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Abstract

Radio interferometric imaging samples visibility data in the spatial frequency
domain and then reconstructs the image. Because of the limited number of an-
tennas, the sampling is usually sparse and noisy. Compressed sensing-based on
convex optimization is an effective reconstruction method for sparse sampling
conditions. The hyperparameter for the 11 regularization term is an important
parameter that directly affects the quality of the reconstructed image. If its
value is too high, the image structure will be missed. If its value is too low, the
image will have a low signal-to-noise ratio. The selection of hyperparameters
under different levels of image noise is studied in this paper, and solar radio
images are used as examples to analyze the optimization results of compressed
sensing algorithms under different noise conditions. The simulation results show
that when the salt-and-pepper noise density is between 10% and 30%, the com-
pressed sensing algorithm obtains good reconstruction results. Moreover, the
optimal hyperparameter value has a linear relationship with the noise density,
and the mean squared error of regression is approximately 8.10$x$10-8.
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Abstract: Radio interferometric imaging samples visibility data in the spatial
frequency domain and then reconstructs the image. Because of the limited num-
ber of antennas, the sampling is usually sparse and noisy. Compressed sensing
based on convex optimization is an effective reconstruction method for sparse
sampling conditions. The hyperparameter for the ¢; regularization term is an
important parameter that directly affects the quality of the reconstructed image.
If its value is too high, the image structure will be missed. If its value is too low,
the image will have a low signal-to-noise ratio. The selection of hyperparame-
ters under different levels of image noise is studied in this paper, and solar radio
images are used as examples to analyze the optimization results of compressed
sensing algorithms under different noise conditions. The simulation results show
that when the salt-and-pepper noise density is between 10% and 30%, the com-
pressed sensing algorithm obtains good reconstruction results. Moreover, the
optimal hyperparameter value has a linear relationship with the noise density,
and the mean squared error of regression is approximately 8 x 1075,

Keywords: Astronomy image processing; Radio interferometers; Radio tele-
scopes

1. Introduction

Because of the good linearity of the laws governing salt-and-pepper noise, we
believe that some of these laws can be exploited in interferometric imaging.
Traditional signal sampling must satisfy the Nyquist sampling theorem to ef-
fectively recover the original signal. However, sampling is usually sparse and
noisy due to the limited number of antennas. The compressed sensing theory
proposed by Candés and Tao in 2006 aims to combine data acquisition with
compression [?, 7, ?]. Its principle is to use the feature of signal sparsity to
enable the efficient reconstruction of sparsely sampled noisy images.

Compressed sensing is also applied in the field of image denoising. Elad and
Aharon proposed a dictionary-based denoising method [?] called the K-SVD
algorithm. The main drawback of such methods is that they require proximity
between the reconstructed denoised image and the original noisy image, which
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may result in some residual noise in the denoised image. Yang et al. proposed
a dictionary learning method [?], using a sparse representation model to con-
struct and represent images. They reformulated the problem as a dictionary
learning issue by selecting bases that can be sparsely combined to represent
the processed image and achieve the minimum global reconstruction error (e.g.,
Mean Squared Error (MSE)). Peyr introduced an effective Compressed Sens-
ing (CS) method based on tree-structured dictionaries [?], which uses iterative
thresholding methods to recover signals and estimate the best basis. Shahdoosti
proposed a block-matching-based algorithm [?] that groups the noisy image us-
ing block-matching techniques and then employs the same sparse vector for all
blocks within each group.

Bobin et al. applied compressed sensing algorithms to radio interferometric
imaging reconstruction [?]. Wenger et al. proposed a simulation of continu-
ous observation of radio astronomical targets using compressed sensing algo-
rithms [?]. In their study, three methods based on compressed sensing were
proposed, all of which showed good performance in reconstructing the images
of observed dynamic targets. However, they did not consider noise in their
analysis. TIterative Shrinkage/Thresholding Algorithm (ISTA), Fast Iterative
Shrinkage/Thresholding Algorithm (FISTA), and Two-Step Iterative Shrink-
age/Thresholding (TwIST) are commonly used optimization algorithms in the
field of compressed sensing. ISTA approximates the sparse solution by itera-
tively applying soft thresholding to update the solution, with a convergence
rate of O(1/k). FISTA, proposed by Beck and Teboulle [?], accelerates conver-
gence by introducing momentum in the iteration of ISTA, with a convergence
rate of O(1/k%). TwlIST, proposed by Bioucas-Dias and Figueiredo [?], is a
two-step iterative shrinkage/thresholding algorithm for image recovery. This
method combines gradient descent and soft thresholding operations, thereby
improving the convergence speed and stability of the algorithm. All of the
above algorithms use the ¢; regularization term for image reconstruction, but
lack an analysis of the specific value that this hyperparameter should take. The
selection process, which is based on noise density and the optimization of peak
signal-to-noise ratio (PSNR) and structural similarity (SSIM), remains an area
of ongoing research.

In compressed sensing image reconstruction, the hyperparameter of the ¢; regu-
larization term is an important parameter that directly affects the quality of the
reconstructed image. If the parameter value is too high, it may over-regularize
to values near zero; if the parameter value is too low, this will cause a low PSNR
in the image. Therefore, this study conducted a detailed investigation of the
selection of hyperparameter values for the ¢, regularization term in radio inter-
ferometric image reconstruction, analyzing which strategies are suitable under
different noise conditions.
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2. Image Reconstruction with Compressed Sensing
2.1. Interferometric Imaging Principle

According to the principle of interferometric imaging in synthetic aperture ra-
diometers, the original image I, sampled in the spatial frequency domain us-
ing the following Fourier transform, is related to the visibility function V' (u,v)
through Equation (1). Let F' be a mapping from R™*" to C"*", which maps an
n X n pixel image to an n X n pixel visibility through Equation (1). Under ideal
conditions, this mapping is represented by V = F(I), and the discrete Fourier
transform can be written in the following form:

V(u,v) = /I(x,y)e’i(“””wdxdy (1)
R
F . |Rn><n % Cnxn

V= F(I) (2)

Different antenna array distributions have different sampling distributions in the
spatial frequency domain. Hence there exists a mask vector M € {0, 1}"™*", rep-
resenting the sampling capability of the antenna array in the spatial frequency
domain, defined as follows:

3)

) = 1 if (u,v) is sampled
~ 10 if (u,v) is not sampled

Because of the various factors that cause noise in actual observations, this study
focuses on random salt-and-pepper noise, denoted as N € R™"™. The final
obtained visibility function V' can be calculated as follows:

V=MoF(I+N) (4)

where O represents element-wise multiplication, indicating that mask M acts
on the visibility across the entire space.

2.2. Compressed Sensing Image Reconstruction Algorithm Design

When the observations of an object have sparse characteristics, the compressed
sensing method can effectively perform image reconstruction. The compressed
sensing algorithm is a nonlinear regularization optimization algorithm expressed
as follows:

mxionHo st. y=h(z) (5)
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where y = h(x) is the underdetermined constraint condition for the optimiza-
tion problem, and h(x) is the optimization constraint, which requires first-order
differentiability (Lipschitz continuity) and must be convex.

In fact, because of the difficulty of performing calculations related to the £;-norm
while ensuring sparsity, this problem is usually transformed into an ¢;-norm
optimization problem, which converts it into a convex optimization problem.
When the observation matrix satisfies RIP, these two problems are equivalent.

To simplify the problem, the problem in Equation (6) can be further transformed
into an unconstrained optimization problem. In this step, a hyperparameter A
is introduced to represent the degree of image compression. The new uncon-
strained optimization problem is formulated as follows:

1
min o |ly — h(@) 3 + Alal, (7)

The specific case considered in this study is that the visibility corresponding to
the reconstructed image must be equal to the observed visibility, with y = V'
and h(z) = M © F(x). Thus, the image reconstruction problem is transformed
into the following unconstrained optimization problem:

1
min 2|V — M © F(2)[3 + Al (8)

For convenience, the relationship between functions is given below:

f) =3IV = MO F@IE  g(x) = Al )

For the unconstrained optimization problem that includes the ¢;-regularized
term g(x), because g(x) is non-differentiable, the FISTA method can be used to
solve it [?]. This method requires f(z) to be differentiable and only needs g(x)
to have a proximity operator. The optimization problem shown in Equation
(8) can be solved using the three-step iterative algorithm given by the three
following equations:

zy, = pr(Ys) (10)
14 /1 +4t3
topr = — (11)
t, —1
Y1 = T+ . (T — 1) (12)

k+1
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where p; (y) is the proximity operator. f(x) is required to be Lipschitz continu-
ous, but g(x) only needs to have a proximity operator. In this problem, L is the
Lipschitz constant of V f(y). The proximity operator shown in Equation (13) is
the shrinkage operator in LASSO, which is the following closed-form solution:

pu(y) = argmin {\lal, + Sle — (= TVIW)IB) (13)

Here, Z indicates the result of gradient descent, calculated as:

) 1
T=(y— VW) (14)
T—2 >3
pr(y) =40 *%Sig%
i+2 F<—2

Here, we can set ; =y, = Oy, and ¢, = 1 as the initial conditions, and end
the iteration when V f(y) tends to 0 or the maximum number of iterations has
been reached.

Note that t;, is an algorithm parameter used in FISTA and is not related to any
practical physical meaning.

After performing the above optimization calculations, we use the continuity of
the observed object to perform a Gaussian filtering on the reconstructed image
to obtain the final image. Gaussian filtering effectively mitigates the significant
differences in structural similarity caused by the sidelobe effect, making the
structure of the reconstructed image close to that of the true structure.

As shown in Equation (14), hyperparameter \ represents the compression capa-
bility of compressed sensing, and its selection strongly affects the performance
of the model. Under different noise conditions, the value of A must be adjusted
so that the compressed sensing algorithm can suppress noise without losing the
structure of the original image while retaining a higher PSNR.

3.1. Simulation Scene

One background image with a slowly moving point is given as an example to
simulate a quiet sun with a single burst event. In this image, a bright target
moves several pixels from the center of the image to the right and down. The
image is normalized to [0, 1], as shown in Fig. 1 [Figure 1: see original paper].
In the remainder of the evaluation, we focus on the center 256 x 256 pixels of
the view because the rest of the view is empty.

It is assumed that the image noise is discrete and randomly distributed, and
the intensity of the noise will not exceed the intensity of the signal. Therefore,
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salt-and-pepper noise was selected for the simulation. Salt-and-pepper noise
is predominantly associated with hardware malfunctions. For instance, certain
pixel elements within a sensor may become defective, thereby consistently out-
putting the maximum or minimum grayscale values. During the transmission
of image data, the communication channel is susceptible to external electromag-
netic interference or signal attenuation, which may introduce errors that set
some pixel values to extreme levels. Here, N, denotes the intensity of the
noise. In this simulation, we set s = 0.5. The noisy image I, ;. is calculated
as follows:

I

notse

= (1—=5)I + 5N, (16)

We denote the density of N, as d. The probability distribution of N, is
given in the following:

P(Nygp =1) =1—d; no noise at this pixel
p(Nyg,, = 1) =d/2; salt noise at this pixel
P(Nygp) = oo _ e (17)
P(Nygp = 0) = d/2; pepper noise at this pixel
p(Ng,, = otherwise) = 0

This study focuses on the case with known noise densities and standard devia-
tions.

The noised image I,,,;,, is shown in Fig. 2 [Figure 2: see original paper]. Salt-
and-pepper noise often occurs because of hardware failures. For example, some
pixel units of a sensor may be damaged and always output the highest or lowest
gray level values. During the transmission of the image data, the communica-
tion channel may be affected by external electromagnetic interference or signal
attenuation, and these errors may cause some pixel values to be incorrectly set
to extreme values. This study focuses on investigating this type of noise, which

is less frequently considered in radio interferometry.

Fig. 2 shows that the noise in the image significantly affects target detection.
Because the magnitude of the noise does not exceed the intensity of the targets,
the bright targets can still be identified by the signal-to-noise ratio, which pro-
vides the possibility of subsequent reconstruction of the image and identification
of the targets.

The simulated baseline sampling is presented in Fig. 3 [Figure 3: see original
paper]. It is dense in the center and sparse around the edges. The minimum
baseline is at least 10 times the wavelength, and the maximum baseline is about
1,000 times wavelength. The baseline samples are used to generate a mask vector
M. The distribution of these baselines is notably sparse, with only 0.33% of the
points sampled. In this paper, each pixel represents a wavelength, and hence
N’ampled/Nall = 0.33%.

S

chinarxiv.org/items/chinaxiv-202512.00046 Machine Translation


https://chinarxiv.org/items/chinaxiv-202512.00046

ChinaRxiv [$X]

3.2. Image Reconstruction with Different Hyperparame-
ters

We reconstructed the visibility using the FISTA algorithm described above. In
the experiments, we set the noise density d to 10%, 15%, 20%, 256% and 30%,
and we set hyperparameter A to [0.001,0.1] to conduct multi-group experiments.
The Fourier transform method was used as a comparison method. For conve-
nient representation, A = 0 denotes the Fourier transform. To facilitate the
comparison of the signal-to-noise ratio and SSIM of the reconstructed images,
the values of the reconstructed images were scaled to [0, 1]. The reconstruction
results for different noise densities are shown in Fig. 4A [Figure 4: see original
paper], Fig. 4B, Fig. 4C, Fig. 4D, Fig. 4E. The images of ground truth with
different noise density are shown in the last column.

Fig.4A-a, Fig.4B-a, Fig.4C-a, Fig.4D-a, and Fig.4E-a display the outcomes of
the Fourier transformation under varying noise density. As the noise density
increases, the clarity of the bright target features in the reconstructed images
diminishes, and the signal-to-noise ratio drops. Additionally, the background
noise becomes more noticeable.

When noise is low, as in Fig.4A-a to Fig.4A-f, increasing A compresses weaker
signals, preserving only the strong ones, which increases this reduction. Fig.
4A-f shows that at A = 0.05, only the central 128 x 128 pixel area retains its
signal, while the rest of the image is over-regularized to values near zero.

Conversely, when noise density is high, as in Fig. 4E-a to Fig. 4E-f, noise
suppression improves with increasing \. However, even at A = 0.05 in Fig. 4E-f,
the image has a low signal-to-noise ratio. Comparing Fig. 4A-f and Fig. 4E-
f suggests that a high A\ over-regularizes the image when noise density is low,
but a higher A is necessary for effective compression when the noise density is
high. Comparing Fig. 4A-b, Fig. 4B-c, Fig. 4C-d, Fig. 4D-e, and Fig. 4E-f,
better reconstruction is observed when the noise density and hyperparameter are
well matched. Section 4 provides a quantitative analysis of the reconstruction
performance and optimal .

4.1. Reconstruction Performance Under Different Hyper-
parameter Values

To evaluate the reconstruction performance of sparsely sampled images under
noisy conditions, PSNR and SSIM of the reconstructed images under five levels
of noise density and different values of A were computed. For convenience of
notation, Apgyp and Agg,, denote the best A-values for PSNR and SSIM under
given noise conditions. Fig. 5 [Figure 5: see original paper| and Fig. 6 [Figure
6: see original paper| respectively show the variation in the PSNR and SSIM of
the reconstructed image with respect to the value of hyperparameter \.

As Fig. 5 shows, the curves of the PSNR with respect to A have a single peak.
Except for the reconstruction result at noise density d = 10%, which is close to
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the PSNR of the Fourier transform (A = 0 in the figure), as the noise density
increases, the PSNR improvement at Apgyp increases. As the noise density d
increases, similar to the images in Section 3.2, increases of the PSNR become
more significant (4-10 dB).

As Fig. 6 shows, when A < A§g;,,, the curve changes slowly, the image structure
is largely retained, only a small amount of edge noise is eliminated, and the
similarity is improved by a small amount. By contrast, when A > Aig;u»
the image structure is severely damaged and the structural similarity decreases
dramatically, which is consistent with the reconstruction results in Fig. 4A to
Fig. 4C. The selection of A should try not exceed Aggry,-

Based on the above study, the relationship between the noise density d and
hyperparameter A is further analyzed.

4.2. Relationship Between Noise Density d and Hyperpa-
rameter -y

A scatter plot of noise density d versus Apgnp and Agg;,, is shown in Fig. 7
[Figure 7: see original paper|. It can be clearly seen that A\jgyz and Xgg;,, are
almost equal and have an approximate linear relationship with the noise density
d. Moreover, ANpgnp and Aggr,, are linearly regressed to d, and the regression
equations are given as follows:

“ovg = 0.2680d — 0.0246 (18)

o = 0.2680d — 0.0262 (19)

The equations for the regression (Equation (18) and Equation (19)), reveal that
ANpsnr and Aggry,s have linear regression coefficients that only differ by 0.02 in
the constant term. The regression residuals are hence very small.

According to the characteristics of A§¢;, when A < A5gy,,, there is less effect
on the structural similarity, and for different noise densities d, A5 g, is improved
by a small amount. By contrast, when A > A%g;,,, the image structure is
severely damaged and the structural similarity decreases dramatically, which is
consistent with the reconstruction results in Fig. 4A to Fig. 4C. The selection
of X should try not exceed A§g ;-

Based on the above study, the relationship between the noise density d and
hyperparameter A is further analyzed. According to the characteristics of X§g; /s
when A < A§g;ys, there is less effect on the structural similarity. Hence, we
choose Apg g as the optimal hyperparameter, and the regression MSE is 8.1 x
1078, That is, we set A = 0.268d — 0.02468 as the optimal hyperparameter.
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5. Robustness in Different Antenna Scenarios

To analyze the scalability of the method, we applied our approach to a variety
of different antenna arrays and analyzed the results of the regression. These
configurations included various combinations of circular-shaped, cross-shaped,
Y-shaped, T-shaped, and hexagonal-shaped arrays, as well as different array
sizes. We selected nine arrays for experimentation, and the array sampling
numbers and sampling rates are listed in Table 1 . The array baseline distri-
bution is shown in Fig. 8 [Figure 8: see original paper|, and the experimental
results are reported in Fig. 9 [Figure 9: see original paper| and Table 1. Note
that the regression result is denoted as A = kd + b for both PSNR and SSIM.

The results of supplementary experiments indicate that for different types of
telescope arrays, as long as the minimum antenna spacing is the same and the
array is quasi-symmetric (e.g., Y-shaped, cross-shaped, or circular-shaped ar-
rays with approximately equal distributions in the U and V directions), the
slope of the regression results exhibits good robustness, yielding a slope for
the linear fitting results of 0.26 + 5%. However, when the minimum antenna
spacing changes or there is a significant bias in the baseline distribution (e.g.,
Hex100__{{{10T750}}_{{30}}}), the robustness of the results changes substan-
tially.

6. Conclusion

In this paper, we analyzed the effect of noise density d and hyperparameter
A on the reconstruction performance of compressed sensing algorithm during
interferometric imaging image reconstruction. We chose images with salt-and-
pepper noise as our simulation inputs. The results show that when the noise
density d = 10%—30%, if X is too small, the image cannot be effectively denoised,
and if it is too large, the image structure may be seriously affected. Hence, it is
very important to choose a suitable A\ value.

Under the conditions of noise density d = 10% — 30%, when the optimal value
of )\ is selected, the compressed sensing method can improve the PSNR by 6-10
dB, and substantially improve the retention of image structure, increasing the
SSIM to about 0.9. The optimal hyperparameter has a linear relationship with
noise density d, this is A = 0.268d — 0.02468. Moreover, the regression MSE is
8.1 x 1078, The noise type, noise intensity, and characteristics are important
factors affecting the selection of A, and further research on these factors should
be carried out.
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