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Abstract
Based on the theory of elasticity and in combination with deep learning tech-
niques, a polynomial solution method is developed for the geometrically nonlin-
ear bending analysis of thin plates. To satisfy boundary conditions and enable
efficient differentiation, a displacement trial function model is first constructed
using symbolic differentiation; the input to this model is the coordinates of an
arbitrary point within the solution domain, and the output is the corresponding
displacement. Then, considering the geometrically nonlinear bending theory
derived from the variational principle, the system potential energy of the thin
plate is used to formulate the objective function. Finally, automatic differen-
tiation is employed to compute the gradient of the objective function, and the
Adam optimization algorithm is used for parameter optimization until the opti-
mal parameter vector is obtained, thereby yielding an explicit polynomial series
solution for the plate displacement. The combination of these two differenti-
ation techniques enhances the usability and accuracy of the program. In this
study, geometrically nonlinear bending problems of thin plates with different
shapes and boundary conditions are solved; the convergence of the polynomial
series solutions at different orders is analyzed, and the results are compared
with Abaqus finite element solutions and reference solutions from the literature,
demonstrating the effectiveness and applicability of the proposed method.

Full Text
Polynomial Series Solution for Nonlinear Bending of Thin
Plates Based on Deep Learning Technology
Abstract

Based on the theory of elastic mechanics and combined with deep learning tech-
niques, this study develops a polynomial series solution method for geometri-
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cally nonlinear bending analysis of thin plates. To satisfy boundary conditions
and enable rapid differentiation, a trial displacement function model is first
constructed based on symbolic differential computation. The model takes co-
ordinates of arbitrary points in the solution domain as input and outputs the
corresponding displacements. By considering the geometrically nonlinear bend-
ing theory based on variational principles, the objective function is constructed
from the system’s potential energy of the thin plate. Finally, automatic differ-
entiation is employed to compute the gradient of the objective function, which
is then optimized using optimization algorithms until the optimal parameter
vector is obtained, yielding an explicit polynomial series solution for plate dis-
placement. The combination of these two differential techniques enhances both
the usability and accuracy of the program. This research solves geometrically
nonlinear bending problems for thin plates of various shapes and boundary con-
ditions, analyzes the convergence of polynomial series solutions under different
orders, and validates the effectiveness and applicability of the proposed method
through comparisons with finite element solutions and reference solutions.

Keywords: geometric nonlinearity; symbolic differentiation; automatic differ-
entiation; polynomial series; deep learning

1. Introduction

Thin plates serve as critical engineering components, and their nonlinear bend-
ing behavior is more representative of practical engineering scenarios than linear
bending. The nonlinear bending problem of plates has long attracted extensive
attention from scholars, leading to the development of numerous numerical solu-
tion methods. Jiang Tao et al. [?] applied the symplectic superposition method
to obtain analytical solutions for orthotropic rectangular plates under uniform
loads. Shen Guozhe et al. [?] established a coupled peridynamics and continuum
mechanics model for analyzing large deformation bending and fracture of thin
plates. Mo Huang [?] investigated the nonlinear bending behavior of function-
ally graded plates using the spline finite point method. Watts et al. [?] employed
a meshless Galerkin method to study geometrically nonlinear bending of quadri-
lateral composite plates. Chen Yingjie et al. [?] applied a modified reciprocal
theorem for rectangular plates to derive generalized displacement solutions for
large deflection bending. Zhang [?] obtained approximate solutions for nonlinear
bending of super-elliptical plates using the Ritz method. Li [?] solved nonlinear
axisymmetric bending problems of strain gradient circular plates using differ-
ential quadrature and iterative methods. Yu [?] utilized a hierarchical wavelet
method for analyzing geometrically nonlinear anisotropic plates. Al-Shugaa et
al. [?] employed perturbation methods to handle boundary and initial condi-
tions for annular plates, deriving analytical expressions for nonlinear large de-
flection. Chen et al. [?] investigated arbitrary quadrilateral plates under large
deflection. Zhang Xunwei et al. [?] analyzed circular plate nonlinear deflection
using Gröbner bases. Aghelinejad et al. [?] performed post-buckling analysis
of functionally graded annular plates. Jiang Furu [?] studied unsymmetrical
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nonlinear bending of annular and circular plates under various supports using
perturbation methods. Zhou Ciqing [?] derived consistent asymptotic solutions
for orthotropic rectangular plates. Yang Tianxiang et al. [?] proposed internal
and mixed collocation methods. Chen Ziqi et al. [?] used double trigonometric
series as deflection trial functions with least squares collocation. Yang Jiaming
et al. [?] assumed displacement functions as beam vibration functions. Wu
Lanhe et al. [?] employed products of binary polynomials and basic functions
describing boundary shapes. Hou Xianglin et al. [?] applied finite difference
methods and dynamic design variable optimization algorithms.

In addition to these conventional methods, with the rapid advancement of com-
puter technology in machine learning, neural network methods have been widely
applied to solve partial differential equation-described mechanics problems due
to their powerful function approximation capabilities. Raissi et al. [?] proposed
Physics-Informed Neural Networks (PINN) for solving nonlinear PDEs. Sirig-
nano et al. [?] developed the Deep Galerkin Method (DGM). Samaniego et al. [?]
introduced the Deep Energy Method for PDE solutions in weak form. Goswami
et al. [?] combined transfer learning with PINN for phase-field fracture mod-
eling. Yang et al. [?] employed Bayesian PINNs for problems with noisy data.
Wang et al. [?] proposed subdomain neural networks for heterogeneous com-
plex geometries. Aghelinejad et al. [?] used deep learning for rectangular plate
mechanics. Huang Zhongmin et al. [?] developed a deflection-bending moment
coupled neural network for plates with in-plane stiffness gradient. Zhuang et
al. [?] proposed a learning-based numerical algorithm for solving variational
problems. Nguyen-Thanh et al. [?] applied the Deep Energy Method to hypere-
lasticity. Guo Hongwei et al. [?] employed deep collocation and energy methods
with two-step optimizers for plate bending. Zhang Chun et al. [?] proposed a
deep neural network surrogate model for mechanical field quantities.

Neural network models essentially establish functional relationships between
inputs and outputs, determining these relationships by continuously optimizing
internal parameters through training. The maturity of automatic differentiation
techniques has facilitated the development of various methods, enabling easy
gradient computation for error functions without designing low-level derivative
interfaces. However, the function expressions obtained from trained deep neural
networks with numerous parameters and activation functions become extremely
complex, making their internal mechanisms difficult to interpret. Additionally,
large networks lead to many optimization parameters, causing computational
resource waste.

For most problems in elasticity mechanics, many common solution methods ex-
ist. Combining these with deep learning techniques can enrich their flexibility.
This study draws from traditional elasticity solutions, assuming displacement
trial functions in polynomial series form to construct input-output relationships,
using thin plate system potential energy as the objective function, and optimiz-
ing with common learning algorithms.
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Figure 1

Figure 1: Figure 1

2. Thin Plate Geometrically Nonlinear Bending Theory

For nonlinear bending problems of thin plates, the system’s potential energy is
derived based on variational principles. Assuming the plate’s elastic modulus
𝐸, Poisson’s ratio 𝜇, and thickness 𝑡, the deformation potential energy includes
bending deformation energy 𝑈bending and midplane strain energy 𝑈midplane. The
plate stiffness is 𝐷, and the uniform load is 𝑞.

The bending strain energy is expressed in terms of displacement derivatives.
The midplane strain components are:

𝜀𝑥 = 𝜕𝑢
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The total strain energy 𝑈 combines bending and midplane contributions:

𝑈 = 𝑈bending + 𝑈midplane

The external work 𝑊 is:
𝑊 = ∫

Ω
𝑞𝑤 𝑑Ω

Thus, the system’s potential energy Π is:

Π = 𝑈 − 𝑊

Automatic differentiation technology efficiently computes partial derivative
terms of displacement in the objective function. By combining common
optimization algorithms to optimize parameters, displacement trial functions
can be assumed as polynomial series forms for typical boundary conditions:

𝑤(𝑥, 𝑦) =
𝑛

∑
𝑖=1

𝐴𝑖𝜙𝑖(𝑥, 𝑦)

where 𝐴𝑖 represents the tensor of parameters to be optimized, and 𝜙𝑖(𝑥, 𝑦) are
distance functions satisfying boundary conditions.

3. Polynomial Series Model for Displacement Trial Functions

The coefficient tensor 𝐴𝑖 contains 𝑛 terms of the polynomial series. The poly-
nomial series model adopted in this study is shown in

. Based on different boundary conditions, displacement trial functions for the
plate are constructed. Symbolic differentiation builds derivative function models
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for the trial functions. When data points are input into the model, predictions
for displacement 𝑤 and its derivatives 𝑤𝑥, 𝑤𝑥𝑥, … are obtained. Automatic dif-
ferentiation technology then creates the objective function (the plate’s system
potential energy) and obtains the relationship between system potential energy
and parameter tensors for optimization algorithms to find optimal parameter
vectors.

For large deflection bending problems, displacement trial functions are assumed
as polynomial series forms. Symbolic differentiation rapidly solves explicit
expressions for displacement trial functions and their derivatives, which are
stored as code segments for subsequent calls. To enable the model to learn the
load-displacement relationship, gradient descent algorithms iteratively optimize
model parameters. This study divides the load into steps, performing the above
iteration process at each load step. Except for the first iteration step, model
parameters for subsequent steps come from the previous iteration.

The series model is built through symbolic differential operations by the pro-
gram. By changing parameter 𝑛, the computational framework of the model
can be constructed.

4. Loss Function

The loss function consists solely of the plate’s system potential energy:

𝐿 = Π

Boundary conditions are handled by distance functions 𝜙𝑖(𝑥, 𝑦). For simple
essential boundary conditions, special solutions are constructed. For complex
boundary conditions, the loss function must incorporate boundary terms. Es-
sential boundary conditions include simply supported and clamped boundaries:

Γclamped ∶ 𝑤 = 0, 𝜕𝑤
𝜕𝑛 = 0

Γsimply supported ∶ 𝑤 = 0, 𝑀𝑛 = 0
where 𝑛 represents the outward normal direction of the boundary.

5. Parameter Optimization

The model training process is essentially parameter optimization. Automatic dif-
ferentiation technology computes the gradient of the error function with respect
to parameter tensor 𝐴, which is then combined with optimization algorithms
for error backpropagation. Through continuous iterative training, the optimal
parameter tensor 𝐴∗ is obtained to minimize the error function:

𝐴∗ = arg min
𝐴

𝐿(𝐴)

When the parameter vector reaches 𝐴∗, the displacement output by the model
represents the true displacement of the plate.
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6. Optimization Algorithm

The optimization algorithm uses: - Loss function 𝐿 - Learning rate 𝛼 - Threshold
𝜖
The algorithm computes gradient values 𝑔𝑡 ← 𝜕𝐿/𝜕𝐴 using automatic differen-
tiation, updates parameters 𝐴, and repeats until convergence criteria are met.
The learning rate is adjusted between 10−4 and 10−2 based on actual computa-
tions.

7. Numerical Examples

All examples in this study use the STRI3 element in Abaqus to discretize the
solution domain with a sufficient number of elements to obtain converged solu-
tions. Comparison results are expressed by relative error:

𝑒 = |𝑢 − 𝑢∗|
|𝑢∗| × 100%

where 𝑢∗ represents the Abaqus solution or literature solution, and 𝑢 represents
the solution from this study.

7.1 Triangular Plate A simply supported triangular plate is shown in [FIG-
URE:2] with side length 𝑎 = 1 m, thickness 𝑡 = 0.01 m, elastic modulus 𝐸 = 3
MPa, Poisson’s ratio 𝜇 = 0.3, and uniform load 𝑞. Both small deflection and
large deflection bending are solved.

The displacement trial functions are constructed as:

𝜙𝑖(𝑥, 𝑦) = (𝑥 + 𝑦 + 1)(𝑥 − 𝑦 + 1)(2𝑥 − 𝑦 − 2)

For small deflection bending, the theoretical solution is [?]:

𝑤 = 𝑞
64𝐷(𝑥2 + 𝑦2 − 𝑎2)(𝑥2 + 𝑦2 − 2𝑎2)

The coefficients obtained by this method compare well with theoretical solutions
(see ). Due to symmetry, 𝑤 is an even function of 𝑦, so odd-power coefficients
of 𝑦 in the theoretical solution are zero, and the optimized odd coefficients also
reach minimal values.

Parameter optimization results for large deflection bending with 𝑞 = 80 N/m2

are shown in . The load-displacement curve is presented in [FIGURE:3].

7.2 Square Plate A simply supported square plate under uniform load is
shown in [FIGURE:4] with elastic modulus 𝐸 and thickness 𝑡. The dimensionless
formulas are:

𝑞− = 𝑞𝑎4

𝐸𝑡4 , 𝑤− = 𝑤
𝑡
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Using second-order polynomial series, displacement trial functions are con-
structed. The optimization results for parameters in each displacement
expression are shown in the table. The load-displacement curve matches well
with the finite element solution.

To demonstrate accuracy, compares dimensionless deflections at the center point
with literature and Abaqus solutions, showing good agreement with relative
errors below 2%.

The convergence of polynomial series order is analyzed in [FIGURE:5]. When us-
ing polynomial series above second order, the optimized displacement functions
converge well to literature and Abaqus solutions, indicating good approximation
of the true displacement function.

7.3 Parallelogram Plate A parallelogram plate with angle 60∘, side length
0.5 m, thickness 𝑡 = 0.01 m, elastic modulus 𝐸 = 3 × 104 MPa, Poisson’s ratio
𝜈 = 0.3, and uniform load 𝑞 = 100 N/m2 is shown in [FIGURE:6].

Different boundary conditions are denoted as: - CCCC: all edges clamped -
SSSS: all edges simply supported - SCSC: two opposite edges simply supported,
others clamped - SFSC: one edge free, others simply supported/clamped

Distance functions 𝜙𝑖(𝑥, 𝑦) are constructed accordingly. Convergence analysis
for each boundary condition is shown in [FIGURE:7]. For CCCC, SSSS, and
SCSC boundaries, polynomial series above first order converge well. For SFSC
with free edges, higher-order polynomials (above fifth order) are required for
convergence, as complex stress boundary conditions necessitate more complex
polynomial expressions.

compares deflections at the midpoint of the free edge for SFSC boundary, show-
ing decreasing relative errors as polynomial order increases.

8. Discussion and Analysis

The proposed algorithm follows a similar 流程 to the deep energy method, with
the main difference being model construction. While neural network models can
represent extremely complex functions and theoretically approximate any func-
tion form, their internal mechanisms remain difficult to interpret. In contrast,
the polynomial series model constructed through symbolic differentiation has
clear applicability for large deflection bending problems of thin plates, yielding
explicit polynomial series expressions for displacement functions.

Symbolic differentiation for computing partial derivatives of displacement is
more efficient than automatic differentiation. However, as polynomial series
order increases, computation time and memory consumption increase overall.
shows the impact of polynomial order on computing time and memory for dif-
ferent cases.
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9. Conclusions

This study proposes a polynomial series method based on deep learning tech-
nology for solving geometrically nonlinear bending of thin plates. The main
conclusions are:

1. A numerical model combining automatic differentiation and symbolic dif-
ferentiation is developed. The method yields explicit polynomial series
solutions and demonstrates effectiveness and accuracy for both linear and
nonlinear bending problems, with solutions matching well with Abaqus.

2. Convergence analysis shows that for most boundary conditions, lower-
order polynomial series can approximate the true displacement function.
However, for free boundaries, higher-order polynomials are required for
convergence.

3. The model framework is simple to implement, reusable, and can be ex-
tended to other mechanics problems by increasing polynomial order.
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