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Abstract
Flexible substrate-supported plates are common in nature and engineering, such
as skin and asphalt pavements, and buckling is one of their typical failure modes.
The lateral support provided by the foundation helps enhance the stability of
the plate. When the foundation thickness is comparable to or larger than the
buckling wavelength, existing elastic models cannot accurately capture the thick-
ness effect of the foundation, and analytical solutions for the critical buckling
strain have not yet been reported. To address this issue, this study investigates
thin plates supported by an elastic substrate and, based on linear elasticity the-
ory, proposes an elastic foundation model with finite thickness to examine the
buckling of an infinitely long beam resting on such a foundation. Two types of
contact between the foundation and a rigid base are considered, namely bonded
and sliding. Concise explicit relationships are derived between the critical buck-
ling strain and critical buckling wavelength and the Young’s modulus, Poisson’
s ratio, and thickness of the foundation. The influence of the foundation thick-
ness on the critical buckling wavelength and critical buckling strain is analyzed.
Finite element analyses are carried out to validate the model. The results show
that, compared with existing analytical models, the predictions of the present
model agree better with the finite element results; when the foundation thick-
ness exceeds (1/�) times the buckling wavelength, the relative error is less than
10%.
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Abstract: Flat plates supported by flexible substrates are commonly found in
nature and engineering, such as in skin and asphalt roads, with buckling be-
ing one of their prevalent failure modes. The lateral support provided by the
foundation enhances plate stability. However, when the foundation thickness is
substantial relative to the buckling wavelength, existing elastic models fail to
accurately capture the thickness effect of the foundation, and analytical solu-
tions for critical buckling strain remain unavailable. To address this, we propose
a finite-thickness elastic foundation model for substrate-supported thin plates
based on linear elasticity theory and investigate the buckling of infinitely long
beams on such foundations. Two scenarios are examined: foundations bonded
to a rigid substrate and foundations sliding on a rigid substrate. We derive
concise explicit relationships among critical buckling strain, critical buckling
wavelength, and the foundation’s Young’s modulus, Poisson’s ratio, and thick-
ness, and analyze how foundation thickness influences these critical parameters.
Finite element analysis validates the model, demonstrating that its predictions
agree better with numerical results than existing analytical models. When the
foundation thickness exceeds the buckling wavelength, the relative error falls
below⋯

Keywords: elastic foundation; finite thickness; buckling; buckling strain; finite
element

1 Analytical Model
Elastic foundation models describe the relationship between surface forces
and deformations in foundations. The Winkler model, characterized by linear
springs, has evolved into two-parameter models [2-3], three-parameter models
[4-5], and half-space elastic models [1]. Due to their simplicity, these elastic
foundation models have found widespread application in various elasticity prob-
lems. Previous studies have investigated plate buckling on elastic foundations
[14-15] and beam buckling on thin elastic layers [18-19]. However, the former
is unsuitable for relatively thick foundations, while the latter only provides
implicit relationships between critical buckling strain and foundation thickness.

Many materials in biological and engineering fields, such as muscle tissue, exhibit
compressive strengths much lower than their Young’s modulus, making instabil-
ity a primary failure mechanism for these structures. Consequently, buckling of
beams bonded to elastic foundations has become an active research area [8-12],
with investigations covering buckling stability of beams on soil [13], buckling
of functionally graded beams on elastic foundations [16], wrinkling and buck-
ling delamination of elastic films on substrates [17], thermal post-buckling of
sandwich beams on elastic foundations [18], and thermal buckling of plates on
foundations [19]. The Winkler model has also been applied to beam buckling on
half-space elastic foundations [20-21]. The lateral forces from elastic foundations
enhance beam stability, with the supporting effect depending on the foundation’
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s mechanical properties and thickness. While linear elastic models provide ac-
curate descriptions, they present computational challenges. Simplified elastic
foundation models are thus essential for precise buckling analysis.

Existing models have limitations: the Winkler model neglects Poisson’s ratio
effects and cannot handle thick foundations; half-space models cannot describe
thickness effects; and multi-parameter models face parameter determination
difficulties. This study proposes a finite-thickness elastic foundation model that
accurately reveals foundation support effects and yields explicit relationships
for critical buckling strain with foundation Young’s modulus, Poisson’s ratio,
and thickness, providing a theoretical basis for analyzing buckling of beams on
elastic foundations.

Consider an infinitely wide thin plate perfectly bonded to an elastic foundation
of thickness ℎ. The beam and foundation interface experiences no separation or
sliding. As the study focuses on macroscopic engineering applications, surface
energy is negligible. The plate ends are subjected to axial compressive force
𝑁 per unit width induced by thermal or mechanical loads. The infinitely wide
thin plate can be treated as a slender Euler-Bernoulli beam, while the underlying
elastic foundation follows linear elastic plane strain constitutive relations. The
𝑥- and 𝑦-axis origins are set at the elastic foundation’s lower surface, making
the foundation’s upper surface initially at 𝑦 = 0. The beam’s bending stiffness
is 𝐷 = 𝐸𝑏𝑡3

12(1−𝜈2
𝑏 ) , where 𝐸𝑏 is the beam’s Young’s modulus, 𝜈𝑏 is the beam’s

Poisson’s ratio, 𝑡 is the beam thickness, 𝐸 is the foundation’s Young’s modulus,
and 𝜈 is the foundation’s Poisson’s ratio. The foundation’s lower surface is
either bonded to or slides on a rigid substrate.

Assuming the post-buckling beam shape follows a sinusoidal form 𝑢𝑦 =
𝑉0 sin(𝑚𝑥), where 𝑉0 is a real constant defining the buckling amplitude and
𝑚 is a positive real constant related to the buckling wavelength 𝜆 (with
𝑚 = 2𝜋/𝜆). Only vertical displacement of the beam is considered, while axial
displacement is neglected per beam theory assumptions. Figure 1 shows the
planar geometric model of a beam bonded to an elastic foundation.

[Figure 1: see original paper] Planar geometric model of beam bonded to elastic
foundation

1.1 Establishment of Elastic Foundation Model

Based on the defined beam buckling shape, the stress function in the founda-
tion region is assumed as Φ = 𝑓(𝑦) sin(𝑚𝑥), where 𝑓(𝑦) is a real-valued function
of 𝑦. For a foundation bonded to a rigid substrate, with boundary conditions
𝑢𝑥 = 0, 𝑢𝑦 = 0 at the lower surface 𝑦 = −ℎ, and considering ℎ𝑚 ≫ 1, the
stress-displacement relationship at the foundation upper surface is derived (see
Appendix). For a foundation sliding on a rigid substrate, the boundary condi-
tions become 𝑢𝑥 = 0, 𝜏𝑥𝑦 = 0 at 𝑦 = −ℎ, yielding the stress-strain relationship.
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1.2 Beam Control Differential Equation

Assuming constant beam axial force 𝑁 , the differential relationship between
buckling force 𝑁 and lateral normal stress 𝜎𝑦 provided by the foundation, based
on force and moment equilibrium, is [6,22]:

𝜎𝑦 = −𝐷𝑑4𝑢𝑦
𝑑𝑥4 − 𝑁 𝑑2𝑢𝑦

𝑑𝑥2

This control differential equation applies to Euler-Bernoulli beams. By substi-
tuting the foundation stress-displacement relationship and the beam buckling
shape, the model can be extended to Timoshenko beam stability analysis. How-
ever, due to its complexity and since high beams have strong stability and are
less prone to instability, this study focuses on infinitely long beam buckling
where the Euler-Bernoulli assumption meets accuracy requirements and yields
more concise results.

1.3 Critical Buckling Force

To obtain the analytical form of buckling force 𝑁 , we substitute the stress-
displacement relationship into the control equation, yielding:

𝑁 = 𝐷𝑚2 + 𝐸
2(1 + 𝜈) ⋅ 3 + 4ℎ𝑚 + 3ℎ2𝑚2

1 + ℎ𝑚

Taking the extremum of 𝑁 with respect to 𝑚 gives the critical 𝑚 value:

𝑚𝑐 = 4√ 𝐸
2𝐷(1 + 𝜈)

The critical buckling wavelength is:

𝜆𝑐 = 2𝜋
𝑚𝑐

= 2𝜋 4√2𝐷(1 + 𝜈)
𝐸

And the critical buckling force is:

𝑁𝑐 = 2√𝐷 ⋅ 𝐸
2(1 + 𝜈) = √ 2𝐷𝐸

1 + 𝜈

For the sliding foundation case, the buckling force expression becomes:

𝑁 = 𝐷𝑚2 + 𝐸
2(1 + 𝜈) ⋅ 1 + 2ℎ𝑚

1 + ℎ𝑚

chinarxiv.org/items/chinaxiv-202602.00015 Machine Translation

https://chinarxiv.org/items/chinaxiv-202602.00015


The corresponding critical 𝑚 is:

𝑚𝑐 = 4√ 𝐸
4𝐷(1 + 𝜈)

The critical buckling wavelength is:

𝜆𝑐 = 2𝜋 4√4𝐷(1 + 𝜈)
𝐸

And the critical buckling force is:

𝑁𝑐 = √ 𝐷𝐸
1 + 𝜈

As foundation thickness approaches infinity (ℎ → ∞), the leading terms for both
cases become identical, indicating that bottom boundary conditions do not affect
the critical buckling force at first order, which is physically reasonable. Higher-
order terms differ between the two boundary conditions, with the bonded case
showing larger critical buckling stress at finite thickness, also consistent with
physical expectations.

2 Results and Analysis
Finite element analysis (FEA) is conducted to verify the derived formulas, com-
paring the proposed model with FEA results and existing half-space elastic
foundation models [20]. Notably, even as foundation thickness approaches in-
finity, the models are not identical because this model assumes zero beam axial
displacement while half-space models assume zero shear stress at the founda-
tion surface. Subsequent comparisons show the current model agrees better
with FEA results.

2.1 Finite Element Model

A two-dimensional solid model of the foundation-beam system is established in
ABAQUS, with perfect bonding between foundation and beam. For comparison
with the analytical model based on linear elasticity, both beam and foundation
are modeled as homogeneous linear elastic materials with Poisson’s ratio 0.3.
The Young’s modulus ratio between foundation and beam is initially set to 0.01.
A linear perturbation buckling analysis step is employed.

For the bonded foundation case, axial displacement is fixed at both ends of
the beam and foundation, and a temperature load is applied to induce buckling.
The numerical critical buckling strain is obtained from the first mode eigenvalue
𝑛 as 𝜖𝑐𝑟 = 𝑛Δ𝑇 𝛼, where Δ𝑇 is the applied temperature increase and 𝛼 is
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the thermal expansion coefficient. For the sliding foundation case, uniform
compressive displacement 𝑆/𝐿 is applied at the right end while fixing the left
end’s axial displacement, where 𝐿 is the beam length. The model considers
two common buckling causes in engineering: thermal loading and mechanical
compression.

The FEA model uses quadrilateral four-node linear plane strain elements with
mesh size ℎ/20. The relative error between simulation results from models with
mesh sizes ℎ/20 and ℎ/40 is less than 1.5%, ensuring mesh independence.

2.2 Comparison of Results

Figures 2-7 show variations of dimensionless critical 𝑚 values and critical buck-
ling strain with foundation Young’s modulus and thickness. For both bonded
and sliding foundations, the 𝑚 values and their variation patterns from this
model show reasonable agreement with FEA results (relative error < 5%). Com-
pared with existing models, this model accounts for foundation thickness effects.

[Figure 2: see original paper] Variation of critical 𝑚 value with foundation
Young’s modulus

The dimensionless critical 𝑚 value increases with Young’s modulus 𝐸, causing
the critical buckling wavelength to decrease with increasing foundation stiffness.

[Figure 3: see original paper] Variation of critical 𝑚 value with foundation
thickness

[Figure 4: see original paper] Variation of critical buckling strain with foundation
Young’s modulus (ℎ/ℎ𝑏 = 10)

[Figure 5: see original paper] Variation of critical buckling strain with foundation
thickness (𝐸/𝐸𝑏 = 0.01)

[Figure 6: see original paper] Variation of critical buckling strain with ℎ𝑚
(ℎ/ℎ𝑏 = 10)

[Figure 7: see original paper] Variation of critical buckling strain with ℎ𝑚
(𝐸/𝐸𝑏 = 0.01)

Critical buckling strain increases with foundation Young’s modulus 𝐸, with
the bonded foundation showing slightly higher critical buckling strain than the
sliding case. The relative error between this model’s predictions and numerical
solutions is less than 5%. The error increases with foundation Young’s modulus
because the model neglects beam axial displacement. Compared with existing
models, this model’s results are closer to numerical solutions.

Critical buckling strain initially decreases rapidly with foundation thickness ℎ
and then approaches a constant value when ℎ ≫ ℎ𝑏. When ℎ/ℎ𝑏 ≥ 12, thickness
effects become negligible. However, due to simplifications, the analytical solu-
tion shows some error compared to FEA results. When ℎ/ℎ𝑏 < 12, thickness
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effects are significant, and existing models produce larger errors because they
neglect these effects in solving for 𝑚.

When foundation thickness is much greater than beam thickness, the critical
buckling strains for bonded and sliding foundations converge, consistent with the
analysis considering thickness effects. In contrast, half-space elastic foundation
models [20] do not distinguish between bonded and sliding conditions.

3 Conclusions
This study proposes a finite-thickness elastic foundation model for buckling of
beams on elastic foundations, deriving explicit relationships between critical
buckling strain and foundation thickness. The model focuses on the simplifica-
tion using the assumption ℎ𝑚 ≫ 1.

Key findings: 1. When foundation thickness is less than the buckling wavelength,
thickness effects are significant. Critical buckling strain decreases with increas-
ing foundation thickness. 2. When foundation thickness exceeds the buckling
wavelength, thickness effects become negligible. The model form matches ex-
isting half-space elastic foundation models, but predictions remain closer to
FEA results. 3. For foundation thickness greater than 𝜋 times the buckling
wavelength, relative errors between model predictions and numerical solutions
remain below 2/𝜋.

The model accurately reveals the supporting effect of elastic foundations and
provides a theoretical basis for analyzing instability in composite fibers and
other applications.

References
[1] ELISHAKOFF I, TONZANI M, ZAZA N. Contrasting three alternative ver-
sions of Timoshenko-Ehrenfest theory for a Winkler elastic foundation-simply
supported beam [J]. Journal of Applied Mathematics and Mechanics, 2018,
98(8): 1334-1368.

[2] NAZARIMOFRAD E, BARKHORDAR A. Buckling analysis of orthotropic
rectangular plates resting on a Pasternak elastic foundation under biaxial in-
plane loading [J]. Mechanics of Advanced Materials and Structures, 2016, 23(10):
1144-1148.

[3] VACCARO S, PINNOLA P, MAROTTI SCIARRA F, et al. Elastostatics of
Bernoulli-Euler beams resting on displacement-driven nonlocal foundations [J].
Nanomaterials, 2021, 11(3): 573.

[4] KERR A D. A study of a new foundation model [J]. Acta Mechanica, 1965,
1(2): 135-147.

[5] REISSNER E. Deflections of plates on a viscoelastic foundation [J]. Journal
of Applied Mechanics, 1958, 25(1): 144-145.

chinarxiv.org/items/chinaxiv-202602.00015 Machine Translation

https://chinarxiv.org/items/chinaxiv-202602.00015


[6] MUKHERJEE B, DILLARD D A. On buckling of a plate on an elastomeric
foundation [J]. International Journal of Mechanical Sciences, 2018, 149: 429-435.

[7] ZHANG Y. A Kerr-type elastic foundation model for buckling analysis of a
bonded elastic layer [J]. Journal of Applied Mathematics and Mechanics, 2019,
99(10): e201900162.

[8] CHEN Z, ZHANG B, SUN B, et al. Post-buckling paths of beams on two-
parameter elastic foundations considering axial force [J]. Chinese Journal of
Applied Mechanics, 2017, 34(3): 470-475.

[9] WANG J, ZHANG S, NIE Z, et al. Buckling of a stiff bi-layer on a compliant
substrate of finite thickness [J]. International Journal of Solids and Structures,
2020, 188-189: 133-140.

[10] LI Q, ZENG Y. Buckling and vibration of nonlinear elastic foundation
beams under follower forces [J]. Chinese Journal of Applied Mechanics, 2016,
33(6): 1022-1026.

[11] WANG K, VAN HEIJDEN M. Shock sensitivity of localized buckling on a
nonlinear foundation: the trenched subsea pipeline [J]. Journal of the Mechanics
and Physics of Solids, 2020, 143: 104044.

[12] RAO K, RAO B. Torsional post-buckling of thin-walled open sections on
clamped supports with Winkler-Pasternak foundations [J]. Thin-Walled Struc-
tures, 2017, 116: 320-325.

[13] OBARA P. Vibrations and stability of Bernoulli-Euler and Timoshenko
beams on two-parameter elastic foundations [J]. Archives of Civil Engineering,
2014, 60(4): 421-440.

[14] LI G, GE R, XIA Y, et al. Critical load calculation for Euler-Bernoulli
beams on elastic foundations [J]. Journal of Anhui Polytechnic University, 2021,
36(3): 47-53.

[15] PANAHANDEH-SHAHRAKI D, AMIRI A. Buckling of cracked function-
ally graded plates supported by a Pasternak foundation [J]. International Jour-
nal of Mechanical Sciences, 2014, 88: 108-118.

[16] MEI X, LANDIS M, HUANG R. Concomitant wrinkling and buckle-
delamination of elastic films on compliant substrates [J]. Mechanics of
Materials, 2011, 43(11): 627-642.

[17] PENG J, LI X, LI S, et al. Thermal post-buckling of composite sandwich
beams on elastic foundations [J]. Engineering Mechanics, 2017, 34(S1): 26-30.

[18] LIU Y, WANG Y, HE F. Buckling paths and vibration characteristics of
plates on elastic foundations in thermal environments [J]. Science Technology
and Engineering, 2022, 22(16): 6393-6399.

[19] WEN Q, TANG L, YANG T. Buckling and post-buckling of pinned Euler
beams on a weakened Winkler foundation under thermal loading [J]. Journal of

chinarxiv.org/items/chinaxiv-202602.00015 Machine Translation

https://chinarxiv.org/items/chinaxiv-202602.00015


Thermal Stresses, 2020, 43(5): 529-545.

[20] CHEN X, HUTCHINSON J W. Herringbone buckling patterns of com-
pressed thin films on compliant substrates [J]. Journal of Applied Mechanics,
2004, 71(5): 597-603.

[21] FALOPE O, LANZONI L, RADI E. Buckling of a Timoshenko beam bonded
to an elastic half-plane: effects of sharp and smooth edges [J]. International
Journal of Solids and Structures, 2020, 185-186: 222-239.

[22] TIMOSHENKO S, WOINOWSKY-KRIEGER S. Theory of Plates and
Shells [M]. New York: McGraw-Hill, 1959.

Appendix: Derivation of Stress-Strain Relationship at
Bonded Foundation Surface
According to elasticity theory, the stress function in the foundation region must
satisfy the biharmonic equation:

∇4Φ = 0 (𝐴1)

Assuming the form Φ = 𝑓(𝑦) sin(𝑚𝑥) and substituting into (A1) yields the
general solution:

𝑓(𝑦) = (𝐴 + 𝐶𝑦)𝑒𝑚𝑦 + (𝐵 + 𝐷𝑦)𝑒−𝑚𝑦 (𝐴2)

The stress components are:

𝜎𝑦 = 𝑚2 sin(𝑚𝑥)[(𝐴 + 𝐶𝑦)𝑒𝑚𝑦 + (𝐵 + 𝐷𝑦)𝑒−𝑚𝑦] (𝐴3)

𝜎𝑥 = 𝜕2Φ
𝜕𝑦2 = 𝑚2 sin(𝑚𝑥)[(𝐴 + 𝐶𝑦 + 2𝐶/𝑚)𝑒𝑚𝑦 + (𝐵 + 𝐷𝑦 − 2𝐷/𝑚)𝑒−𝑚𝑦]

𝜏𝑥𝑦 = − 𝜕2Φ
𝜕𝑥𝜕𝑦 = −𝑚 cos(𝑚𝑥)[(𝐴 + 𝐶𝑦 + 𝐶/𝑚)𝑒𝑚𝑦 − (𝐵 + 𝐷𝑦 − 𝐷/𝑚)𝑒−𝑚𝑦]

Under plane strain conditions, the displacement components are:

𝑢𝑥 = 1 + 𝜈
𝐸 cos(𝑚𝑥)[(𝐴 − 𝐵) + (𝐶 − 𝐷)𝑦] (𝐴4)

𝑢𝑦 = 1 + 𝜈
𝐸 sin(𝑚𝑥)[−(𝐴 + 𝐵) − (𝐶 + 𝐷)𝑦 + 2(1 − 𝜈)

𝑚 (𝐶 − 𝐷)] (𝐴5)
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At the foundation upper surface (𝑦 = 0), the boundary conditions are 𝜎𝑦 =
−𝑝0 sin(𝑚𝑥) and 𝑢𝑦 = − 𝑝0

𝐸 sin(𝑚𝑥). At the bonded lower surface (𝑦 = −ℎ),
𝑢𝑥 = 𝑢𝑦 = 0. Solving these yields:

𝐴 − 𝐵 = 𝑝0
2𝑚2 , 𝐶 − 𝐷 = − 𝑝0

2𝑚

𝐶ℎ + 2𝐷ℎ𝑒−𝑚ℎ = 0, (𝐴 + 𝐶ℎ) − (𝐵 − 𝐷ℎ) = 0

Considering ℎ𝑚 ≫ 1 and using asymptotic approximations:

𝐶 ≈ − 𝑝0
2𝑚, 𝐷 ≈ 𝑝0

2𝑚𝑒−2𝑚ℎ

𝐴 − 𝐵 ≈ 𝑝0
2𝑚2 , 𝐶 + 𝐷 ≈ − 𝑝0

2𝑚

Substituting into the stress-displacement relationship at 𝑦 = 0 yields:

𝜎𝑦 = − 𝐸(1 + ℎ𝑚)
2(1 + 𝜈)(3 + 4ℎ𝑚 + 3ℎ2𝑚2)𝑢𝑦

For the sliding foundation case with boundary conditions 𝑢𝑥 = 0, 𝜏𝑥𝑦 = 0 at
𝑦 = −ℎ, similar derivation gives:

𝜎𝑦 = − 𝐸(1 + ℎ𝑚)
2(1 + 𝜈)(1 + 2ℎ𝑚)𝑢𝑦

These relationships form the basis for the critical buckling analysis presented in
Section 1.

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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