therefore, its stability
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analysis is crucial for achieving drag reduction, noise reduction, and thermal
protection through laminar flow control. This study employs linear stability
analysis based on finite Reynolds number theory to investigate unstable eigen-
modes in Falkner-Skan-Cooke swept-flat-plate boundary layers. By solving the
Orr-Sommerfeld and Rayleigh equations for boundary layers under different
pressure gradients, the roles of viscous and inviscid effects in crossflow instability
are revealed. Based on the generalized resonance mechanism of three-wave reso-
nance and Bragg scattering, this article provides specific wavenumbers for wall
roughness elements and steady disturbance modes that can efficiently trigger
instability in crossflow boundary layers. The stability analysis results provide
a useful reference for transition prediction in crossflow boundary layers.

Keywords: crossflow boundary layer; hydrodynamic stability; generalized res-
onance; linear stability theory; turbulent transition

1. Basic Flow Equations

This study employs dimensionless equations for stability analysis of crossflow
boundary layers. The Falkner-Skan-Cooke (FSC) boundary layer represents
an idealized boundary layer under ideal conditions and serves as an important
reference for investigating more complex boundary layers in practical scenar-
ios. The freestream velocity U* is selected as the characteristic velocity, the
boundary layer displacement thickness L* as the characteristic length, and the
density p* as the characteristic density. Variables with superscript asterisks
denote dimensional quantities, while those without asterisks are dimensionless.
Here, x represents the chordwise direction of the swept plate, y the wall-normal
direction, and z the spanwise direction, with U, V', and W denoting the velocity
components in these three directions, respectively.

The boundary layer displacement thickness Reynolds number is defined as Re =
LL- where v* is the kinematic viscosity at infinity. Assuming the boundary
layer flow consists of a steady basic flow (U(z,y),V(z,y), W(z,y), P(z,y)) and
small disturbances (v’ (z,y, 2, 1), v (z,y, z,t),w'(x,y, 2, t),p" (z,y, z,1)), we intro-
duce similarity variables n = Re'/ 2% into the classical Prandtl boundary layer
equations and express the basic flow velocity components as F(n) for the chord-
wise velocity similarity solution and G(n) for the spanwise velocity similarity
solution.

The control equations for the boundary layer in this study are the nonlinear
boundary layer equations:

m+1

2y _

Fom+ 5 FF,, + m(l— Fn) = ‘T(FTIFQWI — Fme,)
m+1
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with boundary conditions F,, — 1, G — tanA asn — oo, and F = F, =G =0
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at 7 = 0, where x, is the inlet location on the plate, m is the dimensionless
acceleration coefficient, and A is the sweep angle.

2. Linear Stability Theory

According to classical linear stability theory, crossflow disturbances are assumed
to be normal modes:

¢ (2,y,2,t) = d(y) exp [Z (/a(x)dx + Bz — wtﬂ

where « = «, + i, is the chordwise wavenumber (with real part «, and
imaginary part «; corresponding to chordwise growth rate), 5 is the spanwise
wavenumber, and w is the disturbance frequency.

Introducing the parallel flow assumption and substituting into the linearized
Navier-Stokes equations yields the control equations for linear stability analysis:

i(aﬁ+ﬁﬁ))+j—;:0
i(aU + W —w)tu + 0— —zap+R (dy2 g)u

1 2
i(aU—i—ﬁW—w)ﬂ)—l—@%:_w@_FE (;lyQ_O;_Bz)ﬁ)

This homogeneous system is equivalent to the Orr-Sommerfeld and Squire equa-
tions and satisfies homogeneous boundary conditions. For inviscid instability
problems, viscous terms are omitted from the control equations to obtain the
inviscid linear stability analysis equations (Rayleigh equations).

3. Numerical Methods and Verification

For both the basic flow equations and disturbance equations, discretization in
the wall-normal y direction employs compact finite difference schemes. The non-
linear boundary layer equations are solved using the Newton-Raphson method
with iterative marching in the x direction, while the eigenvalue problem is solved
using the Muller method.

To verify the reliability of the numerical method, we first reproduce the test case
from Schrader et al. [15] for a swept-plate boundary layer with inlet parameters
m = 0.34207, A = 45°, and Re = 337.9. Using the nonlinear boundary layer
equations, we obtain the basic flow distribution along x and the variation of
local boundary layer displacement thickness Reynolds number Res along 2. The
computed inviscid streamline direction angle ¢ and other results agree well with
the numerical results of Schrader et al. [15].
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Subsequently, using crossflow modal parameters w = —0.00466, 8 = —0.102,
and a = 0.34207 as initial values for the eigenvalue problem, we compute the
corresponding crossflow modal eigenvalues and eigenfunctions. The results show
excellent agreement with those calculated by Schrader et al. [15]. These test
cases fully validate the reliability of the numerical methods for basic flow and
linear stability theory computations used in this study.

[Figure 2: see original paper| shows the numerical methods verification results.

4. Stability Analysis

Classical crossflow instability theory suggests that the flow is inviscidly unstable.
However, in the near-leading-edge region, the Orr-Sommerfeld equation yields
growth rates much smaller than those from the Rayleigh equation, indicating
that viscosity plays a stabilizing role for crossflow modes.

To investigate the roles of viscous and inviscid effects in crossflow instability, we
perform stability analysis on swept-plate boundary layers with the same inlet
parameters (m = 0.34207, A = 45°) using both Orr-Sommerfeld and Rayleigh
equations. [Figure 3: see original paper] presents the evolution of unstable
crossflow modal growth rates —a; in the z direction.

The results show that for fixed frequency w = —0.00466, the smaller the absolute
value of spanwise wavenumber (3, the smaller the crossflow modal growth rate. In
the downstream region where x is large, the solutions from the Orr-Sommerfeld
and Rayleigh equations gradually converge, consistent with classical crossflow
instability theory. For larger favorable pressure gradients (e.g., m = 0.5), the
crossflow modal growth rates are greater than those for m = 0.34207 under the
same frequency and wavenumber conditions, because m = 0.5 corresponds to a
stronger favorable pressure gradient.

[Figure 4: see original paper] compares the neutral curves for swept-plate bound-
ary layers and FSC boundary layers with the same inlet parameters. The neu-
tral curves for both cases are similar, with unstable crossflow modal regions
appearing near the leading edge. For steady disturbances (w = 0), the unsta-
ble spanwise wavenumber region gradually decreases and shifts toward smaller
absolute 8 values as the disturbance propagates chordwise. The unstable re-
gion in the FSC boundary layer is larger than that in the swept-plate boundary
layer because the FSC boundary layer has a constant favorable pressure gradi-
ent, whereas the swept-plate boundary layer’ s favorable pressure gradient is
concentrated primarily in the leading-edge region.

[Figure 5: see original paper| shows the N-factor values for unstable crossflow
modes calculated using the eN method. The maximum N-factor appears down-
stream of x = 700 and moves further downstream as frequency decreases. This
suggests that lower frequencies have larger unstable regions, causing the neu-
tral curve boundary to shift downstream. The N-factor distribution also shows
selectivity in spanwise wavenumber, with the maximum growth occurring at
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B = —0.35 for lower frequencies, while being less sensitive to frequency.

5. Generalized Resonance

In crossflow boundary layers, unstable disturbances and wall roughness elements
can satisfy three-wave resonance conditions and effectively excite and amplify
unstable waves [18]. Three-wave resonance includes both difference resonance
and sum resonance. For difference resonance, the frequencies and wavenumbers
must satisfy:

Wy =wy—ws, p =ag—ag, Bi=0,—f4
For sum resonance, they must satisfy:

Wy =wytws, ap=aytag Bi=0+0s

[Figure 6: see original paper| and Table 1 show combinations of unsteady cross-
flow modes and wall roughness elements satisfying three-wave resonance rela-
tions in swept-plate and FSC boundary layers. Unlike three-wave resonance
in two-dimensional boundary layers that requires quasi-neutral conditions [19],
crossflow boundary layers can support generalized resonance between unstable
disturbances and wall roughness elements [18]. Theoretical analyses [20] have
revealed that sum resonance is a more effective instability mechanism than differ-
ence resonance. The strongest resonance amplification occurs for steady modes
or roughness elements with wavenumbers near the right-branch neutral steady
mode.

When the participating crossflow unstable mode is steady (w = 0), the sum
resonance condition degenerates into the Bragg scattering relation:

a; =2ay, [ =205,

[Figure 7: see original paper| shows the growth rate distribution and span-
wise wavenumber distribution along xz for steady neutral modes participating
in Bragg scattering. The steady neutral modes with larger absolute spanwise
wavenumbers correspond to the strongest sum resonance. The absolute value of
spanwise wavenumber gradually decreases along the chordwise direction. Steady
crossflow modes or wall roughness elements with spanwise wavenumbers near the
most unstable steady mode produce the strongest Bragg scattering resonance.

6. Conclusions

Due to the favorable pressure gradient existing primarily in the leading-edge
region of swept plates, strong instability occurs in this region. This study em-
ploys Orr-Sommerfeld and Rayleigh equations based on finite Reynolds number
theory to analyze crossflow stability in swept-plate boundary layers. The anal-
ysis reveals that the leading-edge region is dominated by inviscid instability,
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with the unstable spanwise wavenumber region gradually decreasing and shift-
ing toward smaller absolute 8 values along the chordwise direction. Near the
leading-edge stagnation point, the unstable frequency region gradually increases
along the chordwise direction.

Using the eN method based on linear stability theory, we calculate the N-factor
distribution for unstable crossflow disturbances in the downstream region. The
crossflow modal growth in swept-plate boundary layers is less sensitive to fre-
quency but shows sensitivity to spanwise wavenumber, with maximum growth
occurring at f = —0.35. In contrast, FSC boundary layers are sensitive to both
frequency and spanwise wavenumber.

Based on the generalized resonance mechanism, we compute the spanwise
wavenumber distributions along the chordwise direction for the upper-branch
neutral steady mode that can excite the strongest sum resonance, and for the
most unstable steady mode that can excite Bragg scattering. These results
demonstrate that steady modes or wall roughness elements near the most
unstable steady modal wavenumbers can excite faster unstable growth.
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