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Abstract

Based on the requirements of model composition on model domains, this pa-
per further decomposes the model domain into variable domains and function
codomains, and argues that the essence of model-restricted union operations
lies in preserving the domains of functions and relations unchanged during the
union operation, thereby ensuring that the functions and relations involved in
the union model remain valid. Building upon this domain analysis, this pa-
per proposes a domain mapping function method, which establishes a mutual
data reference mechanism between models and enhances the flexibility and effi-
ciency of data processing in model composition. Simultaneously, this paper also
demonstrates that the domain mapping function method does not impede the
implementation of model-restricted union operations, and analyzes the factors
influencing the stability of various model compositions by the domain mapping
function method along with their corresponding solutions.
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Abstract: Based on the requirements of model combinations for model do-
mains, this paper further decomposes the model domain into variable definition
domains and function value ranges. It demonstrates that the essence of model
restricted union operations is maintaining the definition domains of functions
and relations unchanged during the union operation to ensure the validity of

chinarxiv.org/items/chinaxiv-202511.00057 Machine Translation


https://chinarxiv.org/items/chinaxiv-202511.00057
https://chinarxiv.org/items/chinaxiv-202511.00057

ChinaRxiv [$X]

functions and relations in the combined model. Building upon domain analysis,
this paper proposes a domain mapping function method, establishes a mecha-
nism for mutual data referencing between models, and enhances the flexibility
and efficiency of data processing in model combinations. Meanwhile, the paper
also discusses that the domain mapping function method does not affect the im-
plementation of model restricted union operations, and analyzes the influencing
factors and solutions for the stability of various model combinations.

Keywords: model domain, variable definition domain, function range, domain
mapping function, data circular reference

1. Introduction

Artificial intelligence has entered a period of rapid development. Large models
such as Transformer, BERT, ChatGPT-3, and ChatGPT-4 have emerged suc-
cessively [1][2][3], achieving remarkable progress in natural language and mul-
timodal information processing, enabling the processing and transformation of
text, programming, images, speech, video, music, and other multimodal infor-
mation. Generative Al technology built upon this foundation has made notable
advances. Currently, pre-trained large models developed on the Transformer
architecture can tune over one hundred billion parameters for deep learning,
becoming the mainstream direction in AL In recent years, China has also seen
the emergence of large model applications represented by DeepSeek, achieving
remarkable results and becoming a global focus in AT [4].

However, it should also be recognized that these large models learn by adjusting
internal parameters, exhibiting high complexity and nonlinearity, with problems
of interpretability and reproducibility [5]. Questions about their underlying prin-
ciples and whether they can be directly applied to other intelligent agent device
development are concerns for many, yet obtaining knowledge directly from cur-
rent large models is quite difficult. Externally, they possess needed functionali-
ties but lack specific mathematical formulas to describe them, with insufficient
reproducibility, making them black boxes with specific functions [6][7]. Peo-
ple expect deeper theoretical and mathematical descriptions. As research in
Al fields such as multimodal large language models, knowledge graphs, Al and
multimodal mathematical reasoning, embodied intelligence, and cross-domain
applications advances rapidly, several foundational theoretical studies need to
keep pace to support faster and better development of AT technologies.

Undoubtedly, mathematical logic theory is an important component of current
AT foundational theory. Model theory in mathematical logic provides strict
definitions of model concepts and establishes a rigorous theoretical system that
can serve as foundational theory for Al research. The model concept therein is
defined through interpretation (mapping) by formal language, containing several
functions and relations to form a complete logical whole. Since such models are
strictly defined through formal language and satisfy formal language inference
rules, the logical inference conclusions derived from them should apply to general
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entity model reasoning. Therefore, studying mathematical logic models has
important practical significance for Al system development.

Regarding models, a desirable scenario is that several simple models can be com-
bined into larger models, or conversely, complex larger models can be decom-
posed into several smaller simple models for solution. This way, relatively simple
and mature models can combine to produce complex, larger models, which is
significant for AI systems and independent intelligent agent research. Achieving
model combination requires model union operations. However, in mathematical
logic model theory, model union operations generally do not satisfy closure re-
quirements [8], making them undefinable and thus unimplementable. Existing
model theory has not deeply studied this, representing a gap. In our paper “A
Tree-Shaped Model Chain Construction Method and Its Application Prospects”
[9], we proposed a model restricted union operation method in mathematical
logic model theory, enabling model union operations under certain constraints,
and discussed modeling approaches for combining small models into large mod-
els or decomposing large models into small ones. This provides theoretical
support for Al device research. However, the validity of model restricted union
operations is achieved through forced restrictions on domains during union oper-
ations, which seems somewhat inflexible for Al system construction and affects
system operational efficiency. Therefore, this paper further explores and ana-
lyzes this issue from the perspective of model domains to improve the flexibility
and operational efficiency of model combinations.

2. Review of Model Restricted Union Operations

To facilitate in-depth discussion of modeling issues using mathematical logic
theory, we first briefly review the relevant mathematical logic model theory and
model combination problems.

2.1 First-Order Language Symbol System

The first-order logic elements involved in this paper include: domain M, indi-
vidual constant set C, relation symbol set R, function symbol set F', variable set
{z,y, ...}, logical operator set {—, A,V,—, <}, quantifier set {V,3}, and punc-
tuation set {(,),, }. These can be found in general mathematical logic texts.

Except for the domain, the remaining sets constitute the first-order formal lan-
guage L:

L=Aa,...,R, ...~ f,...,x .. u .., Y3000, )

where {~, x,...,u,...,—,...,¥,3,(,),, } are common across different systems and
generally not listed in specific systems.

Definition 2.1: Let C = {¢;,¢y,...,c,} be a set of individual con-
stants, R = {r{,rg,...,7y} be a set of relation symbols, and F =
{f1, fas s fu} be a set of function symbols. Then £ = {C,R,F} =
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the cardinalities k, A, u of C', R, F' can be finite or infinite.

The definitions and formation rules of terms, formulas, sentences, and other
elements of first-order logic used in this paper, as well as variable interpretation
in domains, follow general literature [8][10][11][12].

2.2 Model Definition

Mathematical logic models are structural models. For discussion convenience,
relevant definitions are listed in detail.

Definition 2.2: Let £ be a first-order language. An £-structure is a binary
pair M = (M, I), where M is a non-empty set called the domain of M, and I is
a mapping defined on £ satisfying: (1) I interprets each constant symbol ¢ in £
as an element of M, i.e., I(c) € M; (2) I interprets each n-ary relation symbol
P in £ as an n-ary relation on M, i.e., [(P) C M™; (3) I interprets each n-ary
function symbol f in £ as an n-ary function on M, i.e., I(f) is a mapping from
M™to M, I(f): M™ — M.

We often denote I(c), I(P),I(f) as ¢cM, PM M respectively. Thus for such an
L-structure, we have ¢c™ € M, PM C M™, fM . M™ — M.

In some literature [8][12], the binary pair M = (M,I) is considered a model
defined for formula A or formula set ¥ in £, i.e., when M F A (or M E X), M is
defined as a model of A (or ). In other literature [10], the binary pair (M, I)
is viewed as an interpretation of language £ = {C,R,F} on M. When this
pair has interpreted £ as {C, R, F'}, then A = (M, C, R, F) is called a model of
language £, and M is called the domain of £.

Structurally, the two are actually consistent. This paper only explores logical
model problems from a data structure perspective, so we adopt the method from
[10], treating the structure after interpretation on the domain as the language
model.

Definition 2.3: Let language £ = {C, R, F'}. If the binary pair (M, I) inter-
prets the individual, relation, and function symbols of £ in M as {C, R, F'},
then M = (M,C, R, F) is called a model of £, and M is called the domain of
M [10].

In the following discussion, when mentioning models of language £ = {C, R, F'},
we assume by default that the individual, relation, and function symbols of £
have been interpreted in M. For convenience, we also refer to M = (M,C, R, F))
as a model of £.

From the above definitions of mathematical logic models, the structural char-
acteristics are evident. However, for general models in practical applications
that target specific real-world objects and handle concrete problems, the two
cannot be equated. Although mathematical logic models are structural models,
they contain abstract data objects, logical relations and inference rules between
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objects, and functional mapping relations between objects. These objects, rela-
tions, and functions also constitute a logical whole. Models of concrete objects
generally also contain objects, data, functions, and inference methods, but in-
volve specific object entities. While not equivalent to mathematical logic models,
the modeling rules and inference rules obtained from mathematical logic model
theory can be regarded as logical principles that should be followed in concrete
model applications. Therefore, studying mathematical logic models has impor-
tant practical significance for concrete model research.

2.3 Submodels

Definition 2.4: Let M and N be two models of the same language £ =
{C,R,F}. We say M is a submodel of N, denoted M C N, if: (1) M C N
(M,N are the domains of M, N respectively); (2) For any constant symbol
c€ L, cM = cN; (3) For any n-ary relation symbol R € £ and any ay, ..., a,, €
M, RM(ay,...,a,) holds if and only if R¥(ay,...,a,,) holds; (4) For any n-ary
function symbol f € £ and any ay,...,a, € M, fM(ay,...,a,) = fN(ay,...,a,).

' 'n Y In

For condition (2), it is implicitly required that ¢M € M.

2.4 Model Restricted Union Operation and Model Combination

A primary purpose of studying model problems is to achieve model combina-
tion. To realize model combination, model series and parallel connections are
necessary, thereby fulfilling the vision of combining small models into larger,
more complex ones. Reference [9] provides detailed discussion. For convenience,
relevant definitions are compiled below.

For model intersection operation, we have:

Definition 2.5: Let models M, M, be two models of first-order language
£ =A{C,R,F}, where M, = (M,,C,,R,,F,), My = (M,,Cy, Ry, F,). Define
My =M NMy = (M,y,Cy, Ry, Fy) as their intersection operation, satisfying:
(2) For any constant symbol ¢ € £, ¢cMo = ¢Mi and ¢M2; (3) For any n-ary
relation symbol R € £ and any ay,...,a, € My, RMo(a,,...,a,) holds if and
only if (RMi(ay,...,a,) and RM2(ay,...,a,)); (4) For any n-ary function sym-

bol f € £ and any ay,...,a, € My, fMo(ay,...,a,) = (fM(ay,..,a,) and
M2(ay, ..., a,)).

Reference [9] shows that model intersection operation is closed under constants,
relations, and functions.

For model union operation, closure generally does not hold. Therefore, reference
[9] proposed the model restricted union operation method to achieve model
union operations under certain constraints.

Definition 2.6 (Model Restricted Union Operation): Let models
M, M5 be two models of first-order language £ = {C,R,F}, where
My = (My,Cy, Ry, Fy), My = (My, Cy, Ry, Fy). Define My = My Uy, My =
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(My,Cy, Ry, Fy) as the restricted union operation of models M, M,, if
the following conditions hold: (2) For any constant symbol ¢ € £, if
M = c¢Mo then ¢ € C) and ¢ € Cp; if M2 = c¢Mo then ¢ € C, and
¢ € Cy; (3) For any m-ary relation symbol R € £ and any aq,...,qa,, if
ay,...,a, € My, then RMi(a,, ... a,) holds if and only if RMo(a, ..., a,) holds;
if ay,...,a, € M,, then RM2(ay,...,a,) holds if and only if RMo(ay,...,a,)
holds; (4) For any m-ary function symbol f € £ and any ay,...,qa,, if

y» Yno

a,...,a, € My, then fMi(a;, ... a,) = fM(ay,...,a,); if aj,...,a, € M,,
then fM2(ay,....a,) = fMo(ay,..,a,); (5) For any n-ary variable value
combination aq,...,a;,...,a, € M,, its value range only allows cases where

(Va; € My) VvV (Va; € M,) (including a; € M, N M,).

These conditions are called model restricted union operation conditions. Refer-
ence [9] shows the following lemma holds:

Lemma 2.1: Model restricted union operation is closed under relations and
functions.

Reference [9] also lists definitions of submodels, model intersection operation
methods, and defines submodel union operation methods.

Definition 2.7: Let models M, = (M,,Cy, Ry, F}), My = (M,,Cy, Ry, F,)
of first-order language £ = {C,R,F} be submodels of model M, =
(M, Cy, Ry, Fy), with M| C My, My C M. Define M = (M, Cy, Ry, F§) =
M; Ugup Mo as the union model of submodels M, Mo, if: (2) The union
operation of M, M, satisfies the model restricted union operation conditions
in Definition 2.6; (3) M) C M,.

Reference [9] points out that the submodel union operation Uy, defined in
Definition 2.7 is constrained by the restricted model union operation Uy, and
Ugup, better reflects the submodel characteristics of the union operation result.

3. Model Domain Decomposition
3.1 Requirements of Model Combination for Domains

As mentioned, the purpose of model combination is to combine several small
models into larger ones to handle more complex problems. Such combinations
should be meaningful, internally coordinated, and contradiction-free, rather
than arbitrary patchwork. A prominent advantage of model combination is
that models can mutually utilize each other’ s data processing results—some
models’ data processing results are treated as intermediate results by the larger
model and utilized by other models. This is clearly valuable for developing
large model systems. Intuitively, for a model to utilize other models’ data pro-
cessing results, it must share the processed data from other models to achieve
inter-model data transfer. From a model theory perspective, models capable
of mutual data transfer must have intersecting data domains, leading to the
following lemma:
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Lemma 3.1: Let My = (M,,C,,R,, F}) and M, = (M,,Cy, Ry, Fy) be two
models of first-order language £ = {C, R, F'}. If direct data transfer is to be
realized between M, and M,, the necessary condition is that the intersection
of their domains M, and M, must be non-empty, i.e., My N M, # 0.

For model restricted union operations, the value range of n-ary variables is
limited during union operations, which seemingly restricts the usable domain
range, necessitating further in-depth discussion.

3.2 Domain Decomposition

Definition 3.1: Let M = (M,C,R,F) be a model of first-order language
£ = {C,R,F}, with M as the domain of M. Then M = M, U Mp U My
is called the domain decomposition of M, where: M, is the constant domain,
containing general constants a,b, ... and logical constants T' (True), F (False);
Mp, is the definition domain, the value range of variables in the model; Mp, is
the range, the value range of function outputs in the model.

In Definition 3.1, My, is only defined for functions because relations are logical
expressions with only two possible values (true/false), which can be included in
logical constants {T', F'}.

Model definition domains and value ranges can be further decomposed.

Definition 3.2: The model definition domain M, can be further decomposed
as Mp = MprUDMpp, where: Mpp is the relation definition domain, the value
range of variables in all relation expressions of the model; M is the function
definition domain, the set of variable values in all functions of the model.

In a model, the value ranges of relation variables (x;,x, ..., z,) and function
variables (yq,Ys, ..., Y,,) may overlap, i.e., Mpr N Mpp # 0 may exist.

Generally, a model may contain not just one function but a function set F =
{f;}(1 <i < n). The definition domain of function f; can be expressed as Mp; .
Then according to Definition 2.2, we have the following lemma for function
definition domains:

Lemma 3.2: Let the function set of model M be F = {f;}(1 < i < n), with
function f; s definition domain as Mp; . Then the function definition domain
of model M is Mpp =JMpy,.

Definition 3.3: The value range of function f is called the range of f, denoted
MRfo

Based on Definition 3.3, we have the following lemma;:

Lemma 3.3: Let the function set of model M be F = {f;}(1 < i < n).

Then the function range of model M is Mpp = (J Mg/ , and the model range
Mp = Mpp.
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In mathematical logic, both function definition domains and value ranges are
structural definitions. Unlike concrete objects, they have broader meanings. For
instance, regarding function definition domains: from a data attribute perspec-
tive, data in definition domains can be ordinary data or object data; from a
data type perspective, data can be real numbers, imaginary numbers, integers;
from a data structure perspective, data can be single data, vectors, matrices.
For a concrete model, its data attributes, types, and structures in the definition
domain are fixed, while for general models, these need not be specified—we only
study definition domain characteristics from a structural perspective.

3.3 Requirements of Function Closure for Definition Domains and
Value Ranges

After subdividing model domains into constant domains, definition domains,
and value ranges, we can gain deeper understanding of function non-closure
problems caused by general model union operations.

Reference [9] describes the function non-closure problem in model union oper-
ations as follows: Let models M, M, be two models of first-order language
£ = {C,R,F}, where M, = (M,C,Ry,F}), My = (M,,Cy, Ry, F,). If we
define My, = M, UM, = (M, Cy, Ry, Fy), we first require My, = M; U M,.
For some n-ary function f(xi,...,x,) € £ interpreted in both M, and M,,
for value combinations {(ay,...,a,)la; € M,}, there are several cases: (1)
fMo(ay,...,a,) € My, operation is closed; (2) fMo(ay,...,a,) € M,, operation
is closed; (3) M; N M,. In this case, the value of fMo(ay,...,a;,...,a ..., a,)
cannot be determined to be in My = M, U M,, causing function non-closure.

Due to function non-closure, model union operations generally cannot be de-
fined. From the function definition domain perspective, in cases (1) and (2)
above, the arguments of functions fM1(ay, ..., a,) and fM2(a,, ..., a,) are within
the function’ s definition domain, so the functions of both models and the union
model are defined within this range. In case (3), the arguments of function
Mo(ay,...,a, ..., aj, ..., a,) exceed the definition domain ranges of known func-
tions fMi(ay,...,a,) and fM2(ay,...,a,), thus causing the problem of undeter-
mined function validity, i.e., function non-closure.

R

The function non-closure situation in model union operations can be extended
to model relation operations. Since relation expressions in models also have
variable definition domain issues, general model union operations may cause
exceeding relation variable definition domain ranges, leading to undetermined
relation expression validity.

From the above analysis, the following theorem holds:

Theorem 3.1: The essence of the model restricted union operation method is
maintaining function and relation definition domains unchanged during union
operations to preserve the validity of functions and relations in the union oper-
ation.
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Theorem 3.1 explicitly states the essence and significance of model restricted
union operations. From Theorem 3.1 s perspective, model restricted union
operations can also be called domain-preserving model union operations.

3.4 Domain Extension in Single Models and Model Combinations

In mathematical logic model theory, maximization problems are often encoun-
tered. After subdividing model domains, the possibility of maximization be-
comes obvious. For any single model M, its domain M = M, U Mp U M.
Assuming a member m € My and m ¢ Mp, if we let M, = Mp U {m}, this is
arbitrary domain expansion that generally does not hold. If domain expansion
is needed, the expanded members must be verified from model functions and
relations. Only when My C M, can we finally have M}, = M U {m}.

In practical applications, using mature models often encounters functional ex-
pansion problems. One is expanding model function capabilities in new data
environments to handle new data and enhance processing capabilities; the other
is adapting to new model environments to work collaboratively with other mod-
els to complete tasks. Both may involve model modifications. By modifying
model implementation functions to adapt to changes in function and relation
definition domains and function value ranges, the result is improved model func-
tionality and performance. To confirm these functional changes, the most direct
method is verification through model usage. If verification shows these modifi-
cations are feasible, the model changes are successful; otherwise, they are not
feasible.

For single models, domain changes should be handled cautiously, and do-
mains generally cannot be arbitrarily expanded, especially definition domains.
However, for model combinations, the situation differs. For combined models
achieved through model restricted union operations, their domains should
at least contain the domains of all submodels in the combination, naturally
expanding domain scale.

Let combined model M, = (M, Cy, Ry, F{y) be a union model composed of sev-
eral submodels: M, = (Ug,)™,(M,, C;, R;, F;), i.e., model combination M is
composed of submodels M, (i = 1,...,n) through model restricted union opera-
tions, where the domain of M is M, = |J M;.

Clearly, the domain of combined model M is expanded compared to each
submodel. However, since the model union operation here is restricted, by
Theorem 3.1, the functions and relations of each submodel in combined model
M will not exceed their definition domain ranges during operations. Therefore,
the combined model is valid within its domain M, = |J M.

For union models not composed through model restricted union operations, since
union operations generally may not hold, the union model may not be valid. The
reason is that as domains expand during union operations, submodels’ defini-
tion domains exceed their originally determined ranges, causing functions and
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relations in the union operation to potentially not hold. Therefore, for prac-
tical situations requiring non-restricted union operations, verification methods
are needed to confirm whether the union model holds and for further model
modifications.

4. Domain Mapping Function and Its Role in Model Com-
binations

4.1 Domain Mapping Function

As mentioned, our purpose for model combination is to enhance model problem-
processing capabilities, combining several small mature models into larger, more
complex models to handle more complex practical problems. Of course, these
combined models should form an organic whole, working collaboratively to fully
leverage the overall performance of the model combination. To achieve this,
models must be able to share and utilize each other’ s processed data results—
some models can use other models’ data processing results to enhance their own
problem-processing capabilities. Under this interaction mechanism, the overall
performance of the entire model combination is improved, which is exactly what
we expect from model combination.

Reference [9] proposed the model restricted union operation method to achieve
model combination. As discussed above, the essence of model restricted union
operations is maintaining function and relation definition domains unchanged
during model union operations, which seemingly restricts the application scope
of model restricted union operations. In practical applications, to solve the prob-
lem of limited application scope due to domain restrictions in general model
union operations, there are two solutions: for pure software systems, needed
submodel modules can be added anywhere in the model combination to achieve
model combination; for systems composed of both hardware and software, such
as embodied intelligent systems, it’ s generally impossible to combine and load a
submodel module through “copying.” Instead, we hope to achieve functional com-
bination by referencing the processed data of that model module where needed.
Especially in complex model networks composed of numerous submodels, using
copying to obtain its data processing results is neither advisable nor feasible. In
view of this, this paper proposes a domain mapping function method to enable
one model to reference data processed by other models.

Definition 4.1: Let models M, M, be two models of first-order language
£ = {C,R,F}, where M, = (M,,C,,R,,F,), My = (M,,Cy, Ry, F;). Let
M), € M, be a subdomain of M;, and M,, C M, be a subdomain of M,. The
function set F; _, is called a domain mapping function from domain M, to
My it Fyp,_pg, maps My, to My, Le., Fyp o pp o2 My, — My,

From Definition 4.1, domain mapping functions map part of other models’ do-
mains into this model’ s domain, providing the possibility for this model to
directly reference other models’ data processing results. Domain mapping is
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essentially data correspondence or transformation, converting some data forms
into others. Of course, such transformations should have definite meanings and
be feasible in practical applications. Definition 4.1 does not specifically empha-
size whether domain mapping is between value ranges or definition domains,
considering that when mapping value ranges to another model’ s definition do-
main, simultaneous mapping of part of the definition domain is also allowed.

Generally, M), in Definition 4.1 mainly refers to certain function value ranges of
model M,, while M;; mainly refers to function and relation definition domains
in model M.

For example, calling another software module in a software system can be viewed
as mapping the called module’ s output data into the calling module’ s definition
domain for continued use. In this case, the function mapping can essentially be
implemented through module calls. Another example: if a system contains both
binary logic and fuzzy logic systems, the fuzzy logic system’ s processing results
can be adopted by the binary logic system. Here, the fuzzy logic system’ s
output data must undergo appropriate transformation before being passed to
the binary system. The function mapping then includes referencing fuzzy logic
system output data and appropriate data transformation [13]: when mapping
fuzzy logic system variable x 4’s value range to binary logic system x 5’s definition
domain, the membership degree p, , corresponding to x4 must be transformed
from value range [0, 1] to 5" s input values {0, 1}, with transformation z5_;,, =

Since domain mapping functions are introduced in model combinations, it is

necessary to appropriately modify model definitions to reflect the role and po-
sitioning of domain mapping functions in models.

Definition 4.2 (Model Definition with Domain Mapping Function):
Let a model of first-order language £ = {C, R, F} be M = (M,C,R,F). We
cal M = (M,C, R, FUF,; _,;) the model after incorporating domain mapping
functions into M. ’

Here, domain mapping function FM; M 1s a mapping function set satisfying
Definition 4.1. Its role is only to map part of other models’ domains into model
M’ s domain M, without participating in other data processing within model

M.

For convenience, when we later mention models containing domain mapping
functions, we directly use M = (M,C,R,F' U Fy; _,), where the model’ s
function set is augmented with domain mapping function F' M, o distinguish
it from general models. For general models not using domain mapping functions,
we still use the form M = (M,C, R, F).

After adding domain mapping functions to a model, this model’ s functions
and relations can reference data from other models mapped into this model’ s
definition domain. Of course, when referencing data from other models mapped
into this model’ s definition domain, users should understand that these data
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correspond to data in the referenced model and utilize them accordingly. This
referencing of other models’ output data effectively expands the data processing
range of the model, potentially achieving overall performance improvement.

Meanwhile, to achieve performance improvement, partial modifications to rela-
tion sets and function sets may be involved. This issue of modifying relations
and functions in the model involves specific model composition, which is beyond
this paper’ s scope and left for future research.

4.2 Impact of Domain Mapping Functions on Model Restricted Union
Operations

After introducing domain mapping functions into models, the first question
that comes to mind is whether model restricted union operations still hold after
adding domain mapping functions. The following theorem gives an affirmative
answer.

Theorem 4.1: After introducing domain mapping functions into models, if the
models’ relations and functions remain unchanged, then model restricted union
operations based on such models still hold valid.

Proof: Let M, M4 be two models of first-order language £ = {C, R, F'}, where
My = (My,C1, Ry, Fy), My = (My,Cy, Ry, Fy). Let Mo = My Upyyy My =
(M,,Cy, Ry, Fyy) be the model restricted union operation result of M, M, sat-
isfying Definition 2.6 conditions. According to Lemma 2.1, model restricted
union operations based on M, M, are closed under relations and functions,
i.e., the relations and functions R, Fyy in M hold and have definite values after
union operations.

Now introduce domain mapping function Fy; 5 : My, — M, into M, where
M, C M, is a subdomain of M;, and M,, C M, is a subdomain of My. Fy; s
2 1
maps model My’ s subdomain M,, to model M’ s subdomain M,,. At this
point, model M becomes M7 = (M,,Cy, Ry, F; UFy ), while M, remains
unchanged. Next, examine the restricted union operation My = M7 Uy, Mo of
models M7 and M,. Since domain mapping function Fy; _,,, only maps My’ s
subdomain M,,. to M;’s subdomain M, compared to My, M7 has not changed
in other aspects; Mg = M, Cj = Gy, Ry = Ry, and Fy = Fy U Fyy ;. Thus,
for union model M), M, is unchanged; R, and F are closed with definite values,
also unchanged; only Fy has changed, adding F; _,, with definite meaning.
Therefore, we can assert that union operation M{ = M7 Uy, M, holds valid.

According to Theorem 4.1, after introducing domain mapping functions into
model combinations, model restricted union operations remain functionally
closed and can be used confidently from a union operation perspective. How-
ever, if domain mapping functions are adopted in more than one place in
model combinations, is the scheme still feasible? According to Theorem 4.1, we
can be certain that model restricted union operations can still be performed.
But model combinations are wholes, and after introducing domain mapping
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functions in multiple places, the overall performance of model combinations
may be affected. Therefore, it is necessary to deeply analyze this situation.

4.3 Restrictions and Influences of Model Definition Domains and
Value Ranges on Domain Mapping Functions

Generally, domain mapping functions map other models’ value range data into
this model’ s definition domain data for this model to adopt other models’ data
processing results. Regarding the correlation degree of domain data between
two related models, there are cases of domain overlap and non-overlap. Let
models M, = (M;,Cy, R, F}) and M, = (M,,Cy, Ry, F,). Now introduce
domain mapping function Fy;, _; into M;, making model M, become M, =
(My,Cy, Ry, FyUFy _py ), where Fyy o2 My, — My, We discuss separately
based on whether My, and M, overlap.

Case 1: My, N My, # 0, where overlap exists. This is further divided into two
subcases.

Subcase 1.1: M,, C M,;. For any a € M,,, there exists b € M;;, such that
a = b, thus a € M;;,. Here M can directly reference data in M,,. The following
theorem holds:

Theorem 4.2: Let models M, = (M;,C,R,F} U Fy,_p), My =
(My, Cy, Ry, Fy), where My contains domain mapping function Fy;
M,, — My, and M,, C M,;. Then M, can directly use data from M,
through the domain mapping function.

This is the most ideal and concise situation.

Subcase 1.2: M,, D My,. There exists a € M,, such that a ¢ M;;. In this
case, when referencing value range data obtained from M, through the domain
mapping function in M, there exists a situation exceeding M’ s definition
domain. Direct usage would cause function non-closure and relation invalidity.
Therefore, to make referenced data usable in M, M,, data must be compressed.

Now implement this through a data compression function £, , that compresses

M, to not exceed My’ s range, i.e., Fio, « My, — Mg, making Mj, C My,
hold. Then reference My’ s processed data in M, through domain mapping
function Fyy _pf - Mép — M. According to Theorem 4.1, this is feasible.

Thus we obtain:

Theorem 4.3: Let models M, = (M;,Cy, R, Fy U Fy_pp ), My =
(My, Cy, Ry, Fy), where M contains domain mapping function Fy, ;-
M,, — My, and M,, DO M;;,. The domain mapping in this case can be

implemented in two steps: first use data compression function F,,, to
compress the domain, F,.., : My, — My, C My; then implement domain

mapping through domain mapping function Fy, _,, + My, — My

The domain mapping function in Theorem 4.3 can be viewed as a composite
function: Fyy 2 My, — My, = Fiyp oy o (F ¢ My, — My,) — My,

comp D
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Since data compression is employed in the mapping function, some data infor-
mation obtained by the referenced model will inevitably be lost, which should
be fully noted in usage.

Case 2: M,, N My, = (. In this case, the domain data of the two models
have no intersection, and one model cannot directly reference another model’ s
processed data results. Can we indirectly utilize another model’ s processing
results? This is a question worth exploring. This paper proposes a “data proxy”
method to achieve domain mapping under non-intersecting domain conditions.

Definition 4.3 (Domain Data Proxy): Let two models M; =
(M;,C, R, Fy), My = (My,Cy, Ry, Fy) of first-order language £ = {C, R, F'}
have subdomains M, C My, M,, C M,. Under the condition My, N My, = 0,
if for some member b; € M,, in M,, we can designate a member a, € My
in M, to correspond to it, and this designation is meaningful for referencing
My s data processing results in M, then a, is called a domain data proxy in
domain M, for domain M, s data member b,.

Using the domain data proxy method, data referencing between models can be
achieved under non-intersecting domain conditions. Of course, as clarified in
Definition 4.3, data proxy designation is determined for referenced data and
has specific meaning in the proxy’ s model for data processing—i.e., it only
makes sense when the referencing model needs to utilize the referenced model’
s processed data results.

For example, if one model’ s domain contains a team composed of Zhang San,
Li Si, Wang Wu, etc., we can use numbers 1, 2, 3, etc. in another model’ s
domain to correspond one-to-one. In the model using numbers, the numbered
digits implicitly correspond to team members from the original model. This is
just a metaphorical illustration.

Cases where model domains have no intersection yet need to reference each
other’ s processed data should be relatively rare. In most cases, for models to
mutually utilize processed data, there should be data overlap in domains, i.e.,
the cases listed in Section 4.3.1.

4.4 Impact of Domain Mapping Functions on Model Combination
Stability

Domain mapping functions bring much flexibility and convenience for mutual
data referencing in model combinations, but after adopting them, is the model
combination network stable? This is a question that must be answered after
introducing domain mapping functions into model combinations. In reference
[9], model combinations have several forms: model chains, model trees, and
model networks. We analyze each separately.

4.4.1 Impact on Model Chains Reference [9] introduced the composition
of model chains. Let a series of models of language £ = {C, R, F} be M :
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]V[V,]V[%l,...,]1/[1,]1/[07 where M,_; is a submodel of M, i.e., M, ; C M,
(v >1i>1, v el). This series forms a submodel ascending chain:

Mo C M, C..CM., (4.1)

[Figure 4: see original paper] shows the structure of the model chain in equation
(4.1). Model M, is at the lowest level, M at the highest level, with lower-level
models being submodels of higher-level models.

If the model chain forms a data processing whole, from the data transfer di-
rection perspective, lower-level model output data becomes higher-level model
input, transferring level by level, and this data transfer is unidirectional.

Now examine the situation of adding domain mapping functions to submodel
chains. Let M, M ; be two models in the model chain, M, C M ; (i < j). We
examine adding domain mapping functions from M, and M ; respectively.

Case a) Adding domain mapping function in high-end model M; to
reference domain data from low-end model M,

The two models can be expressed as M, = (M,;,C;, R, F,), M; =
(M;,C;, R, F; U FMFMJ_)7 where FMFMJ_ M — MJ/ and M C M,
M j’ C M;. Since lower-end model data effects will definitely transfer to higher-
end models in model chains, and because M, C M, referencing lower-end
model domain data in higher-end models through domain mapping functions
only affects higher-end models quantitatively and in advance timing, without

affecting model chain stability. Thus we have:

Lemma 4.1: In model chains, referencing low-end model domain data in high-
end models through domain mapping functions does not affect model chain
stability.

Case b) Adding domain mapping function in low-end model M; to
reference domain data from high-end model M

As shown in [Figure 4: see original paper], adding domain mapping function to
low-end model M, = (M;,C;, R;, F; U FMJ*M) to introduce domain data from
high-end model M; = (M;,C;, R}, F;): Fora, M; — M, where M; C M,
M7 C M;.

Definition 4.4: Let there be a submodel ascending chain M : My C M, C
- C M, with M, € My, M; € My, M; CM; (i < j). If a domain mapping
function referencing high-end model M ;" s value range data is added to low-end
model M, i.e., M, = (M,;,C;,R;, F; UFM_rMi)’ where Fy; M — M,
M C M,, M]’ - Mj. In this case, referenced data effects will transfer through
the model chain: M’ s output data will transfer to M, ,, eventually to M, s
input, affecting M ;" s output, then reverse transfer to M,” s input, forming a
cycle. This data cycle referencing through domain mapping functions in model
chains is called circular reference.
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From Definition 4.4, adding domain mapping functions to low-end model M, to
reference domain data from high-end model ) ; involves data circular referenc-
ing, which may cause system instability. Particularly, in Definition 4.4, if we
let ¢ = j, then M, will reference its own output data in input, similar to “data
feedback” in automatic control systems, potentially causing unstable operation.
Thus we have:

Theorem 4.4: In model chains, referencing high-end model domain data in low-
end models through domain mapping functions involves data circular referencing
and may cause system instability.

From Theorem 4.4, in cases where low-end models reference high-end model
domain data through domain mapping functions in model chains, due to poten-
tial system instability factors, technical solutions must be verified. For unstable
systems, technical solutions should be adjusted to ensure stable operation.

Case c¢) Impact on model structure after adding domain mapping
functions to model chains

After adding domain mapping functions, the domains, relations, and other func-
tions of each model in the model chain remain unchanged. Therefore, adding
domain mapping functions does not affect model combination structure. How-
ever, data transfer paths are changed, affecting the overall data processing effect
of the model combination. In other words, it affects data transfer structure, i.e.,
data flow structure. [Figure 4: see original paper| shows data transfer relation-
ships after adding domain mapping functions to model chains.

At first glance, [Figure 4: see original paper| shows little difference from the
previous figure. However, when domain mapping functions are added in more
than one place, we cannot consider only the original model chain but must also
consider the data transfer path structure formed after previously added mapping
functions. In this case, data transfer graphs should be used to examine the
impact of newly added domain mapping functions on model chains. This issue
is not prominent in single model chains but cannot be avoided in model trees
and model networks with multiple model chains.

4.4.2 Impact on Model Trees [Figure 5: see original paper]a shows a situ-
ation where domain mapping functions are added to a submodel tree M. In
the figure, model M; adds domain mapping function Fy; . : My — M; (for
convenience and clarity, domain representation is directly used here, though
generally it should be subdomain mapping), mapping model M’ s output to
M, s input; model M, adds mapping function FMijq : M; — M,, mapping

model M ;" s output to M, s input.

[Figure 5: see original paper]a also shows that models M, and M, are not
on the same model chain, while models M ; and M, are on the same model
chain. Based on the above analysis, since M, and M, are not on the same
model chain, no model data circular referencing occurs, thus not affecting system
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stability; while M, and M, are on the same model chain, with M, as the
low-end model, M, C M, data circular referencing exists, potentially causing
system instability. Thus we have:

Corollary 4.1: In model trees, if two models connected through domain map-
ping functions for data referencing are in the same submodel chain, and high-end
model output is referenced to low-end model input, data circular referencing ex-
ists, potentially causing system instability.

Data referencing with potential stability issues must be verified. If verification
confirms system instability, technical solutions must be adjusted to ensure stable
operation.

As mentioned in the previous section, when domain mapping functions are added
in more than one place, newly added mapping functions must consider the
impact of already-added mapping functions, verifying whether system stability
is affected from a data transfer relationship perspective. As shown in [Figure 5:
see original paper]b, based on the model tree with mapping functions already
added in [Figure 5: see original paper]a, another domain mapping function
Faom, - My, — M s added, forming a new data transfer cycle path:
M, — M, — - — M, creating new data circular referencing issues, thus
requiring stability verification again. Therefore we have:

Corollary 4.2: In model trees with domain mapping functions already added,
if newly added mapping functions combine with original data paths to form new
data transfer paths, creating new paths where low-end models reference high-
end model domain data, then new data circular referencing exists after adding
new domain mapping functions, potentially causing system instability, requiring
stability verification.

Corollary 4.2 points out that new stability issues requiring verification can arise
in submodel trees with more than one model chain. If new instability occurs,
technical solutions must also be adjusted to ensure stable operation.

4.4.3 Impact on Model Networks [Figure 6: see original paper] shows an
example of adding domain mapping functions to model network M. In My,
two domain mapping functions are added: FMpnf M, My, — Mg, and

qml pnj
FMpoersj : Moy — M,;. Here, FMpoersj maps model M ;" s output to

)

model M, ;" s input, while F' M, M s output to model

M

maps model M, ;

gml

gmi S input.

In the figure, models M, and M, are not on the same submodel chain,
so no data circular referencing exists between them, thus mapping FMWF My,
does not affect system stability. However, models My, and M, ; are on the
same submodel chain, with M, as the high-end model. Therefore, mapping
function Fyp -, volves data circular referencing and may affect system

stability.
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Based on the above analysis of adding domain mapping functions to model
chains and model trees, we obtain:

Corollary 4.3: In model networks, if two models connected through domain
mapping functions for data referencing are in the same submodel chain, and high-
end model output is referenced to low-end model input, data circular referencing
exists, potentially causing system instability.

In model networks, data referencing with potential stability issues must be ver-
ified. If verification confirms system instability, technical solutions must be
adjusted to ensure stable operation.

As mentioned, model networks also face the issue of newly added domain map-
ping functions causing new cyclic data paths. [Figure 6: see original paper]
shows this situation. In [Figure 6: see original paper], based on [Figure 5: see
original paper|, a new domain mapping function FM(M_ M,,, Mo = M,,,;
is added, forming a new data transfer cycle path: M, . — M., — M —
M,s; = Mo, = M,,;, creating new instability possibilities. Therefore, tech-

nical verification of this mapping function’ s addition is required. We have:

Corollary 4.4: In model networks with domain mapping functions already
added, if newly added mapping functions combine with original data paths to
form new data transfer paths, creating new paths where low-end models refer-
ence high-end model domain data, then new data circular referencing exists after
adding new domain mapping functions, potentially causing system instability,
requiring stability verification.

In summary: In model combinations, if low-end models on the same submodel
chain reference high-end model data, data circular referencing problems exist;
when adding domain mapping functions to model combinations, using data
transfer graphs to analyze data circular referencing is more convenient; for cases
with data circular referencing, stability verification is required, and if system
instability factors exist, technical solutions must be adjusted to ensure stable
operation.

5. Application Prospects of Domain Mapping Function
Methods

5.1 Applications to Model Combination

We have analyzed methods for adding domain mapping functions to model
chains, model trees, and model networks. Results show that: (1) Between
any two models in a model combination, as long as they are not on the same
submodel chain, domain mapping functions can be added for data referencing
without stability issues; (2) Even if two models are on the same submodel chain,
as long as the domain mapping is not from high-end model to low-end model,
system stability will not be affected by domain mapping function referencing; (3)
Only when two models are on the same submodel chain and data is referenced
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from high-end model to low-end model may data circular referencing occur,
potentially causing system stability issues requiring verification. Therefore, in
structurally complex model networks, to determine whether data circular refer-
encing will occur when adding domain mapping functions, using data transfer
graph methods is necessary, as shown in [Figure 5: see original paper|b and
[Figure 6: see original paper].

Model restricted union operations achieve model combination. Theorem 3.1
reveals that the essence of model restricted union operations is maintaining
function and relation definition domains unchanged during union operations
to preserve function and relation validity, achieving model combination. The
introduction of domain mapping function methods greatly facilitates mutual
utilization of processed data between models in combinations, enabling greater
performance improvements. We expect domain mapping function methods to
be widely applied in model combinations.

5.2 Applications to Intelligent Agent Research

Currently, multimodal intelligent systems [14][15][16] and multi-agent systems
[17][18][19] based on large models are important development directions in AI,
achieving remarkable results. Both involve data conversion, interaction, and
collaboration between multiple models. The submodel combination method
proposed in reference [9] reflects logical relationships between different models
from a logical structure perspective, providing technical support for multimodal
embodied intelligent systems and multi-agent systems. The domain mapping
function method proposed in this paper provides feasible solutions for mutual
data referencing between models. Therefore, combining submodel combination
methods with domain mapping function methods will provide better support
for intelligent agent research.

For embodied intelligent agents and multi-agent systems, we can view them
as composed of several relatively independent subsystems or modules. From a
logical structure perspective, these subsystems or modules can be seen as indi-
vidual models, thus combining them into larger systems or models. The domain
mapping function method proposed in this paper indicates that processed data
can be mutually referenced between these component models and specifies log-
ical principles to follow, as well as monitoring and handling methods for data
circular referencing. Obviously, domain mapping function methods provide a
flexible and efficient implementation scheme for data utilization between mod-
els, which plays an important role in improving overall system data processing
efficiency. This paper only proposes the principle scheme for this cross-model
data referencing, awaiting further application and refinement in actual systems.

5.3 Prospects for Application to AI Foundational Theory

Currently, technical research in Al fields such as multimodal large language
models, knowledge graphs, AI and multimodal mathematical reasoning, cross-
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domain applications, and embodied intelligent systems has made rapid progress
and remarkable achievements [14]-[19]. Simultaneously, several foundational
theoretical research efforts need to proceed in parallel. The model restricted
union operation method proposed in reference [9] enables studying model com-
bination problems from a mathematical logic perspective; the domain mapping
function method proposed in this paper makes this model combination method
more efficient and effective in data processing. We expect it to be widely applied
in AT model construction.

From a data transfer perspective, the aforementioned domain mapping function
method is where a model in a model combination actively references another
model’ s processed data. In practical applications, we can imagine that data
processed by one model can also actively provide support to other relevant
models. For example, coordinate detection data obtained by a motion intelligent
agent’ s position detection module should be actively submitted in real-time to
relevant modules for use. In this case, from a domain mapping perspective, the
logical effect of data transfer is equivalent to actively referencing other models’
data as described previously. Therefore, if systems adopt schemes where data
is actively submitted to other models, data circular referencing issues also exist,
along with factors affecting system stability. Only in this case, analysis of data
circular referencing should be conducted from the perspective of the referencing
model, while the model actively submitting data need not consider its effects.

The domain mapping function method proposed in this paper is a domain
data transfer control method that can be viewed as a data referencing method.
From a practical usage perspective, is functional referencing possible in large
model combinations? This is worth in-depth research. From a model perspec-
tive, it can be described as follows: Let two models M = (M,,Cy, R, F}),
My = (My,Cy, Ry, Fyy) of first-order language £ = {C, R, F'}. Now suppose
M provides domain data M;, C M, to M, for processing, borrowing M, s
function set F), and relation set R, for data transformation and inference, finally
returning result data M,, C M, to M. This is described as a two-step imple-
mentation: first add mapping vector (Fy; s, G1_o) to My, where Fi, _pp is
data submitted by model M, to M,, and G,_, is functional processing require-
ments submitted by M, to M, including data transformation and inference
requirements, i.e., specifying processing functions and inference relations in M.
After M, completes processing requirements submitted by M, mapping func-
tion FMQ,,* w, returns results to M. This is equivalent to enabling external
models to call My’ s internal functions. In complex model combinations, this
working mode allows models to mutually utilize processing resources, which is
a model inter-data processing method worth exploring. In multi-agent systems,
this functional referencing is worth further research.

Mathematical logic provides foundational theoretical support for Al system
research. In Al foundational technology research, including modeling theory,
knowledge representation and reasoning, machine learning theory, and cross-
domain applications, all BARF mathematical logic theory support. For Al sys-
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tem research, model restricted union operations and domain mapping function
methods provide a feasible model combination method from a mathematical
logic model theory perspective, which we expect to be widely applied as a foun-
dational technology for AI system model construction.

6. Conclusion

Based on model restricted union operations from reference [9], this paper,
through in-depth analysis of model domains, reveals that the essence of model
restricted union operations is maintaining function and relation definition
domains unchanged during model union operations to ensure union operation
validity. Through further analysis, this paper proposes the domain mapping
function method. This method is a feasible solution for data referencing
between models in model combinations, improving model data processing
efficiency. From the perspective of the entire model combination, it can
more fully utilize system resources and improve overall model combination
performance, making it a system optimization method worth adopting in model
construction.

In AT research, foundational research is indispensable. Model restricted union
operations and domain mapping function methods, as mathematical logic re-
search topics, can be regarded as a new research direction in mathematical logic
model theory, providing important support for Al model construction, multi-
modal embodied intelligence applications, cross-domain applications, etc.
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