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Abstract

We present CombineFit, a novel approach for estimating the signal number in
low-statistics measurements. Traditional binned maximum likelihood and tem-
plate fitting techniques often suffer from significant bias and increased uncer-
tainties when the statistics of templates or target data are limited. CombineFit
employs analytical functions to simultaneously fit the signal and background
templates and target data by minimizing a joint likelihood function. This
method is validated with toy Monte Carlo simulation by varying the number
of signal/background templates and data samples and has been successfully ap-
plied in the data analysis of the Alpha Magnetic Spectrometer. With 10 events
in the background template, the binned CombineFit achieved a minimal bias
of 2% and an uncertainty of 5.8%, compared to TFractionFitter’ s bias of 30%
and uncertainty of 10%. The unbinned CombineFit further reduces the bias to
1% while maintaining the same uncertainty, whereas the RooFit with Kernel
Density Estimation method yields a bias of 3.5% and an uncertainty of 11.5%.
These results demonstrate that CombineFit provides a robust solution for signal
number estimation under limited data statistics, offering broad applicability in
the search for new physics.
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We present CombineF'it, a novel approach for estimating signal numbers in low-
statistics measurements. Traditional binned maximum likelihood and template
fitting techniques often suffer from significant bias and increased uncertainties
when the statistics of templates or target data are limited. CombineFit em-
ploys analytical functions to simultaneously fit the signal and background tem-
plates and target data by minimizing a joint likelihood function. This method
is validated with toy Monte Carlo simulation by varying the number of sig-
nal/background templates and data samples and has been successfully applied
in the data analysis of the Alpha Magnetic Spectrometer. With 10 events in
the background template, the binned CombineFit achieved a minimal bias of
2% and an uncertainty of 5.8%, compared to TFractionFitter’ s bias of 30%
and uncertainty of 10%. The unbinned CombineFit further reduces the bias to
1% while maintaining the same uncertainty, whereas the RooFit with Kernel
Density Estimation method yields a bias of 3.5% and an uncertainty of 11.5%.
These results demonstrate that CombineFit provides a robust solution for signal
number estimation under limited data statistics, offering broad applicability in
the search for new physics.
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Introduction

The decomposition of measured data into contributions from distinct physical
processes lies at the core of statistical analysis in particle physics [?, ?]. Gener-
ally, the probability density functions (PDFs) of the observable (e.g., invariant
mass) from different contributions are obtained by Monte Carlo (MC) simula-
tions, and then the template fitting technique is applied to the experimental
data by minimizing the y? statistics or negative log-likelihood (NLL) functions
to obtain the composition of each contribution.

In some cases, Monte Carlo simulations do not reproduce the data precisely,
thus the templates are obtained by applying tighter selections from data di-
rectly. For example, in the measurement of monthly cosmic antiproton fluxes
with the Alpha Magnetic Spectrometer [?], the background mainly consists of
electrons and pions, and the templates are selected using the Ring Imaging
Cherenkov detector, which reduces the samples significantly. The antiproton
signal, due to the nature of its production mechanism, is rare and has a low
signal-to-background ratio. The low statistics of the templates or target data
introduce critical challenges: the statistical fluctuations in the noisy template
distort the true underlying distributions, resulting in significantly biased an-
tiproton numbers and increasing uncertainties with traditional template fitting
methods.

Under low-statistics conditions, due to the low-count bins, the assumption of
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Gaussian errors is no longer valid, thus the usage of traditional weighted least
squares or x2 minimization is inadequate. To correctly account for the low statis-
tics in each bin, one can use the likelihood functions for Poisson distribution
and perform the minimization of the binned NLL to obtain the signal fraction

[7):

L= 3 [ A ) — £ O )]

%

where n, is the number of observed events in the ith bin and f; is the sum of
predictions from signal A, and background )\, with the signal fraction a.

However, such likelihood does not incorporate the fluctuations of the template
distribution. Barlow and Beeston [?] found the exact likelihood by using the
template expectations A;; in each bin 7 and source j as nuisance parameters:

—InL = Z(fl —n;Inf;) + Z(Aji —a;InAy),
i 7,0

where f; = Ej p;A;;. This method is implemented as TFractionFitter in ROOT

[?] and is widely used in high-energy physics experiments searching for new
physics [?].

However, the large number of nuisance parameters, which scales as O(Ny;,s X
Nyources)s Doses a significant challenge in solving the non-linear equations [?],
requiring long computation time and often leading to biased results. Several
works [?] propose to use only one nuisance parameter in each bin to approximate
the exact likelihood, which are implemented in the iMinuit package [?]. By
shrinking the number of nuisance parameters, the computation time is reduced

but the resulting biases are not resolved.

With the unbinned likelihood method, the template PDFs are analytical func-
tions or kernel densities. For N events, the joint likelihood can be written as:

L= =YY i)
k i

where w; is the fraction of component i and p;(z;,) is the PDF of component i
evaluated at z;. The unbinned template fitting can reduce the bias of the fitted
signal number by avoiding binning artifacts. However, the unbinned methods
are sensitive to the PDF modeling, i.e., the parameters describing the template
distributions or the widths of the kernel densities.

In this paper, we propose the CombineFit method, which jointly models the
templates and target data through analytical likelihood optimization, aiming to
significantly reduce the biases and constrain the template uncertainties.
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Methodology: Likelihood for CombineFit

Generally, template fitting is performed by first constructing the signal template

PDF f,(6;) and background template PDF f,,,(6,) by minimizing:

1. Signal Template NLL
—In Lsig = Z [)‘s,i (95) - ns,i In )‘s,i (95)] )

i
where n; is the signal counts and A ;(0,) = [ fy(2;0,)dzx represents the

number of expected signal events in the ¢th bin.

2. Background Template NLL
—In Lbkg = Z [)‘b,i(eb> — Ny In )‘b,i(eb)] )

where 7y, ; is the background counts and Ay ;(6,) = [ fiug(7;60,)dz, representing
the number of expected background events in the ith bin.

Then the template PDFs with 6, and 6, are used to fit the experimental data
to determine the fraction of the signal o by minimizing the data NLL:

—InLy,, = Z Aa) —n;InXa)],

%

where

Ma) = / [0 (1:6,) + (1 — ) fy (2:6,)] dz,

represents the predicted number of events and n, is the data event counts.

In this process, the minimization of NLL for the templates and data are sepa-
rated. Namely, the parameters 6, and 6, are fixed during the fitting of . Thus,
the uncertainties of the signal and background templates are not taken into
account in the fitting of the composition.

In CombineFit, instead of fitting 6., 6,, and « in separate steps, we construct a
combined likelihood function that includes both the data and the templates:

—In Ltotal =—In Ldata(a7 987 91)) —In Lsig(es) —In Lbkg<9b)'

By minimizing this combined NLL, the template parameters 6, and 6, are con-
strained not only by their respective template data but also by the target data;
i.e., they are determined simultaneously with the signal fraction «.
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This is similar to the TFractionFitter method, where the statistical uncertain-
ties of the signal and background templates are taken into account. However,
CombineFit differs from TFractionFitter in that it models the template distribu-
tions as continuous analytical functions (e.g., exponential, Gaussian mixtures),
which limits the number of parameters and smooths the bin-wise fluctuations,
reducing the biases and errors.

Similarly, CombineF'it can also be implemented in the unbinned likelihood fit
by replacing the binned Poisson likelihood functions with unbinned likelihood
functions. This further reduces the biases due to binning effects.

Monte Carlo Simulation Test

The MC data generation is based on the data used in the time-variation an-
tiproton flux analysis in the Alpha Magnetic Spectrometer (AMS-02), in which
the number of antiproton signals is extracted by performing a template fit
on the mass distribution of negatively charged samples [?]. The signal tem-
plates are constructed with the proton data sample, which is > 10* more abun-
dant than the antiproton. The background templates are constructed with the
pion-+electron sample, which has a much smaller statistic (order of 10%) since
we must apply tighter event selection criteria to obtain clean samples. Since the
analysis is performed on a monthly basis, the statistics of the data sample are on
the order of only 4 x 102, which consists of approximately 200 background events
and 200 signal events. The signal and background mass templates are modeled
using a function (ExpGaussExp) characterized by a Gaussian core with expo-
nential tails on both sides [?], which well represents their physical distributions.
These parameterized functions are then used for Toy Monte Carlo Simulations.

1. Parameterization of Template PDFs from Data

As shown in [Figure 1: see original paper|, the AMS-02 proton sample and
electron+pion sample selected from flight data are fitted using the ExpGaussExp
function in Eq.(1):

1 z—x4)? r—x
oo eXp (—%) exp (aL-?O), T < Ty—Qoror,
A2
ExpGaussExp(z) = \/2170 exp (— @2;20) ) , xg —apo; <z <xH+ apog,

e )2 r—mp
—L exp (—%) exp (—ozR : w) . &> Ty + aRog,

OR ag OR

where: - zy: The central location parameter of the distribution - o;,05: The
scale parameters on the left and right sides, respectively, analogous to the stan-
dard deviation, determining the spread around the central point - a,ap: The
transition parameters on the left and right sides, respectively, specifying where
the function transitions from a Gaussian core to exponential tails
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For each generated dataset, we perform the fitting to obtain the signal numbers
with several methods: the CombineFit described in this paper, the TFraction-
Fitter implemented in the ROOT framework [?], and the recommended method
DA [?] that is implemented in the latest iMinuit package. The resulting PDFs
are used to generate the Monte Carlo data.

2. Generation of MC Data

For each MC test, the signal templates, background templates, and target (mix-
ture of signal and background) datasets are all independently generated using
the fitted PDFs. For each test, we generate: - Signal Template: 5000 events
- Background Template: Ranging from 10 to 8000 events - Target Data: 400
events per experiment, composed of a mix of 200 signal events and 200 back-
ground events

[Figure 2: see original paper] shows one example of the generated (a) background
templates, (b) signal templates, and (c) target data. For each number of events
configuration, a total of 10* rounds of experiments are simulated.

3. Decomposition of Signal Contribution

To further evaluate the robustness of our methods, we also implemented the
unbinned version of CombineFit and compare with RooFit [?] results using
RooAbsPdf and RooKeysPdf. The unbinned CombineFit followed the same
procedure as described in the binned scenario, but with unbinned datasets for
the signal, background, and target data.

Results

A total of 10* rounds of MC simulations for each set of event number configu-
ration were performed, and different template fitting methods were applied to
obtain the signal numbers. The distribution of 10* fitted signal numbers for
each method was obtained and follows a Gaussian distribution. A Gaussian fit
is performed, and the difference between the Gaussian mean and the number of
generated signal events N, represents the bias, J, while the Gaussian o repre-
sents the uncertainty of the method. The root mean squared error represents
the total error relative to the number of generated signal events: /02 + o2.

1. Binned Scenario

As shown in Figure 3: see original paper, the bias in the signal numbers as a
function of the statistics of the background template is presented for different
methods. As expected, with all methods, the bias decreases as the number of
events in the background template increases. The results show that TFraction-
Fitter and DA methods exhibit large bias under low-template statistics ( 30%),
while the CombineFit method resulted in minimal bias that’ s around 2% with
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10 events in the background template and drops to 0.5% with 100 events in the
background template, while the other methods still have more than 2% biases.

Figure 3: see original paper shows the statistical uncertainties of the methods.
With 10 events in the background template, CombineFit shows an uncertainty
of 5.8%, compared to about 9% for DA and 10% for TFractionFitter. With
more than 100 events in the background template, all methods show less than
5% uncertainties.

Figure 3: see original paper shows the total error of the methods. With less than
100 events in the background templates, since CombineF'it has both smaller bias
and sigma, the total error is also smaller. As the number of events increases, all
methods perform similarly.

2. Unbinned Scenario

As shown in Figure 4: see original paper, similar to the binned scenario, as the
number of background template events increases, the estimated signal yields
converge toward the true signal value, resulting in diminishing biases. Particu-
larly, the results with unbinned RooF'it function fitting show larger biases than
the binned CombineFit method, demonstrating that the separated minimization
between the templates and the target data causes larger biases. The unbinned
CombineFit method further reduced the bias to below 1% with 10 events in
the background template and 0.25% bias with 100 events in the background
template. The RooFit KDE method shows faster decreasing biases; however,
it exhibits a systematic shift to negative biases at larger numbers of events,
demonstrating the limitation of this method.

Figure 4: see original paper shows the statistical uncertainties of these meth-
ods. With 10 events in the background template, the unbinned RooFit method
showed larger uncertainties of 12% compared to the binned methods. The un-
binned and binned versions of CombineFit have similar uncertainties. With
more than 100 events, all methods show below 5% uncertainties, consistent
with the binned methods.

Figure 4: see original paper shows the total error of the unbinned methods.
With 10 events in the background template, since the unbinned CombineFit
has smaller bias, the total error is also smaller. With more than 100 events, all
methods perform similarly.

3. Robustness Across Configurations

Tables 1-4 demonstrate CombineFit’ s robust performance under varied sig-
nal/background composition in the target data and different numbers of events
in the templates.

and show the comparison of the total errors between different methods for N, :
N, = 200 : 200, N, : N, = 50 : 200, or N, : N, = 200 : 50 in the target
data, with different numbers of events in the background or signal templates.
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In , the numbers of signal and background are the same in the target data,
and both template statistics are varied. In , only the template corresponding
to the component with fewer events in the target data is varied. When one
template statistic is varied, the other is fixed at 8000 to independently check
their contributions.

As shown in the tables, in low-statistics scenarios, the CombineFit methods
result in the smallest errors compared to the other methods. In most cases,
the binned CombineFit method shows smaller errors compared to the unbinned
RooFit methods.

and show the comparison of errors between CombineFit and DA when the
numbers of events in both the signal and background templates are small, for
Ny : Ny =200 : 200 in the target data. In the binned scenario (), CombineFit
consistently outperforms DA. In the unbinned scenario (), unbinned Combine-
Fit shows smaller errors compared to RooFit(func) when both templates have
limited statistics.

In most cases, CombineFit shows the smallest total errors across different con-
figurations.

Conclusions

A new approach for signal number estimation in low-statistics measurements,
CombineFit, that uses analytical functions to simultaneously fit the templates
and data by combining the likelihood of data and every component is proposed
and tested. CombineFit improves fitting stability and accuracy compared to
traditional methods by reducing bias from $ $30% to <2% and lowering errors
by 35% (with 10 events in the background template), and further reduces the
bias to 1% in the unbinned scenario while maintaining accuracy across different
configurations.

This method has been successfully applied in the time-variation analysis of cos-
mic antiproton flux with AMS, providing unique information for understanding
particle transport in the Solar System [?]. This method can also be applied to
other experiments in search of new physics.
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