
AI translation ・View original & related papers at
chinarxiv.org/items/chinaxiv-202511.00062

A Simulation Study on Non-continuous Scoring
under the Logistic Weighted Model
Authors: Jian Xiaozhu, Dai Buyun, Jian Xiaozhu, Dai Buyun

Date: 2025-11-05T00:00:00+00:00

Abstract
Through test simulation studies of polytomously scored items under discontin-
uous scoring, the results demonstrate that the bias and root mean square error
(RMSE) of item parameters under the Logistic weighted model are relatively
small, indicating that the Logistic weighted model can simulate discontinuous
scoring scenarios and achieve accurate item parameter estimation for polyto-
mously scored items under discontinuous scoring. Based on the principle of
chi-square testing, a new chi-square test statistic Q5 is proposed. In test simu-
lation contexts, the goodness-of-fit statistics Q1, Q4, and Q5 under the Logistic
weighted model are all below the chi-square critical value, indicating that the
test data for polytomously scored items under the Logistic weighted model can
achieve effective fit with the model.
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Abstract
This study investigates the performance of the Logistic Weighted Model
(WSLM) for polytomous items with non-continuous scoring categories through
simulation. Results demonstrate that the WSLM produces relatively small bias
and root mean square error (RMSE) in item parameter estimation, indicating
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that the model can effectively handle non-continuous scoring scenarios and
achieve accurate parameter recovery for polytomous items. Based on the
principles of chi-square testing, a novel fit statistic, Q5, is proposed. Under
simulated testing conditions, the fit statistics Q1, Q4, and Q5 for polytomous
items under the WSLM all fall below the critical chi-square values, suggesting
that the WSLM demonstrates effective model-data fit for polytomous test data.

Keywords: item response theory; weighted-score logistic model; polytomous
items; model fit

This research was supported by the National Natural Science Foundation of
China Regional Project“Theoretical Assumptions, Measurement Techniques, and
Applied Testing of the Logistic Weighted Model in Psychological and Educational
Measurement”(Grant No. 32360204).

Introduction
Numerous polytomous item response models have been developed within the
framework of item response theory. Van der Linden (1997, 2016) reviewed sev-
eral models applicable to polytomous items, including Samejima’s (1969) Graded
Response Model (GRM), Andersen’s (1977) Rating Scale Model (RSM), and
Masters’(1982) Partial Credit Model (PCM). Nering et al. (2010) also sum-
marized these polytomous models in their handbook, with dedicated chapters
discussing GRM, NRM, PCM, and RSM. However, previous research on these
polytomous models has exclusively addressed continuously scored items. To
date, no published studies have examined the applicability of existing polyto-
mous models to non-continuous scoring scenarios, and the consensus among
researchers is that these conventional models are unsuitable for polytomous
items with non-continuous scoring categories.

Jian et al. (2016) proposed and validated the Logistic Weighted Model for poly-
tomous items, but their simulation studies only examined continuously scored
items. They did not specifically investigate the performance of the WSLM un-
der non-continuous scoring conditions nor evaluate model-data fit. The present
study addresses this gap by conducting simulation studies to evaluate parameter
recovery and model fit for non-continuously scored polytomous items under the
WSLM.

2.1 Limitations of Existing Chi-Square Formulas for Model
Fit Testing
Model fit testing in item response theory involves chi-square tests comparing
expected and observed response patterns. Several chi-square test statistics have
been proposed for evaluating model fit in IRT, all derived from Pearson’s funda-
mental chi-square formula. Elliott et al. (1973) proposed a formula for testing
model fit of item characteristic curves (for item i):
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𝑄1 =
10

∑
𝑗=1

𝑁𝑗(𝑂𝑖𝑗 − 𝐸𝑖𝑗)2

𝐸𝑖𝑗(1 − 𝐸𝑖𝑗)

In this formula, examinees are divided into 10 ability groups when calculating Q1
for a given item, with degrees of freedom determined by the number of groups
(9 for dichotomous models). Here, 𝑁𝑗 represents the number of examinees in
group 𝑗, 𝑂𝑖𝑗 is the observed proportion of correct responses in group 𝑗 for item
𝑖, and 𝐸𝑖𝑗 is the expected proportion, calculated as:

𝐸𝑖𝑗 = 1
𝑁𝑗

𝑁𝑗

∑
𝑘=1

𝑃𝑖( ̂𝜃𝑘)

where 𝑃𝑖( ̂𝜃𝑘) is the expected response probability for item 𝑖 based on the ability
estimate ̂𝜃𝑘 for examinee 𝑘 in group 𝑗. Subsequently, Yen (1981) proposed an
improvement to Elliott et al.’s formula, resulting in:

𝑄1 =
10

∑
𝑗=1

𝑁𝑗(𝑂𝑖𝑗 − 𝐸𝑖𝑗)2

𝐸𝑖𝑗(1 − 𝐸𝑖𝑗)

These formulas, which divide examinees into 10 groups, yield 9 degrees of free-
dom with a critical value of 16.92, regardless of group size. However, a significant
limitation is that these statistics were designed exclusively for dichotomously
scored items.

2.2 Problems with Existing Model-Data Fit Chi-Square
Statistics
Consider a test administered to 2,000 examinees divided into 10 groups of 200
each. With 𝐸𝑖𝑗 ranging from 0.01 to 0.99, suppose the discrepancy between 𝐸𝑖𝑗
and 𝑂𝑖𝑗 could be 0.03 (small), 0.05 (medium), or 0.08 (large). Table 1 presents
the chi-square values for a single group under these conditions.

[TABLE:1 should appear here]

For difficult items (e.g., 𝑏 > 2), 𝐸𝑖𝑗 values near 0.01 or 0.02 commonly occur
in low-ability groups. Even with a small discrepancy of 0.03, the resulting chi-
square value for a single group exceeds 18, surpassing the critical value of 16.92
for 9 degrees of freedom. Similarly, for easy items, 𝐸𝑖𝑗 values near 0.98 or 0.99
in high-ability groups produce the same problem. The Q1 statistic exhibits a
symmetric pattern centered at 𝐸𝑖𝑗 = 0.5, decreasing as 𝐸𝑖𝑗 approaches 0.5 from
either direction, but the chi-square values near 0.01 and 0.99 (18.18) are 25
times larger than those near 0.50 (0.72).
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For Q4, when 𝐸𝑖𝑗 approaches 0.98 or 0.99, the corresponding chi-square values
become extremely small. As shown in Table 3 , Q4 decreases monotonically
with increasing 𝐸𝑖𝑗, with a 100-fold difference between values at 𝐸𝑖𝑗 = 0.01 and
𝐸𝑖𝑗 = 0.99. This extreme variation renders Q4 ineffective for stable assessment
of model fit across the ability continuum.

According to Pearson’s chi-square requirements, groups with expected frequen-
cies less than 5 should be excluded from calculation. Similarly, when applying
Q1 and Q4 to empirical data, cases where 𝐸𝑖𝑗 < 0.01 or 𝐸𝑖𝑗 > 0.99 should be
omitted from analysis, regardless of actual group size.

2.3 Improvement of Chi-Square Formulas for Model-Data
Fit Testing
The preceding analysis reveals that Q4 exhibits problematic monotonic decrease
with increasing 𝐸𝑖𝑗, while both Q1 and Q4 produce inflated values when 𝐸𝑖𝑗 is
extremely small or large. To address these issues, we propose an improved
chi-square statistic based on fundamental chi-square principles. The original
Q4 formula aligns with Pearson’s basic principle, whereas Yen’s (1981) Q1
includes an additional (1−𝐸𝑖𝑗) term in the denominator. To mitigate the exces-
sive inflation problem, we propose taking the square root of the denominator,
resulting in:

𝑄5 =
10

∑
𝑗=1

𝑁𝑗(𝑂𝑖𝑗 − 𝐸𝑖𝑗)2

√𝐸𝑖𝑗(1 − 𝐸𝑖𝑗)

This new statistic, designated Q5, uses the same notation as Q1. Table 4
presents Q5 values for the same conditions examined previously. The results
show that the Q5 value at 𝐸𝑖𝑗 = 0.01 is only 5 times larger than at 𝐸𝑖𝑗 = 0.50,
and at 𝐸𝑖𝑗 = 0.05 it is merely 2.1 times larger. Compared to Q1 and Q4, Q5 sub-
stantially reduces the disparity in chi-square values across different 𝐸𝑖𝑗 levels,
providing a more robust fit index.

2.4 Model Fit Calculation Formulas Under the Logistic
Weighted Model
The Q5 formula described above applies to dichotomous items. For polytomous
items under the WSLM, we must calculate Q5 across multiple score categories.
The chi-square formula for exactly 𝑢 points is:

𝑄5𝑖 =
𝑚

∑
𝑢=1

10
∑
𝑗=1

𝑁𝑗(𝑂𝑖𝑗𝑢 − 𝐸𝑖𝑗𝑢)2

√𝐸𝑖𝑗𝑢(1 − 𝐸𝑖𝑗𝑢)
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where 𝑚 is the maximum score for item 𝑖. When 𝑚 = 1, this reduces to the
dichotomous formula. Here, 𝑁𝑗 is the number of examinees in group 𝑗, 𝑂𝑖𝑗𝑢
is the observed proportion scoring exactly 𝑢 points, and 𝐸𝑖𝑗𝑢 is the expected
proportion. The degrees of freedom for 𝑄5𝑖 are calculated as: (1) for contin-
uously scored polytomous items with maximum score 𝑚, 𝑑𝑓 = 10𝑚 − 1; (2)
for non-continuously scored items with 𝑘 actual score categories (2 ≤ 𝑘 ≤ 𝑚),
𝑑𝑓 = 10𝑘 − 1.

The WSLM has two forms of item characteristic functions, leading to two cor-
responding chi-square formulas. The formula for 𝑢 points or above is:

𝑄5𝑖 =
𝑚−1
∑
𝑢=1

10
∑
𝑗=1

𝑁𝑗(𝑂≥
𝑖𝑗𝑢 − 𝐸≥

𝑖𝑗𝑢)2

√𝐸≥
𝑖𝑗𝑢(1 − 𝐸≥

𝑖𝑗𝑢)

where 𝑂≥
𝑖𝑗𝑢 and 𝐸≥

𝑖𝑗𝑢 represent observed and expected proportions for scores of
𝑢 or above. Since 𝐸𝑖𝑗𝑚 = 1, the term for 𝑢 = 𝑚 equals zero, allowing this
simplification. Corresponding Q1 and Q4 formulas for polytomous items can be
similarly derived for both exact and cumulative scoring.

3.1 Simulation Algorithm for Continuous Scoring
The simulation procedure under the WSLM for continuous scoring involves five
steps:

First, generate 𝑁 discrimination parameters 𝑎 from 𝑁(0.7, 0.2), truncated to
[0.2, 1.5]; 𝑁 difficulty parameters from 𝑁(0, 1), truncated to [−4, 4]; and 𝑀
examinee ability parameters from 𝑁(0, 1), truncated to [−4, 4].
Second, for each polytomous item 𝑗 with mean difficulty 𝑏𝑗 and maximum score
𝐹𝑗, calculate the expected probability of scoring 𝑢 points or above for an exam-
inee with true ability 𝜃:

𝑃 ≥
𝑗𝑢(𝜃) = 1

1 + exp[−𝑎𝑗(𝜃 − 𝑏𝑗 + 𝑤𝑗𝑢)]

where 𝑤𝑗𝑢 represents the weighted-score parameter.

Third, generate a random number 𝑟 for each examinee-item combination. Com-
pare 𝑟 with the cumulative probabilities to determine the simulated score: if
𝑟 > 𝑃 ≥

𝑗𝐹𝑗
, the score is 𝐹𝑗; if 𝑟 < 𝑃 ≥

𝑗1, the score is 0; otherwise, the score is 𝑢
where 𝑃 ≥

𝑗𝑢 < 𝑟 ≤ 𝑃 ≥
𝑗(𝑢+1).

Fourth, estimate item parameters from the simulated response matrix using
the WLogistic program (available at: https://pan.baidu.com/s/1OY27D5aB-
AasezyMvTOlrQ?pwd=bmkc).
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Fifth, compare estimated parameters with true values to calculate bias, absolute
bias (ABS), and RMSE.

3.2 Simulation Algorithm for Non-Continuous Scoring
For non-continuous scoring, we modify the continuous scoring algorithm by
introducing a post-simulation adjustment process. After generating continuous
scores, we apply non-continuity rules based on“leap segments”and“leap points.”

The adjustment rule defines a critical probability for score modification:

𝐿𝑃 = Upper bound of leap segment − Current score
Number of leap points + 1

If a random number 𝑅𝑛𝑑 ≥ 𝐿𝑃 , the score changes to the upper bound; oth-
erwise, it changes to the lower bound. For example, a 10-point item might
have scores {0, 1, 2, 5, 10}, creating two leap segments: {3,4} (2 points, up-
per bound=5) and {6,7,8,9} (4 points, upper bound=10). We limit maximum
leap segment size to 4 points, as score increments exceeding 5 points are rare in
practice.

Specific rules apply based on leap segment size. For a 2-point item scored only
as {0,2}, scores of 1 are modified: with probability (2 − 1)/(1 + 1) = 0.5, they
become 2; otherwise 0. For a 4-point item scored as {0,1,2,4}, scores of 3 are
similarly adjusted using the upper bound 4 and lower bound 2.

Test designs incorporate mixed continuous and non-continuous items. For items
with maximum scores of 2-5 points, the first half of items use non-continuous
scoring while the second half use continuous scoring. For tests with varied
item types (maximum scores of 1,2,3,5,8,10), non-continuous designs exclude
intermediate scores (e.g., for 8-point items, scores 2,3 and 5,6,7 are omitted).
Simulation conditions include 1,000 and 5,000 examinees with 50 replications.

3.3 Results for Non-Continuous Scoring Simulations
Table 2 presents the simulation results for non-continuous scoring conditions.

[TABLE:2 should appear here]

Comparing these results with Jian et al. (2016) reveals: (1) for 2-point and
3-point items, recovery indices are nearly identical to continuous scoring condi-
tions; (2) for 4-point, 5-point, and multiple-score conditions, ABS and RMSE
values are slightly larger but remain comparable to previous studies. These val-
ues also align closely with those reported by other researchers for similar sample
sizes and test lengths, indicating good parameter recovery for non-continuous
scoring.

Further analysis of the 4-point and 5-point conditions from Jian et al. (2016)
shows that while most item parameter estimates closely match their generating
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values, a few items exhibit large discrepancies, particularly those with extreme
difficulty parameters (|b| > 2). Additionally, non-continuously scored items with
maximum scores of 4 or 5 points (scored only as 0/4 or 0/5) show larger bias
and RMSE than 2-point or 3-point items (scored as 0/2 or 0/3).

4.1.1 Design for Continuous Scoring Fit Analysis
To evaluate model fit under continuous scoring, we simulated six test conditions
with maximum scores of 1, 2, 3, 4, 5, and multiple values, each totaling 100
points. Each condition used 1,000 examinees and one replication. Average chi-
square values were computed across all items.

4.1.2 Results and Discussion for Continuous Scoring
Table 3 presents the fit statistics for continuous scoring conditions.

[TABLE:3 should appear here]

For 100 dichotomous items, the average Q1 value for cumulative scores is 7.215
and Q4 is 3.375, closely matching Yen’s (1981) findings. All chi-square val-
ues are substantially below their respective critical values, indicating excellent
model-data fit. As maximum scores increase, Q1, Q4, and Q5 values increase cor-
respondingly due to greater computational complexity and degrees of freedom.
Across all conditions, Q1 > Q4 > Q5 consistently holds. Notably, chi-square val-
ues for exact scores are much larger than for cumulative scores, suggesting that
cumulative aggregation reduces discrepancies between expected and observed
proportions.

Figures 1-4 [FIGURE:1-FIGURE:4] illustrate expected probabilities and ob-
served proportions for a sample item (Item 11, mean difficulty = -0.363), show-
ing close alignment with theoretical WSLM predictions.

[FIGURE:1-FIGURE:4 should appear here]

4.2.1 Design for Non-Continuous Scoring Fit Analysis
Fit analysis for non-continuous scoring employed five test conditions with max-
imum scores of 2, 3, 4, 5, and multiple values, each totaling 100 points. For the
2-5 point conditions, the first half of items used non-continuous scoring while
the second half used continuous scoring. Each condition used 1,000 examinees
and one replication.

4.2.2 Results and Discussion for Non-Continuous Scoring
Table 4 presents the fit statistics for non-continuous scoring conditions.

[TABLE:4 should appear here]
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All average chi-square values are below their critical values, indicating good
overall model-data fit. The cumulative score chi-square values (Q1, Q4, Q5) are
substantially smaller than exact-score values across all conditions, demonstrat-
ing satisfactory fit when aggregating across score categories.

For non-continuous items, degrees of freedom must be calculated based on actual
score categories. For example, in the 5-point condition where the first 10 items
are scored only as {0,5}, 𝑑𝑓 = 2 × 10 − 1 = 19 (critical value = 30.14); for the
remaining 10 continuously scored items, 𝑑𝑓 = 6 × 10 − 1 = 59 (critical value =
77.93). Table 5 provides detailed results for the 20-item, 5-point condition.

[TABLE:5 should appear here]

Two items exceed the Q1 critical value and one exceeds the Q4 critical value,
but all items fall within the Q5 critical value. This pattern aligns with McKinley
and Mills (1985), who reported that some proportion of items typically exceed
critical values in simulation studies.

Conclusion
By extending the continuous scoring simulation algorithm to incorporate non-
continuous scoring, this study demonstrates that the WSLM achieves small bias
and RMSE for item parameters under non-continuous conditions, comparable to
results for dichotomous items. The proposed Q5 statistic addresses limitations
of existing fit indices by providing a more robust measure across the ability
continuum. Simulation results show that Q1, Q4, and Q5 values remain below
critical chi-square thresholds for both continuous and non-continuous scoring,
confirming that the WSLM provides adequate model-data fit for polytomous
test data.
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Appendix: Video Tutorial for WSLM Simulation and Pa-
rameter Estimation Software
The video tutorial for the WSLM simulation and parameter estimation software
is available at:
Link: https://pan.baidu.com/s/1dRnV9Vqu7rGCjPax0YIGew?pwd=djtc
Access code: djtc

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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