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Abstract
The influence of spin–orbit coupling strength (𝑊 ) on the structure and two-
proton (2𝑝) radioactivity of 18Mg is investigated using the spherical Skyrme–
Hartree–Fock–Bogoliubov (SHFB) approach with the SLy4 interaction and a
mean-field cluster potential model. Our calculations reveal that increasing 𝑊
enhances the splitting of the single-proton 1d orbitals. Concurrently, the 2s1/2
proton state evolves from a weakly bound state into a resonance in the con-
tinuum. As 𝑊 increases, the occupation probability of the 2s1/2 proton state
decreases, and its density distribution near the nuclear surface becomes less dif-
fuse. Furthermore, both the spectroscopic factor S′

2𝑝 and the decay energy 𝑄2𝑝
for 2𝑝 radioactivity gradually decrease with increasing 𝑊 , resulting in a longer
half-life. When 𝑄2𝑝 is held constant, the half-life is significantly enhanced by
S′

2𝑝. At the mean time, it is found that the depth of the diproton cluster po-
tential well increases with 𝑊 , while the corresponding S′

2𝑝 becomes smaller,
indicating that the diproton cluster is considerably looser than the 𝛼-cluster.
Additionally, a clear linear correlation is observed between log10𝑆′

2𝑝 and 𝑄2𝑝,
as well as between log10𝑆′

2𝑝 and 𝑊 . The logarithmic half-lives, both with and
without inclusion of S′

2𝑝, exhibit good linear relationships with 𝑊 and Q−1/2
2𝑝 ,

respectively. Finally, using the experimental 𝑄2𝑝 value of 18Mg, the optimal 𝑊
is determined to be 1.15𝑊0 with 𝑊0=123 MeV fm5.
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Abstract
The influence of spin–orbit coupling strength (W) on the structure and two-
proton (2p) radioactivity of 18Mg is investigated using the spherical Skyrme–
Hartree–Fock–Bogoliubov (SHFB) approach with the SLy4 interaction and a
mean-field cluster potential model. Our calculations reveal that increasing W
enhances the splitting of the single-proton 1d orbitals. Concurrently, the 2s1/2
proton state evolves from a weakly bound state into a resonance in the con-
tinuum. As W increases, the occupation probability of the 2s1/2 proton state
decreases, and its density distribution near the nuclear surface becomes less dif-
fuse. Furthermore, both the spectroscopic factor S2p and the decay energy Q2p
for 2p radioactivity gradually decrease with increasing W, resulting in a longer
half-life. When Q2p is held constant, the half-life is significantly enhanced by
S2p. At the same time, it is found that the depth of the diproton cluster potential
well increases with W, while the corresponding S2p becomes smaller, indicating
that the diproton cluster is considerably looser than the 𝛼-cluster. Additionally,
a clear linear correlation is observed between log10S�2p and W. The logarithmic
half-lives, both with and without inclusion of S2p, exhibit good linear relation-
ships with W and Q2p, respectively. Finally, using the experimental Q2p value
of 18Mg, the optimal W is determined to be 1.15W0 with W0 = 123 MeV・fm5.

Keywords: 2p radioactivity; spin-orbit coupling strength; SHFB theory; mean-
field cluster potential approach

I. INTRODUCTION
Two-proton (2p) radioactivity is a rare decay mode observed in nuclei near
the proton drip line, which was predicted by Zel’dovich and Goldansky in the
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1960s [1–3]. Owing to the pairing correlation effect, direct (true) 2p radioactivity
occurs in even-Z nuclei because one-proton emission is energetically forbidden
while 2p radioactivity is allowed [4]. True 2p radioactivity was first observed
from the ground state of 45Fe at the beginning of the 21st century [5, 6]. Later,
more events of 2p radioactivity from ground states were discovered in 48Ni [7],
54Zn [8], 67Kr [9], and 19Mg [10]. Moreover, 2p emission may occur from excited
states populated in 𝛽 decay, which is usually named 𝛽-delayed 2p radioactivity
[11–20]. Additionally, some 2p emitters such as 14O [21], 17,18Ne [22–26], 22Mg
[27, 28], and 28,29S [29, 30] were discovered from excited states fed by nuclear
reactions. Furthermore, 2p emission from the 21+ isomer state of 94Ag was
reported by the group of Mukha [31].

To understand the mechanism of 2p radioactivity, numerous microscopic and
phenomenological models have been developed [32–63]. Generally, the 2p ra-
dioactivity mechanism includes three types: (i) Strongly correlated emission
due to the attraction of the two protons, also called diproton emission, where
the emission occurs through the penetration of a preformed 2He cluster. The
emitted protons have a small angular distribution and share similar energies [32–
48]. (ii) Three-body simultaneous emission, where the simultaneously emitted
protons distribute isotropically but usually have comparable energies [45–63].
(iii) Two-body sequential emission, where a parent nucleus first emits a proton
and decays to an intermediate state, which then emits another proton to reach
the final state [45–63].

A few years ago, four-proton radioactivity was discovered from the ground state
of 18Mg [64]. In fact, it can be seen as two sequential 2p emissions through
the intermediate nucleus 16Ne. To understand its 2p decay mechanism, the
structure of 18Mg was investigated using a three-body Gamow coupled-channel
method [65]. The results showed that the ground state of 18Mg is significantly
influenced by the continuum, resulting in a substantial s-wave component. Re-
cently, we explored the tensor force effect on the 2p radioactivity of 18Mg within
the framework of spherical SHFB theory and the mean-field cluster potential ap-
proach [66, 67]. It was shown that a 2p halo-like structure appears in 18Mg and
its spectroscopic factor becomes larger with the increase of the 2p halo-like size
caused by the tensor force. Furthermore, the decay mode prefers 2He emission
[66, 67]. Although the 2p emission of 18Mg has been investigated by various
models, its mechanism has not yet been fully understood [48, 65–67]. Therefore,
investigating the 2p emission mechanism of 18Mg remains a topic of significant
interest.

The spin-orbit force is a key ingredient in the nucleon-nucleon interaction, which
plays a crucial role in nuclear structure and radioactivity [68–71]. For nuclei
around the drip line, the spin-orbit coupling strength W is not only a core
parameter in nuclear models but also key to understanding exotic nuclear struc-
tures, decay mechanisms, and shell evolution [68–71]. However, its magnitude
has not yet been precisely determined. Therefore, it is essential to investigate
the influence of W on nuclear structure and decay processes. Very recently, we
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explored the effect of W on the 𝛼-decay of 210Po within spherical SHFB the-
ory. It was found that the localization of the 𝛼-cluster and 𝛼-decay energy are
enhanced significantly by the increase of W [72]. This motivates us to consider
whether 2p radioactivity is also substantially influenced by W. Moreover, the
mechanism by which the spin-orbit interaction affects 2p radioactivity has not
been clearly understood, and the observables of 2p emission can be used to
constrain the magnitude of W.

Driven by the above motivation, in this article we explore how the structure
and 2p emission of 18Mg are influenced by the spin-orbit interaction within the
spherical SHFB theory and mean-field cluster potential approach. This article
is organized as follows: In Sec. II, the theoretical framework is presented. Sec.
III shows the calculated results and discussions. Finally, conclusions are drawn
in the last section.

II. THEORETICAL FRAMEWORK
A. SHFB Theory

It is well known that SHFB theory is a powerful tool for describing nuclear
structure [73–76]. It provides a unified and self-consistent description of both
the mean field and the pairing field in terms of Bogoliubov quasi-particles. Nu-
merous nuclear properties have been successfully described with the SHFB ap-
proach.

The Skyrme interaction V_{Skyrme} is written as [73–76]:

𝑉Skyrme = 𝑡0(1+𝑥0𝑃 𝜎
)𝛿(r1−r2)+1

2𝑡1(1+𝑥1𝑃 𝜎
)[k′2𝛿(r1−r2)+𝛿(r1−r2)k2]+𝑡2(1+𝑥2𝑃 𝜎

)k′⋅𝛿(r1−r2)k+1
6𝑡3(1+𝑥3𝑃 𝜎

)𝜌𝛾𝛿(r1−r2)+𝑖𝑊(𝜎1+𝜎2)⋅k′×𝛿(r1−r2)k

where 𝑡𝑖, 𝑥𝑖 (𝑖 = 1, 2, 3) and 𝑊 are interaction parameters, 𝑃𝜎 is the spin-
exchange operator, and 𝜎𝑗 (𝑗 = 1, 2) are Pauli matrices. The operator k =
(∇1 − ∇2)/2𝑖 acts on the right and k′ = (∇1 − ∇2)/2𝑖 on the left.

In the particle-particle (pairing) channel, a density-dependent 𝛿 interaction is
usually employed, with the form [74]:

𝑉pair(r1, r2) = 1
2𝑉0 (1 − (𝜌(r1)

𝜌0
)

𝛾
) 𝛿(r1 − r2)

where 𝑉0 is the pairing strength parameter, 𝛾 = 1 corresponds to the mixed
pairing force, and 𝜌0 is the saturation density. The 𝑉0 value is determined by
the empirical pairing energy gap [77–79].
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In the framework of the SHFB approach, expressions for the effective mass,
abnormal effective mass, particle-hole field, particle-particle field, and Coulomb
field can be found in Refs. [73–76]. The spin-orbit coupling fields are expressed
as:

B𝑞 = −1
2(𝑡1𝑥1 + 𝑡2𝑥2)J + 1

2(𝑡1 − 𝑡2)J𝑞 + 𝑊∇(𝜌 + 𝜌𝑞)

B̃𝑞 = 1
2(1 + 𝑥′)J𝑞 + 𝑊 ′∇ ̃𝜌𝑞

In Eqs. (3–4), 𝜌 and J are the particle and spin-current vector densities, re-
spectively. J̃ is the corresponding abnormal spin-current vector density in the
particle-particle channel. For the SLy4 interaction, J and J̃ equal zero. The
subscript 𝑞 stands for neutrons or protons.

Bulk and microscopic properties can be obtained by solving the following SHFB
equation in coordinate representation:

(ℎ𝑞 − 𝜆𝑞 Δ𝑞
Δ†

𝑞 −ℎ𝑞 + 𝜆𝑞
) (𝑈𝑛,𝑞

𝑉𝑛,𝑞
) = 𝐸𝑛,𝑞 (𝑈𝑛,𝑞

𝑉𝑛,𝑞
)

where ℎ𝑞 is the single-particle Hamiltonian, 𝜆𝑞 is the Fermi energy, Δ𝑞 is the
pairing potential, and 𝑈𝑛,𝑞 and 𝑉𝑛,𝑞 are the quasi-particle wave functions.

Furthermore, the 2p decay energy (𝑄2𝑝) is calculated by:

𝑄2𝑝(𝑍, 𝐴) = −𝑆2𝑝(𝑍, 𝐴) = 𝐸(𝑍, 𝐴) − 𝐸(𝑍 − 2, 𝐴 − 2)

where 𝐸(𝑍, 𝐴) and 𝐸(𝑍−2, 𝐴−2) are the binding energies of the parent nucleus
and its daughter nucleus, respectively, and 𝑆2𝑝 is the 2p separation energy.

B. Mean-Field Cluster Potential Approach with Skyrme Interaction

For 2p radioactivity, the angular momentum carried by the 2He cluster is zero, so
the centrifugal potential vanishes. Based on SHFB theory, the diproton cluster
potential can be decomposed as [80, 81]:

𝑉2𝑝(𝑟) = 𝑉𝑁(𝑟) + 𝑉𝐶(𝑟)

where 𝑉𝑁(𝑟) and 𝑉𝐶(𝑟) are the nuclear and Coulomb potentials, respectively,
between the diproton cluster and the core. These are expressed approximately
by:

𝑉𝑁(𝑟) = 𝜆[𝑈𝑝(𝑟) + 𝐵𝑝(𝑟)]
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𝑉𝐶(𝑟) = 2𝑈𝑐(𝑟)

where 𝜆 is a folding factor, 𝑈𝑝(𝑟), 𝐵𝑝(𝑟), and 𝑈𝑐(𝑟) refer to the single-proton
potential without the spin-orbit term, the proton spin-orbit potential, and the
single-proton Coulomb potential generated by the core, respectively. These
expressions can be found in Refs. [73–76].

The folding factor 𝜆 can be determined by the Bohr-Sommerfeld quantization
condition:

∫
𝑟2

𝑟1

𝑑𝑟√2𝜇|𝑄2𝑝 − 𝑉2𝑝(𝑟)| = (2𝑛 + 1)𝜋
2 = (𝐺 + 1)𝜋

2

where 𝑟1 (and 𝑟2 later) is the classical inner (and outer) turning point obtained
from 𝑉2𝑝(𝑟) = 𝑄2𝑝, 𝜇 is the reduced mass for the cluster-daughter nucleus
system, and 𝑛 is the node number of the radial wave function of the cluster
motion within the potential. A quasibound state of the cluster orbiting the core
is characterized by a global quantum number 𝐺, estimated by the Wildermuth
rule:

𝐺 = 2𝑛 + 𝑙 =
2

∑
𝑖=1

(2𝑛𝑖 + 𝑙𝑖)

where 𝑔𝑖 is the oscillator quantum number of a cluster nucleon orbiting the core.

The width of 2p radioactivity can be calculated by:

Γ2𝑝 = 𝑆′
2𝑝

ℏ2

4𝜇 exp(−2 ∫
𝑟2

𝑟1

𝑑𝑟𝑘(𝑟))

where 𝑆′
2𝑝 is the spectroscopic factor.

For 18Mg, we assume the two emitted protons originate from the 2s1/2 orbitals.
The 𝑆′

2𝑝 value is calculated by a BCS model [82]:

𝑆′
2𝑝 = 𝑉 4

2𝑠1/2
𝑈2

2𝑠1/2

where 𝑉 2
2𝑠1/2

and 𝑈2
2𝑠1/2

are the occupation and unoccupation probabilities of the
2s1/2 proton states for 18Mg and 16Ne, respectively.

In Eq. (12), 𝐹 is the normalization factor determined by:

𝐹 = exp(∫
𝑟2

𝑟1

𝑑𝑟′𝑘(𝑟′) − 𝜋
2 )
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with the wave number 𝑘(𝑟) calculated by:

𝑘(𝑟) = √2𝜇
ℏ2 |𝑄2𝑝 − 𝑉2𝑝(𝑟)|

Finally, the 2p radioactivity half-life is calculated by:

𝑇1/2 = ℏ ln 2
Γ2𝑝

III. RESULTS AND DISCUSSIONS
In the SHFB calculations, the HFBRAD code with the SLy4 interaction is
employed [74]. Specifically, the spherical box and mesh sizes are selected as 20
fm and 0.1 fm, respectively. The quasiparticle energies are cut off at 60 MeV.
The maximum angular momenta of the quasi-neutron and quasi-proton are set
to be 39ħ and 25ħ, respectively. All calculations in this article are converged
with these conditions.

Within the mixed pairing force, the single-proton energy spectra near the Fermi
energies of 18Mg are calculated for W values in the range of 0–1.4W0 MeV・fm5

with an interval of 0.2W0 MeV・fm5, as plotted in Fig. 1 [Figure 1: see original
paper]. The single-proton energies refer to those in the canonical basis. From
Fig. 1, one can see that the splitting of the 1d orbital becomes increasingly
pronounced with increasing W. Moreover, the 2s1/2 energy levels are below the
Fermi energies for W = 0W0, 0.2W0, 0.4W0, and 0.6W0, indicating that the
2s1/2 states are weakly bound. However, with enhanced 1d orbital splitting, the
2s1/2 energy level exceeds the 1d5/2 orbital and is located in the resonant states
of the continuum energy region when W ≥ 0.8W0. Regardless of whether the
2s1/2 state is weakly bound or not, a certain number of protons occupy it. For
the 2s1/2 state, the centrifugal barrier vanishes, so valence protons can extend
to large r regions, leading to a 2p halo or 2p halo-like structure. This situation is
similar to the formation of neutron halos [83, 84]. Therefore, the contribution of
the 2s1/2 state to the full density in the large r region is dominant, as seen clearly
in Fig. 2 [Figure 2: see original paper], which shows the density distribution of
each orbit near the Fermi energy as a function of r for W = 0.6W0, 1.0W0, and
1.4W0. Our recent studies with the T31 and SLy5 interactions suggested that
the deformation of 18Mg is very weak [66, 67]. Furthermore, relevant studies
indicate that the 2p halo-like structure rather than deformation is responsible
for the 2p correlation and emission mechanism [85–89]. Thus, the microscopic
single-proton energy spectra are sufficient to examine the 2p halo or 2p halo-like
structure of 18Mg.

With enhanced 1d orbital splitting, fewer protons occupy the 2s1/2 orbital. As
shown in column 3 of Table I , the occupation probability of the 2s1/2 state
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(𝑉 2
2𝑠1/2

) decreases with increasing W. Consequently, the tail of the density distri-
bution of the 2s1/2 orbit is less extended, as clearly seen in Fig. 2. Hence, the
2p halo or 2p halo-like sizes of 18Mg are suppressed by increasing W. Similarly,
the occupation probability of the 2s1/2 state of its daughter nucleus 16Ne falls
with rising W, meaning that the unoccupation probability 𝑈2

2𝑠1/2
increases with

W, as seen in column 4 of Table I. Using Eq. (13), we obtain the corresponding
𝑆′

2𝑝 values, listed in column 5 of Table I. Overall, the 𝑆′
2𝑝 value changes very

little with W. Note that the diproton cluster preforms more easily when the
density on the nuclear surface is low. The weakening 2p halo or 2p halo-like
structure in Fig. 2 suggests that the density distribution on the nuclear surface
is less extended with enhanced W. As a result, the 𝑆′

2𝑝 value may be strongly
correlated with the 2p halo or 2p halo-like size. To study this correlation, our
recent work used a virtual charge radius to represent the 2p halo-like size of
18Mg because it is difficult to distinguish a halo from a gas-like structure for an
unbound nucleus [66, 67]. We found a pronounced linear correlation between
𝑆′

2𝑝 and the 2p halo-like size [66, 67], so we will not discuss this correlation
further in the present article.

Nevertheless, when W is weak the 𝑆′
2𝑝 value becomes smaller. Therefore, the

𝑆′
2𝑝 value decreases with increasing W. Using Eq. (6), we obtain different 𝑄2𝑝

values for different W values, shown in column 6 of Table I, which demonstrates
that 𝑄2𝑝 values gradually decrease with increasing W. Previous studies have
suggested a dependence of 𝑆′

2𝑝 on 𝑄2𝑝 [4, 48, 50, 51, 90]. Therefore, we plot the
logarithm 𝑆′

2𝑝 versus 𝑄2𝑝 and versus W in Figs. 3(a) and 3(b) [Figure 3: see
original paper], respectively. From Fig. 3(a), a good linear correlation between
log10𝑆′

2𝑝 and 𝑄2𝑝 with Pearson coefficient R = 0.9975 is found. Similarly, a less
pronounced linear correlation between log10𝑆′

2𝑝 and W with R = -0.8899 is seen
in Fig. 3(b).

To examine the W effect on diproton cluster potentials 𝑉2𝑝, we calculate 𝑉2𝑝
for different W values using the mean-field cluster potential approach. The 𝑉2𝑝
values with W = 0.6W0, 1.0W0, and 1.4W0 are shown in Fig. 4(a) [Figure 4: see
original paper]. To investigate the potential in the nuclear surface region influ-
enced by W, the 𝑉2𝑝 curves in the surface region with W = 0.6W0, 1.0W0, and
1.4W0 are shown in Fig. 4(b). From Figs. 4(a) and 4(b), one can see that the
potential well becomes deeper with increasing W, while the potential barriers
in the surface region grow gradually with rising W. Studies on 𝛼-decay showed
that the preformation probability of 𝛼-cluster is enhanced with increasing po-
tential well depth [72, 91]. Nevertheless, for the 𝑆′

2𝑝 of the diproton cluster of
18Mg, it becomes smaller when the potential well becomes deeper. This implies
that the diproton cluster differs substantially from the 𝛼-cluster and should be
much looser than the 𝛼-cluster.
Next, we calculate the 2p radioactivity half-lives with and without 𝑆′

2𝑝 using
the mean-field cluster potential approach by inputting the 𝑄2𝑝 values for dif-
ferent W values. The 𝑇1/2 and 𝑇 ′

1/2 values for different W values are listed in
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column 7 and the last column of Table I, respectively. For cases with W ≤
0.6W0, the 𝑄2𝑝 value exceeds the height of the diproton potential barrier, thus
the half-life cannot be calculated within the tunneling model and is not listed.
The logarithmic half-lives with and without 𝑆′

2𝑝 are shown in Figs. 4(c) and
4(d), respectively. From these figures, we see that log10𝑇1/2 and log10𝑇 ′

1/2 show
good linear relationships with W and 𝑄2𝑝, respectively. As expected from the
tunneling picture, decreasing 𝑄2𝑝 and 𝑆′

2𝑝 values resulting from increasing W
lead to longer half-lives, as seen in Table I and Figs. 4(c) and 4(d). Moreover,
the logarithmic half-lives are enhanced by 𝑆′

2𝑝. For the case of 0.8W0, the half-
life increases by a factor of 2.375. When W = 1.4W0, the half-life is extended
by 11.496 times.

The 𝑄2𝑝 value of 18Mg was measured as 3.440 MeV [64]. Using this experi-
mental 𝑄2𝑝 value, the W value can be determined. We found that when W =
1.15W0, the calculated 𝑄2𝑝 value exactly equals the experimental one. With W
= 1.15W0, the corresponding 𝑡0, 𝑉 2

2𝑠1/2
, 𝑈2

2𝑠1/2
, 𝑆′

2𝑝, 𝑄2𝑝, 𝑇1/2, and 𝑇 ′
1/2 values

are calculated and listed in the last line of Table I, from which it is easy to
obtain that 𝑇 ′

1/2 is 5.181 times as large as 𝑇1/2.

IV. CONCLUSIONS
In this article, the impact of spin-orbit coupling strength W on the structure
and 2p radioactivity of 18Mg has been investigated within spherical SHFB the-
ory and the mean-field cluster potential approach using the SLy4 interaction.
Specifically, the single-proton spectra, density distributions, spectroscopic fac-
tors, diproton cluster potentials, and 2p radioactivity half-lives have been cal-
culated for W values in the range of 0–1.4W0.

The following conclusions can be drawn:

(i) The splitting of the 1d proton orbital becomes increasingly evident with
increasing W. Moreover, the 2s1/2 proton state is weakly bound for W
= 0W0, 0.2W0, 0.4W0, and 0.6W0. However, the 2s1/2 state becomes a
resonant state in the continuum energy region when W ≥ 0.8W0.

(ii) With enhanced 1d orbital splitting, the occupation probabilities of the
2s1/2 state decrease gradually. As a result, the tail of the density distri-
bution of the 2s1/2 orbital is less extended. Correspondingly, the spectro-
scopic factor 𝑆′

2𝑝 becomes smaller.

(iii) The diproton cluster potential well becomes deeper with increasing W.
Moreover, the deeper the diproton potential well, the smaller the 𝑆′

2𝑝.
This implies that the diproton cluster is much looser than the 𝛼-cluster.

(iv) The declining 𝑆′
2𝑝 and 𝑄2𝑝 values caused by increasing W lead to longer

2p radioactivity half-lives. Moreover, the half-life is enhanced by 𝑆′
2𝑝 when

𝑄2𝑝 is held constant.
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(v) A pronounced linear correlation between log10𝑆′
2𝑝 and 𝑄2𝑝 and that be-

tween log10𝑆′
2𝑝 and W are found. Additionally, log10𝑇1/2 and log10𝑇 ′

1/2
show good linear relationships with W and 𝑄2𝑝, respectively.

(vi) Using the experimental 𝑄2𝑝 value of 18Mg, the optimal W value is con-
strained to be 1.15W0.
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