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Abstract

This paper proposes a method for determining instantaneous Earth polar mo-
tion (PM) values using lunar laser ranging (LLR) measurement datasets syn-
chronously acquired by three European LLR stations operating in three-station
common-view (TCV) mode. We developed an LLR TCV measurement model
and derived linear equations for solving PM. Although no actual TCV events ex-
ist in the data, we conducted a two-stage study using actual LLR normal points
(NPs) obtained by European stations during 2012-2022 to validate the method.
The first stage simulated TCV events and PM solutions, evaluating the method’
s robustness by introducing Universal Time (UT1) errors and ranging errors at
each station. The second stage employed ‘14+2’and 241’strategies with different
data compositions, combining actual LLR NPs with simulated data to generate
realistic TCV events and solution results. Results show that a 0.1 ms UT1 error
results in PM errors of less than 18 mas, while a 50 mm uniform ranging error
results in PM errors of less than 180 mas. In the enhanced stage, the maximum
solution errors for the ‘142" and 241" strategies are 752 mas and 899 mas
respectively, with 88.5% and 91.2% of solutions outperforming predicted values.
This method relies on precise geodetic data and therefore does not intend to
replace traditional methods. However, this study confirms the feasibility and
robustness of instantaneous PM determination, although its accuracy still needs
further improvement.
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Abstract

A method is presented for determining instant values of Earth’ s polar motion
(PM) using a set of lunar laser ranging (LLR) measurements acquired simulta-
neously by tri-static common view (TCV) at three LLR stations in Europe. We
developed a model of the LLR TCV measurements, then formulated the linear
equation for solving PM.

Although there was no actual TCV event in the data, we conducted a two-
phase study to test our method using actual LLR normal points (NPs) acquired
by the European stations during 2012-2022. In the first phase, we simulated
TCV events and PM solutions. The robustness of our method was assessed by
introducing Universal Time (UT1) errors and per-station range errors in this
phase. In the second phase, we augmented the actual LLR NPs with simulated
data to generate realistic TCV events and solutions, using the 142’ and ‘241
strategies, which differed in terms of data composition. Results indicated that
a UT1 error of 0.1 ms caused PM errors of <18 mas, while a uniform range
error of 50 mm resulted in PM errors of <180 mas. In the augmentation phase,
the maximum solution errors were 752 and 899 mas, and 88.5% and 91.2%
of the solutions were better than the predictions for the ‘142’ and 2+1
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strategies, respectively. The presented approach relies on precise geodetic data,
and therefore, it is not intended to replace the traditional method. However,
this study demonstrated that instant determination of PM is feasible and robust,
although the accuracy requires further enhancement.

Keywords: Equatorial coordinate system; LLR; PM; Satellite laser ranging;
Space geodesy

1. Introduction

Determining Earth’ s orientation in inertial space, also known as the Earth
Rotation Parameters (ERPs), is important in astrometric studies that relate
terrestrial and celestial coordinates. The ERP data consists of three numbers:
the PM components, and the UT1. Currently, ERPs are usually provided using
the Very Long Baseline Interferometry (VLBI) technique. The international
VLBI service can determine PM to an accuracy of 50 as and UT1 to an accuracy
of 3 s, and delivery of the ERP product with temporal resolution of 1 day
normally requires 8-10 days.

Determination of ERPs can also be conducted using the LLR technique, which
involves measurement of the round-trip time between a ground-based laser rang-
ing station (hereafter, station) and a lunar retro-reflector array (hereafter, re-
flector). The use of LLR data to determine ERPs was first explored soon after
the data initially became available. Over the past decade, a number of LLR
stations have produced precise data, with range precision enhanced to the cen-
timeter level. Recent LLR analysis studies typically selected observation nights
with 10-15 NPs, with the minimum requirement of 5 NPs per night. The most
up-to-date studies have achieved an accuracy of several milliarcseconds for PM
coordinates, with temporal resolution of 1 day.

The concept of organizing LLR observations in a common view manner, or
LLRCV, was proposed by Leick. It was claimed that the LLRCV method could
provide ERP components with measurement accuracy on the Earth’ s surface of
approximately 30 cm for LLR in the early 1980s, equivalent to 10 mas of PM or
0.6 ms of UT1. Another form of LLRCV, proposed by Miiller et al., involves the
placement of an optical transponder on the lunar surface to illuminate multiple
laser ranging stations simultaneously. However, follow-up studies on the LLRCV
concept have been limited.

Major geodynamic events, such as earthquakes, can cause rapid changes in ERPs.
While conventional LLR analysis extracts a daily solution using single-night
observations, the common view method provides an instant solution at higher
temporal resolution, which is defined by the accumulation time of LLR NPs,
i.e., typically 15 min or less. This represents a substantial improvement in
monitoring capability for transient geodynamic phenomena by LLR.

In this paper, we explore the instant determination of Earth’ s PM using LLR
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data in the form of TCV measurements. Linear equations can be formulated
upon three simultaneous range residuals from three cooperating stations to solve
for PM in near real time.

Three European stations were selected from the International Laser Ranging
Service network to form a station group that we named GMW. The stations
are located in Matera in Italy (MATM/7941), Grasse in France (GRSM/7845),
and Wettzell in Germany (WETL/8834). The baselines between the stations
are 753 km (GW), 877 km (GM), and 990 km (MW), see Fig. 1 [Figure 1: see
original paper].

Our approach is grounded in contemporary geodetic infrastructures, which in-
clude the International Terrestrial Reference Frame (ITRF), International Earth
Rotation Service (IERS), high-precision planetary ephemerides, fundamental as-
tronomical software, and the ITERS Conventions 2010, which provide key algo-
rithms. The reference ERP data were extracted from the IERS C04 20 series,
which was accessed via the IERS official website.

2. Method and Data

This paper explores instant determination of Earth’ s PM using LLR data in the
form of TCV measurements. We first established the method for determining
Earth® s PM from the LLR model, the range derivatives to ERPs, the PM pre-
diction model, and the least squares solution. Then, we conducted a two-phase
study to evaluate the method. The first or simulation phase involved generat-
ing LLR TCV simulation data to test the robustness of the PM determination
method by introducing UT1 and range errors. In the second or augmentation
phase, we combined simulated data with actual LLR NPs to create realistic
TCV events and solve for PM. These results were compared with reference val-
ues to generate solution error data. Statistical analysis was conducted to assess
the accuracy of the solutions.

2.1 LLR Model and Data

The lunar ranging measurement can be formulated as:

where 7 represents the time of flight measured at the ranging station. The
distances s;5 and so4 represent the light path from the station to the reflector
and from the reflector to the station, respectively, accounted for in barycentric
coordinates. The relativistic delay 7, represents the gravitational delay effect
on the flying pulse. The tropospheric delay 7;,,,, represents atmospheric re-
fraction delay during the propagation of light. Tags 12 and 23 represent the
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outbound flight and the inbound flight, respectively. An empirical term A7,
was introduced and fitted to compensate for the remaining periodic effect.

Time-of-flight measurements are performed by ground stations in the clock rate
of International Atomic Time (TAI), while planetary motions are calculated us-
ing barycentric dynamical time (TDB). The difference in the clock rate between
TAT and TDB is considered negligible in this paper.

Light paths s;, and s,3 are in barycentric inertial vacuum space, where s,
represents the path from the station at transmit time ¢; to the reflector at hit
time t,, and sy5 represents the path from the reflector at ¢, to the station at
receive time t5. Thus, we have the following decompositions:

s12 = 812l = [rps(t1) —7mpe(t) + repm(te) +rarata)l  (2)

893 = [sasl = [rara(ta) — rear(ts) + ee(ts) + rEs(ts)]  (3)

where g, T, TeaM, and 7Ty, 4 are vectors in barycentric inertial space with
B/E/M/S/A meaning barycenter, Earth center, moon center, Earth observing
station, and lunar reflector array, respectively. The barycentric vectors are
computed with position vectors and lunar libration angles provided by DE430
planetary ephemeris, using TDB. The geocentric vector is computed with station
coordinates from ITRF2020 and ITERS Earth Orientation Parameter data.

Minor adjustments were made to the terrestrial and lunar coordinates to mini-
mize the range residuals.

We selected 9,747 LLR NP data records, which were retrieved from the EURO-
LAS Data Center. The data were acquired by European LLR stations GRSM,
MATM, and WETL, with the observation time spanning from May 2, 2012 to
December 7, 2022.

The data were recorded in the Consolidated Laser Ranging Data (CRD) format.
For each NP data record, the CRD format includes the following details: the
observing station, the observed reflector, the mean epoch of the data, the NP
duration (or NP bin size), the number of photoelectrons accumulated within
the NP bin, and the root mean square (RMS) value. The NP RMS value is
equivalent to the 1-o standard deviation of the range measurements in the NP.

We discarded 0.56% (55 of 9,747) outlier NPs for which the range residuals were
>0.4 m. In the remaining 99.44% (9,692 of 9,747) of the NP data, the overall
range measurement residual against our LLR model was 35.9 mm in RMS. The
RMS values were 36, 48, and 22 mm for stations GRSM, MATM, and WETL,
respectively.

The number of NPs used was 8,191, after applying the lunar declination limit,
as mentioned in Section 3.1.
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2.2 ERPs

The ERPs represent the rotation axis of Earth in the terrestrial reference frame
and the rotation angle in the celestial reference frame. The three ERP compo-
nents, z,,, y,, and ERA (Earth’ s rotation angle), are related to frame rotations
about the X, Y, and Z axes, respectively. ERA is quantified within the celestial
reference frame and represents the angle between Earth’ s prime meridian and
the equinox. It is conventionally represented by UT1.

The formula for conversion from the Earth rotation angle (modulo 27) is:

ERA =15 x (1.00273781191135448) x UT1 (4)

with units of seconds and arcseconds for UT1 and the Earth rotation angle,
respectively.

The rotation axis is represented by celestial intermediate pole coordinates, or
PM, denoted as (x,, yp). The celestial intermediate pole is the point of intersec-
tion between Earth’ s axis of rotation and its ellipsoid, as measured within the
ITRF, and PM denotes the angular deviation of the celestial intermediate pole
from the north pole of the ITRF. The PM predictions used by modeling and
determination are adopted from the IERS Conventions 2010 mean pole model.
After epoch 2010.0, the model is formulated as follows:

x,(t) = 23.513 + T.6141(t — t,) (5)

y,(t) = 358.891 — 0.6287(t — t,) (6)

where ¢t and ¢, are Besselian epochs of current time and 2000.0, respectively.
The results are presented in units of milliarcseconds.

In this paper, the reference Earth Orientation Parameter data, including the
PM components and the UT1-UTC series, were derived from the IERS C04 20
series using linear interpolation. The data files were retrieved from the IERS
website.

During 2012-2022, the PM prediction errors relative to the reference data were
both within acceptable limits.

2.3 Determination of PM by LLR

To investigate the variation of lunar range measurements with respect to varia-
tions in ERP components, or the partial derivatives, we consider the following
geometrical relation:

At = H(a,d) - Argors  (6)
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where H(a,d) = (— cosacos d; —sin acos 0; —sin d) is the unit vector along the
line of sight from the reflector to the station, transposed; « and § are the
celestial right ascension and declination of the reflector, respectively, as seen
from the station; and the variation vector Arg,-pg is the variation of the station’
s geocentric inertial vector, caused by ERP variation.

According to the IERS Conventions 2010, the formula for transformation from
an international terrestrial reference system (ITRS) to a geocentric celestial
reference system (GCRS) is as follows:

rgors = Q) Ry(—s")[Ry(=ERA) Ry (2,) Ry (y,)Irrrrs  (7)

where the bracketed term is the transformation matrix arising from the motion
of the celestial pole in the celestial reference system, i.e., precession and nutation,
while R, R,, and R are matrices for the coordinate frame rotation about axes
X, Y, and Z, respectively.

We adapted the equation to its current form using commutativity between the
terrestrial intermediate origin locator R5(—s’), and Q(t) and the Earth rotation
R;(—FERA). The variations in astronomical angles o and ¢ due to ERP changes
are negligible. If we apply partial derivative rules on Equation (7), and let the
ERP components be predicted values (yg, xg, ERAY), then we have the following
partial derivatives:

or ¢
% = MHQR3(—ERA")Ry(20) R, (y)r17Rs  (8)

p

or ’
—SCR2 = MHQRy(—ERA®)Ry(a) Ry (4))r17s (9)

p

or ,
ﬁ = _MHQR3<_ERAO)R2($2)R1(yg>7’1TRs (10)

where MHQ = H(a,6)Q(t)R5(—s’) and the matrices R;, (k = 1,2,3) denote

the derivatives of each rotation matrix with respect to the rotation angle.

We consider that the wvariation in ERPs represented by the vector
p = (Ayp,Axp,AERA)T is the exclusive source of the variation in the
laser ranging measurements, A7, ie., AT = % - p, where A7 is the change
in the laser ranging measurement, and the partial derivatives represent the
sensitivity of the ranging measurement to changes in each ERP component. To
determine the PM components, we assume UT1 is known; hence, AFRA = 0.
At the epoch of the common view measurement, with the group of stations A,
B, and C, we can form a linear equation Mp = ¢, where the following holds:
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M is called the design matrix, while ¢ is the range residual vector, i.e., the
difference between the measurements acquired and the measurements predicted
by the theoretical model. It is an overdetermined problem, with three equations
to solve for two unknowns. We apply the least squares technique to the problem,
and the normal equation is formed as MTMp = M7Tq, giving the least squares
estimate p = (MTM)"*M7Tq.

If any perturbation Aq is added to the measurement residual, then the solution
would be correspondingly perturbed: Ap = (MTM)"'M7T Aq.

The PM predictions (y,, Z,) were calculated with a linear model as described in
subsection 2.2. After solving for p = (Ay,, Axp)T, we adjust the prediction to
form estimates (7, 7,) = (y,+Ay,,Z,+Az,). The estimated ERP components
were then compared with the reference data to form the solution error.

2.4 TCV Simulation

Regarding the simulation phase, we simulated TCV events for the GMW station
group, according to the existing NP data at the European stations. First, we
identified the available NPs at the European stations in the LLR data, taking
each NP epoch as the TCV epoch. Second, ranging measurement data were
generated at the NP epochs from the GMW stations to the observed reflector.
Finally, the same number of PM solutions were generated from the simulated
TCV events by solving the underlying equation Mp = q.

To assess the robustness of the determination method, we introduced perturba-
tions to the range residual vector q. The perturbed solution was compared with
the original solution to determine the effects of the perturbation. Table 1 lists
the settings of all the simulation cases.

We started with the control case denoted as SO. Regarding the perturbation on
UT1, an error of $£+$100 s was introduced to the UT1 prediction to observe
its effect, referred to as SU1 and SU2 in Table 1. Regarding the perturbation
on the ranging measurement, we have six cases ranging from SG1 to SW2, for
which uniform range errors of $+$50 mm were introduced to each of the three
stations.

These perturbations were applied independently, although the linear nature of
the model allows them to accumulate.
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2.5 TCV Augmentation

In the augmentation phase, we combined the existing NP data with the simu-
lated data. The aim was to assess the accuracy of the solutions with common
view events occurring in real-world observation epochs. In this phase, two aug-
mentation strategies were employed in what were termed the 241" stage and
the ‘142’ stage; their settings are listed in Table 1.

In the ‘142 stage, we identified the available NPs at the European stations
in the LLR data, which were regarded as monostatic events. Taking each NP
epoch as the TCV epoch, we simulated the missing data with range residuals of
$£$36 mm, $£$48 mm, and $£$22 mm for the stations GRSM, MATM, and
WETL, respectively. The ‘142’ stage yielded 12 cases, from AG1 to AW4,
which are detailed in Table 1.

In the ‘241" stage, we first identified the bi-static common view events at
the European stations in the LLR data. The search for bi-static common view
events was based on the criterion that the temporal separation between two
NPs at different stations should be <1 h. We then calculated the mid-point of
the pair of NP epochs to be the TCV event epoch. Finally, we simulated the
range residual at the missing station in the same way as in the ‘1+2 stage.
The 241" stage yielded four cases, as listed in Table 1.

The outputs of both stages were evaluated using statistical methods to estimate
how the TCV solution would perform under real-world conditions. If a TCV
event occurs in reality, the solution should behave similarly to that of our results.

3. Results
3.1 Preliminary Analysis

Prior to solution of the determination problem, two important attributes can
be assessed: the sensitivity and the stiffness. The sensitivity is represented by
the partial derivatives, and the stiffness is represented by the condition number.

The sensitivity of a station’ s ranging measurement to variations in the ERPs
can be quantified by the mean absolute values of the partial derivatives, which
are measured in units of meters per arcsecond (m arcsec!). In our dataset, the
mean absolute value of 8‘977 varies from 14 to 17 m arcsec™! among the stations,

Ip
larger than that of (%Tp, which varies from 8 to 10 m arcsec™!. The WETL sta-
tion exhibited the largest mean absolute values for both partial derivatives. The
difference can be attributed to the geographic location of the stations, specifi-
cally their distance from the X, Y, and Z axes of the ITRF. The lower sensitivity
of the range measurement to z,, compared with those to y,, is due to the stations
being located closer to the X axis than to the Y axis.

Another key attribute is the stiffness of the least squares estimate problem
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MTMp = MTq, which can be quantified by the condition number ¢y .m0 Of
the normal matrix M7 M. Here, c¢nopmar = IMT M| - [|(MTM)~1|, where the
matrix norm is the 2-norm. The condition number ¢y ,.q; 1S inversely related
to the lunar declination 6,,,,,. When §,,,,, approaches zero, the condition
number soars to infinity. As an example, the relation between cy,pma and
Omoon 18 shown in Fig. 2 [Figure 2: see original paper|, where the condition
number is plotted on a logarithmic scale.

After applying the criterion |6,,,,,| > 5°, 8,191 TCV events remained out of the
original 9,692. The condition numbers of the remaining TCV events could be
confined to an upper limit of 3.2 x 10*. Among the remaining 8,191 events, the
GRSM station accounted for 93% (7,646 events), the MATM station accounted
for 4% (331 events), and the WETL station accounted for 3% (214 events).

The effects were quantified by using the mean absolute error (MAE), RMS error
(RMSE), and absolute maximum (MaxAbs) metrics for the PM components

z, and y,, and the pole position error |/Az2 + Ay2. With the introduction

of the UT1 error of $£$100 s, the resulting solution errors were only several
milliarcseconds, as indicated by both the RMSE and the MAE. The maximum
angular separation between the perturbed pole and the reference pole reached
18 mas, with an average of 6 mas. For comparison, range perturbations of $$50
mm resulted in solution errors that were 4-10 times greater. Detailed statistics
are provided in Table 2 .

3.2 Solutions Overview

A total of 106,845 TCYV solutions were obtained for simulation and augmentation
cases, as listed in Table 1. In each solution, a set of PM components (y,,Z,,)
for a TCV event was evaluated.

In the simulation part, 8,191 simulated TCV events were solved one time in the
unperturbed control case SO, and 8 more times in the perturbed cases from SU1
to SW2.

In the augmentation part, two stages were investigated. In the ‘142’ stage, 8,191
TCV events were augmented in four combinations. Augmentation solutions were
categorized by station and residual signs into 12 cases, from AG1 to AW4. In
the 241 approach, there were 181 TCV events, each solved twice.

3.3 Solutions and Assessment of TCV Simulations

In the simulation phase, we simulated TCV events at 8,191 epochs selected from
the actual LLR data. Then, we compared the solved PM to the reference values
to generate the solution error data. In the control case SO, the solution errors
were trivially zero. The positively perturbed cases (SU1, SG1, SM1, and SW1)
are depicted in Fig. 3 [Figure 3: see original paper]. The negatively perturbed
cases are symmetrical with the positive cases about the origin. It can be seen
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from the plots that each perturbation type displays a distinct directional pattern
in the error distribution.

The focus in the simulation phase was to examine the effects of perturbations in
UT1 and range on the solution. The results imply that the UT1 prediction error
of $£$100 s could, on average, introduce an error of several milliarcseconds into
the PM solutions. Furthermore, the range error of $£$50 mm could result in
RMSESs of around 20 mas in the z,, solution and nearly 50 mas in the y,, solution.
The range error at the WETL station contributed less to the pole position error
because of its higher latitude and therefore the greater distance from the X and
Y axes of the ITRF, which is related to the fact that the partial derivatives were
larger at the WETL station. The perturbation results are useful for assessing
solution errors under a certain amount of ranging error.

3.4 Solutions and Assessment of TCV Augmentations

The augmentation phase focuses on evaluating solution errors under real-world
settings. Table 3 displays all the augmentation results by case ID, the settings
of which are listed in Table 1.

In the ‘142 stage of the augmentation phase, we simulated two range residuals
for each selected range residual data. This stage yielded 12 cases from AG1 to
AW4. Among the cases, the maximum pole position error was 752 mas. When
comparing the pole position data to the linear pole prediction, 88.5% of the
events (29,000 out of 32,764) yielded more accurate results than the prediction.
The x,, component errors were markedly larger than those of the y, component
owing to the geographical locations of the GRSM and MATM stations, i.e., the
distance to the X-axis of the ITRF is less than that to the Y-axis. The WETL
cases, labeled AW1-AW4, yielded the lowest errors, while the MATM cases
ranked in the middle and the GRSM cases exhibited the highest errors. This is
partly attributable to the low range residuals of the WETL station, and also to
the limited size of the WETL dataset.

In the 2+1"stage of the augmentation phase, we identified 181 bi-static common
view events from the actual NP data without applying the lunar declination
filter. In the selected bi-static events, the range residuals varied from -0.097 m
to +0.141 m and the RMS was 0.034 m. Of all the bi-static events, 69.6% (126
of 181) were between GRSM and MATM and 30.4% (55 of 181) were between
GRSM and WETL. This stage yielded four cases from AGM1 to AGW2, as
listed in Table 1. The statistical values of the z,, component are obviously
larger than those of the y,, component owing to the same geographical reasons.
Comparison of the linear PM predictions with the two perturbed cases combined
reveals that 91.2% of the solutions provided values that were more accurate than
the predictions. Among all cases, the maximum pole position error was 899 mas,
which was attributable primarily to the high value of the maximum z,, error.
The AGW1&2 cases yielded lower errors owing to the low range of the residual
values of the WETL station.
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In summarizing the two stages, it is evident that the MAE statistics of x,, y,,,
and the pole position, as well as the percentage of the solutions that outper-
formed the predictions, were comparable. This indicates that the two augmen-
tation strategies did not introduce substantial bias in simulating reality.

Fig. 4 [Figure 4: see original paper] illustrates the solution errors for the two
augmentation strategies, where Fig. 4A displays 99.35% (32,552 of 32,764) of
the solutions in the ‘142" augmentation, and Fig. 4B displays 95.6% (346 of
362) of the solutions in the ‘241" augmentation. Note the difference in the scale
of the axes.

4. Discussion and Conclusions

This paper presents a method for determining Earth® s PM using tri-static
range measurements in real time. We formulated the linear equations for this
purpose and applied the least squares method to solve them. The solutions
were initiated using linear PM predictions. Preliminary analysis showed that
the partial derivatives were associated with the geographical locations of the
stations, and that the condition numbers were strongly correlated with the lunar
declination. The solutions were compared with the IERS Earth Orientation
Parameter 20 C04 time series to generate solution error data. Our method
was examined through a two-phase study, including a simulation phase and an
augmentation phase.

During the simulation phase, we simulated TCV events to the actual range data
epochs. Predefined errors were introduced in the UT1 and range to observe
the consequent variations in the solution. The results showed that the UT1
prediction error of $+$100 s led to minor variations of several milliarcseconds
in the solutions, and that the uniform range errors of $£$50 mm could lead to
errors of 18-23 mas in the x,, solution and 24-45 mas in the y,, solution (RMSE).
Perturbation patterns were revealed in the solution variations.

During the augmentation phase, two strategies were used to simulate realistic
TCV scenarios. In the first strategy named ‘142’ | we simulated two additional
measurements for each NP entry. Realistic range errors were introduced to
yield solution errors of 26 and 53 mas in z, and y, (RMSE), respectively. In
the second strategy named ‘241" ;| we identified the actual bi-static common
view events and augmented them into tri-static events using simulated data, to
yield solution errors of 34 and 99 mas in z,, and y,, (RMSE), respectively. Both
strategies revealed that the solution error of the z;,, component was markedly
larger than that of the y, component. The largest pole position error was 899
mas. The realistic scenarios within the ‘142’ and ‘2+1’ augmentation strategies
yielded solutions that were more accurate than the linear pole prediction for
88.5% and 91.2% of the cases, respectively. Cases involving WETL data had
notably smaller error statistics owing to the low range of the residual values
of the WETL station. The results presented in this paper are compared with
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those of other reported methods in Table 4 . Our method could yield errors
that are 20-60 times larger than LLR long-term solutions, or 300-2,000 times
larger than VLBI solutions. However, the temporal resolution of our method is
the LLR NP bin size, i.e., approximately 15 min, which is much shorter than
that of the other methods considered.

Overall, these results indicate that tri-static determination of PM coordinates
is possible. Our method requires one set of data from three stations tracking
the moon simultaneously, instead of a long period of data accumulation. This
makes it a potentially viable tool for detecting transient changes in Earth’ s
rotation. It could also prove useful for validating ERPs to accuracy of several
milliarcseconds.

However, our method cannot replace traditional long-term determination meth-
ods, partly because of its dependence on precise geodetic data and partly be-
cause it lacks the capability to estimate additional parameters.
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Supplementary Material

For the sake of completeness, additional data tables and figures that are not
included in the main text of the manuscript are provided here.

S.1 Preprocessing of LLR Data

In the case of traditional LLR analysis studies, it is usual to estimate numerous
physical and empirical model parameters in addition to the ERP components.
Our approach, however, cannot solve for extra parameters while solving for
instant ERP components. For the long-term physical effects, we performed a
global preprocessing on the complete 11-year dataset of LLR residuals. In the
preprocessing of the LLR residuals, we fitted for the following parameters:

1. ITRF coordinate adjustments of the GRSM, MATM, and WETL stations:
9 parameters;

2. Lunar coordinate adjustments of the Apollo-11/14/15 and Luna-17/21
reflectors, X component only: 5 parameters;
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3. Periodical terms, including triannual, biannual, annual, synodic, semi-
synodic, lunar-day, and solar-day terms: 14 parameters;

4. Other empirical terms, including constant and lunar solid tide factor: 2
parameters.

The range residuals plotted per station are shown in Fig. S1.
Fig. S1. LLR residuals at the European stations.

Table S1 presents the root mean square (RMS) temperature values by station
and year from 2012 to 2022, along with the overall RMS across all years.

Fig. S2 displays the annual range residual statistics for each station.

S.2 Polar Motion on the Ground

For interested readers, Fig. S3 provides a clearer and more intuitive visualiza-
tion of the polar motion. Fig. S3 is a map near Earth’ s north pole, where we
provide the direction to 0° longitude (Greenwich) and 90°W longitude (Chicago).
The ITRF north pole is in the upper-left direction outside this map, where pole
offsets z,, and y,, are both zero.

Fig. S4 shows the prediction errors obtained by comparing actual polar motion
data with predictions from the mean pole model defined in the IERS Conven-
tions (2010).

S.3 Partial Derivatives

Table S2 displays the mean absolute values of the partial derivatives of the
ranging measurements with respect to the ERP components, where the UT1
component is listed in both the ERA and the UT1 columns, with units of meters
per arcsecond and meters per second, respectively.

Table 1. Settings of the simulation and augmentation cases

Number of

Phases/Stages Case ID  UT1 bias Range residuals  solutions
Simulation S0 0 Real data 8,191

SU1, $+$100 Real data 2 x 8,191

SuU2 S

SG1, 0 GRSM: $+$50 2 x 8,191

SG2 mm

SM1, 0 MATM: $+850 2 x 8,191

SM2 mm

SW1, 0 WETL: $+$50 2 x 8,191

SW2 mm
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Number of
Phases/Stages Case ID  UT1 bias Range residuals  solutions
Augmentation AG1- 0 GRSM: Real 4 x 8,191
stage ‘142’ AG4 data; Others:
$4+$36 mm
AMI1- 0 MATM: Real 4 x 8,191
AMA4 data; Others:
$+$48 mm
AW1- 0 WETL: Real 4 x 8,191
AW4 data; Others:
$4+$22 mm
Augmentation AGMI1, 0 GRSM-MATM: 2 x 126
stage 241 AGM2 Real data;
WETL: $4+$22
mm
AGW1, 0 GRSM-WETL: 2 x 55
AGW2 Real data;
MATM: $+$48
mm

Table 2. Variation in the solutions of the simulation cases

Solution

Perturbations variation/mas

Control
Case (S0)
UT1
$+$100 s
(SU1, SU2)
GRSM
$£+$50 mm
(SG1, SG2)
MATM
$4$50 mm
(SM1, SM2)
WETL
$£$50 mm
(SW1,
SW2)

RMSE =z,
(trivial zero)

3.2

18

20

18

RMSE y,,

(trivial zero)

4.8

24

45

23

MaxAbs Pole
Position
(trivial zero)
18

180

175

165
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Table 3. Solution errors in the augmentation cases

Case Solution
ID error/mas

MAE z, MAE y, MaxAbs Pole % Better than
Position Prediction

142
sum-

mary

AG1- 53 26 752 88.5%
AG4

AM1- 42 31 698 88.5%
AM4

AW1- 18 15 321 88.5%
AW4

‘241

sum-

mary

AGM1, 99 34 899 91.2%
AGM2

AGW1, 34 28 456 91.2%
AGW2

Table 4. Comparison of PM accuracy of the presented method with that of
other existing methods

Parameter RMSE z,/mas RMSE y,/mas Time resolution
LLR TCV (This paper)

Aug ‘142 53 26 ~15 min

Aug 247 99 34 ~15 min

LLR long-term

Singh et al. 0.050—0.080 0.050—0.080 1 day

VLBI

Schuh and Behrend 0.05 0.05 1 day

Fig. 1. LLR stations in Europe. (Map showing locations of GRSM, MATM,
and WETL stations with baselines)

Fig. 2. Relation between the condition number and the lunar declination.
(Plot showing inverse relationship on logarithmic scale)
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Fig. 3. Perturbation effects of UT1 (A) and range at GRSM (B), MATM
(C), and WETL (D); the corresponding case IDs are SU1, SG1, SM1, and SW1,
respectively. (Scatter plots of solution errors)

Fig. 4. Solution errors in the augmentation phase. (A) ‘142 augmentation,
(B) ‘241" augmentation. (Scatter plots with different scales)

Fig. S1. LLR residuals at the European stations. (Time series plot of residuals)

Fig. S2. RMS of range residuals of the stations in the selected time span.
(Annual RMS values by station)

Fig. S3. Predicted and reference pole offset from 2010 to 2022. Note that
the y,, axis is inverted according to geographical convention. The reference pole
(black solid curve) drifts around within a certain area, while the predicted pole
(dashed line) moves linearly. Deviations between the reference and predicted
poles are <300 mas within the selected time span. In the lower-right corner, a
1-m rule is shown to scale (1 m 32.3 mas).

Fig. S4. Prediction error of pole motion coordinates. (Time series of prediction
errors for z,, and y,,)

Table S1. RMS of range residuals by station and year (2012-2022)

Stations RMS of range residuals/mm

GRSM  [values by year]
MATM  [values by year]
WETL  [values by year]

Table S2. Mean of the absolute values of the ranging partial derivatives to all
ERP components
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GRSM[value] [value] [value] [value]
MATMvalue] [value] [value] [value]
WETL[value] [value] [value] [value]

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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