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Abstract
Euler equations constitute a class of typical nonlinear hyperbolic conservation
laws, whose solutions may exhibit discontinuities. This characteristic causes
high-order accurate numerical schemes for solving Euler equations to readily gen-
erate non-physical oscillations near discontinuities. A novel weighted compact
nonlinear scheme (WCNS-AO) is developed for solving Euler equations based
on the adaptive-order interpolation concept. Built upon the classical five-point
WCNS scheme, this new scheme employs an adaptive-order nonlinear weighted
interpolation technique that combines low-order interpolation on sub-stencils
with high-order interpolation on the global stencil to enhance the performance
of the original scheme. In the WCNS-AO scheme, spatial derivatives of flux at
cell nodes are computed using a node-and-half-node hybrid sixth-order central
difference scheme, while fluxes at cell interfaces are calculated via an adaptive-
order nonlinear interpolation method in characteristic form. A high-order TVD
Runge-Kutta method is utilized to solve the semi-discrete equations resulting
from spatial discretization of the Euler equations. Numerical results demon-
strate that the WCNS-AO scheme achieves the designed fifth-order accuracy in
smooth regions, while exhibiting superior resolution and shock-capturing capa-
bilities compared to the classical fifth-order WCNS-Z scheme and the fifth-order
WENO-AO scheme.
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Abstract: The Euler equations represent a class of typical nonlinear hyper-
bolic conservation law equations whose solutions may contain discontinuities.
This characteristic often leads to non-physical oscillations near discontinuities
when high-order numerical schemes are employed to solve the Euler equations.
This paper develops a novel weighted compact nonlinear scheme (WCNS-AO)
for solving Euler equations based on the adaptive-order interpolation concept.
Building upon the classical five-point WCNS scheme, this new scheme employs a
nonlinear weighted interpolation technique that blends low-order interpolations
on substencils with high-order interpolation on the global stencil to enhance per-
formance. In the WCNS-AO scheme, spatial derivatives of fluxes at cell nodes
are computed using a hybrid cell-edge and cell-node sixth-order central differ-
encing scheme, while fluxes at cell interfaces are calculated via a characteristic-
based nonlinear interpolation method with adaptive order. A high-order TVD
Runge-Kutta method is used to solve the semi-discrete equations resulting from
spatial discretization of the Euler equations. Numerical results demonstrate
that the WCNS-AO scheme achieves fifth-order design accuracy in smooth re-
gions and exhibits superior resolution and shock-capturing capability compared
to the classical fifth-order WCNS-Z and WENO-AO schemes.
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Introduction
The Euler equations play a crucial role in fluid mechanics. Their two-
dimensional form is expressed as

𝑈𝑡 + 𝐹(𝑈)𝑥 + 𝐺(𝑈)𝑦 = 0

where 𝑈 = [𝜌, 𝜌𝑢, 𝜌𝑣, 𝐸]𝑇 represents the conservative variables; 𝐹(𝑈) =
[𝜌𝑢, 𝜌𝑢2 + 𝑝, 𝜌𝑢𝑣, 𝑢(𝐸 + 𝑝)]𝑇 and 𝐺(𝑈) = [𝜌𝑣, 𝜌𝑢𝑣, 𝜌𝑣2 + 𝑝, 𝑣(𝐸 + 𝑝)]𝑇 denote
the inviscid fluxes; 𝜌 is the fluid density; 𝑢 and 𝑣 are the velocity components
in the 𝑥 and 𝑦 directions, respectively; 𝐸 is the total energy per unit volume;
and 𝑝 is the pressure satisfying 𝑝 = (𝛾 − 1)(𝐸 − 𝜌(𝑢2+𝑣2)

2 ), with the specific
heat ratio 𝛾 = 1.4. Due to the potential occurrence of shocks and contact
discontinuities in solutions of the Euler equations, both exact solutions and
numerical simulations present significant challenges.
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Among high-order accurate schemes, the weighted essentially non-oscillatory
(WENO) scheme [1] has become an ideal choice for solving Euler equations
because it maintains essentially non-oscillatory properties near discontinuities
while achieving high-order accuracy in smooth regions. Compared to the essen-
tially non-oscillatory (ENO) scheme [2] that reconstructs numerical fluxes using
optimal stencil information, the WENO scheme introduces nonlinear weighting
technology that utilizes information from all candidate stencils, yielding higher
accuracy in smooth regions and better stability near discontinuities. Jiang and
Shu [3] constructed sub-stencil smoothness indicators and proposed the fifth-
order WENO-JS scheme. To address the accuracy degradation issue of WENO-
JS near extrema, numerous improvements have been proposed in the literature
[4-12]. For instance, Henrick et al. [4] introduced a mapped weighting function
to modify nonlinear weights, resulting in the WENO-M scheme that achieves
optimal accuracy near extrema but significantly increases computational cost
due to the mapping function. Borges et al. [5] designed a new Z-type weight-
ing factor by defining a global smoothness indicator, leading to the WENO-Z
scheme that maintains optimal accuracy near extrema with computational ef-
ficiency comparable to WENO-JS. Xu et al. [6] developed a conservative hy-
brid central-WENO scheme using weighted averaging of third-order WENO
and second-order central schemes. Luo and Wu [7] further improved scheme
resolution by adjusting weights on under-smooth substencils. Hu et al. [8] pro-
posed the adaptive central-upwind WENO-CU6 scheme based on a strategy of
adaptively selecting central or upwind stencils, which employs central stencils
in smooth regions for low-dissipation characteristics and upwind stencils near
discontinuities for numerical stability. Huang et al. [9] improved the WENO-
CU6 scheme by using one six-point stencil and three three-point stencils for
reconstruction, with flexible linear weights (any positive numbers summing to
one), and introduced a new smoothness indicator. Zhu et al. [10-11] constructed
the WENO-ZQ scheme using one five-point stencil and two two-point stencils,
and the multi-resolution WENO-ZS scheme with nested stencils. Balsara et
al. [12] designed the WENO-AO scheme based on the interpolation concept of
WENO-ZQ, where smoothness indicators take the form of complete squares.

The weighted compact nonlinear scheme (WCNS) represents another high-order,
high-resolution method for solving Euler equations [13-29]. Deng and Zhang
[13-15] introduced the nonlinear WENO interpolation concept into compact
nonlinear schemes, proposing the WCNS scheme characterized by high resolu-
tion and strong discontinuity-capturing capability. Zhang et al. [16] and Nono-
mura et al. [17-18] extended the WCNS scheme to higher orders and demon-
strated its excellent performance through numerical experiments. Nonomura et
al. [17-18] confirmed that WCNS not only inherits the advantages of WENO
schemes but also offers three additional benefits: higher resolution, compatibil-
ity with various flux splitting formulations, and outstanding free-stream and
vortex-preserving properties on curvilinear grids. Deng et al. [19] constructed a
hybrid cell-edge and cell-node WCNS scheme, verifying that it uses a more com-
pact stencil than classical WCNS schemes of the same order and provides higher
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resolution near discontinuities. Tu et al. [20] confirmed through approximate
dispersion relation analysis that WCNS schemes exhibit better spectral charac-
teristics than WENO schemes. Wong et al. [21] proposed the locally dissipative
weighted compact scheme (WCNS-LD). Kamiya et al. [22-23] constructed the
WCNS-CU6-Z and EWCNS-CU4 schemes with adaptive central-upwind charac-
teristics based on the adaptive upwind concept from WENO-CU schemes. Yan
et al. [24] proposed Y-type nonlinear weights for WCNS schemes to improve
shock-capturing capability. Subramaniam et al. [25] improved WCNS schemes
by designing low-dispersion high-order formulations. Hiejima [26] developed the
WCNS-T scheme inspired by TENO ideas, which effectively captures both high-
frequency waves and strong shocks. Fan et al. [27] designed WCNS schemes
for solving shallow water equations with source terms. Jiang et al. [28] pro-
posed high-order semi-implicit WCNS schemes to avoid the strict CFL stability
limitations of explicit WCNS schemes and improve computational efficiency.

This study draws inspiration from the WENO-AO interpolation concept in [12]
to construct the WCNS-AO scheme that blends low-order interpolations on
three-point substencils with high-order interpolation on a global five-point sten-
cil for solving Euler equations. The WCNS-AO spatial discretization combines
a hybrid cell-edge and cell-node sixth-order central differencing scheme for flux
derivative calculation with an adaptive-order nonlinear weighted interpolation
method based on characteristic projection. To verify the performance of the
WCNS-AO scheme, it is combined with high-order TVD Runge-Kutta time dis-
cretization [3] and applied to one- and two-dimensional test cases, with compar-
isons made against the classical fifth-order WCNS-Z and fifth-order WENO-AO
schemes.

1 Numerical Methods
This section presents the derivation of the fifth-order WCNS-AO scheme using
the one-dimensional Euler equations as an example. The multidimensional case
can be derived similarly through a dimension-by-dimension approach. The one-
dimensional Euler equations are given by

𝜕𝑈
𝜕𝑡 + 𝜕𝐹(𝑈)

𝜕𝑥 = 0

where 𝑈𝑖 and 𝐹 ′
𝑖 represent approximations of the unknown variables 𝑈 and flux

derivatives 𝜕𝐹/𝜕𝑥 at node 𝑥𝑖, respectively.

1.1 Sixth-Order Central Differencing Scheme

Based on the classical fifth-order WCNS scheme, the flux derivative 𝐹 ′ is com-
puted using a hybrid cell-edge and cell-node central differencing scheme [20].
The general form is
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𝛼𝐹 ′
𝑖−1+𝐹 ′

𝑖 +𝛼𝐹 ′
𝑖+1 = 𝑎

ℎ(𝐹𝑖+1/2−𝐹𝑖−1/2)+ 𝑏
ℎ(𝐹𝑖+3/2−𝐹𝑖−3/2)+ 𝑐

ℎ(𝐹𝑖+5/2−𝐹𝑖−5/2)

where the scheme is termed implicit when parameter 𝛼 ≠ 0 and explicit oth-
erwise. Taylor series expansion of Eq. (4) yields relationships between the
scheme’s order of accuracy and the four coefficients 𝛼, 𝑎, 𝑏, 𝑐. Generally, im-
plicit and explicit schemes do not produce significantly different numerical re-
sults [17]. Clearly, explicit schemes offer higher computational efficiency as
they avoid solving tridiagonal linear systems for flux derivative approximation.
Therefore, this study employs the following sixth-order explicit scheme for flux
derivative calculation:

𝐹 ′
𝑖 = 9

8ℎ(𝐹𝑖+1/2 − 𝐹𝑖−1/2) − 1
24ℎ(𝐹𝑖+3/2 − 𝐹𝑖−3/2)

Here, 𝐹𝑖±1/2 represents numerical approximations of fluxes at half-nodes 𝑥𝑖±1/2,
obtained through characteristic projection-based nonlinear weighted interpola-
tion.

1.2 Characteristic Projection Method

The Jacobian matrix of flux 𝐹 is defined as

𝐴 = 𝜕𝐹
𝜕𝑈 =

⎛⎜⎜⎜⎜
⎝

0 1 0 0
𝛾−3

2 𝑢2 (3 − 𝛾)𝑢 𝛾 − 1 0
−𝑢𝑣 𝑣 𝑢 0

𝛾−1
2 𝑢3 − 𝑢𝐻 𝐻 − (𝛾 − 1)𝑢2 (𝛾 − 1)𝑢 𝑢

⎞⎟⎟⎟⎟
⎠

where 𝑐 = √𝛾𝑝/𝜌 denotes the speed of sound. The Jacobian matrix 𝐴 is
decomposed as 𝐴 = 𝑅Λ𝐿, where Λ = diag[𝑢 − 𝑐, 𝑢, 𝑢 + 𝑐] is the eigenvalue
matrix, and 𝐿 and 𝑅 are the left and right eigenvector matrices, respectively:

𝐿 = ⎛⎜⎜
⎝

𝛾−1
2

𝑢2
𝑐2 − 𝑢

𝑐 − 𝛾−1
𝑐2 𝑢 + 1

𝑐
𝛾−1
𝑐2 − 𝛾−1

𝑐2

1 − 𝛾−1
2

𝑢2
𝑐2

𝛾−1
𝑐2 𝑢 − 𝛾−1

𝑐2
𝛾−1
𝑐2

𝛾−1
2

𝑢2
𝑐2 + 𝑢

𝑐 − 𝛾−1
𝑐2 𝑢 − 1

𝑐
𝛾−1
𝑐2 − 𝛾−1

𝑐2

⎞⎟⎟
⎠

𝑅 = ⎛⎜
⎝

1 1 1
𝑢 − 𝑐 𝑢 𝑢 + 𝑐

𝐻 − 𝑢𝑐 𝑢2
2 𝐻 + 𝑢𝑐

⎞⎟
⎠

where 𝜆 = max{|𝑢 + 𝑐|, |𝑢 − 𝑐|} represents the maximum characteristic speed.
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To enhance scheme stability, the Lax-Friedrichs flux splitting technique is em-
ployed to decompose the flux 𝐹𝑖 at each node into positive and negative com-
ponents: 𝐹 +

𝑖 = (𝐹𝑖 + 𝜆𝑈𝑖)/2 and 𝐹 −
𝑖 = (𝐹𝑖 − 𝜆𝑈𝑖)/2, where 𝜆 is the maximum

eigenvalue of the Jacobian matrix 𝐴. The calculation process for 𝐹 +
𝑖+1/2 is pre-

sented below, while 𝐹 −
𝑖+1/2 follows a symmetric procedure about half-node 𝑥𝑖+1/2

and is omitted for brevity. For derivation simplicity, the superscript “+” is also
omitted. The numerical flux at half-node 𝑥𝑖+1/2 is computed as 𝐹𝑖+1/2.

To effectively eliminate non-physical oscillations near discontinuities, this study
employs characteristic projection-based nonlinear weighted interpolation. First,
the flux 𝐹𝑖 at each node is projected into characteristic space to obtain charac-
teristic fluxes 𝑊𝑖 = 𝐿𝑖+1/2𝐹𝑖. The numerical characteristic flux 𝑊𝑖+1/2 is then
solved using nonlinear weighted interpolation in characteristic space and pro-
jected back to physical space to obtain 𝐹𝑖+1/2. The left and right eigenvector
matrices 𝐿𝑖+1/2 and 𝑅𝑖+1/2 at half-node 𝑥𝑖+1/2 are obtained through arithmetic
averaging of adjacent node values.

1.3 WCNS-AO Scheme

To achieve fifth-order accuracy in the WCNS-AO scheme, a five-point stencil
𝑆 = [𝑥𝑖−2, 𝑥𝑖−1, 𝑥𝑖, 𝑥𝑖+1, 𝑥𝑖+2] is used to compute the numerical characteristic
flux 𝑤𝑖+1/2 at half-node 𝑥𝑖+1/2. Taking one component 𝑤 of 𝑊 as an exam-
ple, the nonlinear weighted interpolation process for 𝑤𝑖+1/2 is presented; other
components follow analogously.

A fourth-degree Lagrange interpolation polynomial 𝑝(𝑥) is constructed based
on stencil 𝑆 to obtain the fifth-order numerical flux:

𝑤𝑖+1/2 = 1
128(−3𝑤𝑖−2 + 20𝑤𝑖−1 + 90𝑤𝑖 + 60𝑤𝑖+1 − 5𝑤𝑖+2)

This expression can also be obtained through linear weighting of third-order
numerical fluxes on three substencils of 𝑆. The substencils are defined as
𝑆𝑘 = [𝑥𝑖+𝑘−2, 𝑥𝑖+𝑘−1, 𝑥𝑖+𝑘] for 𝑘 = 0, 1, 2. Quadratic Lagrange interpolation
polynomials 𝑝𝑘(𝑥) are constructed on each 𝑆𝑘 to yield third-order numerical
fluxes:

𝑤𝑖+1/2,0 = 1
8(3𝑤𝑖−2 + 10𝑤𝑖−1 + 15𝑤𝑖)

𝑤𝑖+1/2,1 = 1
8(−𝑤𝑖−1 + 6𝑤𝑖 + 3𝑤𝑖+1)

𝑤𝑖+1/2,2 = 1
8(3𝑤𝑖 + 6𝑤𝑖+1 − 𝑤𝑖+2)
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The high-order numerical flux 𝑤𝑖+1/2 can be expressed as a linear combination
of these low-order fluxes:

𝑤𝑖+1/2 = 𝑑0𝑤𝑖+1/2,0 + 𝑑1𝑤𝑖+1/2,1 + 𝑑2𝑤𝑖+1/2,2

where the linear weights are 𝑑0 = 1/16, 𝑑1 = 10/16, and 𝑑2 = 5/16.

To improve the resolution and shock-capturing performance of the original fifth-
order WCNS-Z scheme, this study adopts the WENO-AO nonlinear interpola-
tion concept [12], employing a nonlinear weighted interpolation technique that
blends low-order interpolations on substencils with high-order interpolation on
the global stencil to compute 𝑤𝑖+1/2. The numerical flux calculation in Eq. (9)
is reformulated as:

𝑤𝑖+1/2 = 𝑑3𝑤(4)
𝑖+1/2 +

2
∑
𝑘=0

𝑑𝑘𝑤𝑖+1/2,𝑘

where 𝑑𝑘 are arbitrary positive numbers satisfying ∑3
𝑘=0 𝑑𝑘 = 1. In this study,

the values are chosen as 𝑑0 = 𝑑2 = (1 − 𝛼)(1 − 𝑑3)/2, 𝑑1 = 𝛼(1 − 𝑑3), with
𝛼 = 0.95 and 𝑑3 = 0.95.

While linear weights yield high-order schemes, they produce numerical oscilla-
tions near discontinuities. To address this, the WENO nonlinear interpolation
concept is introduced, where nonlinear weights replace linear weights to achieve
high-order accuracy in smooth regions while avoiding interpolation across dis-
continuities. Various definitions of nonlinear weights have been proposed in
[4-7], among which Z-type weights (from WENO-Z [5]) are particularly popu-
lar. To obtain the nonlinear weighted form of Eq. (12), smoothness indicators
for each stencil are first defined. For WCNS schemes using interpolation-type
numerical fluxes, smoothness indicators on each stencil can be defined as com-
plete square sums of interpolation polynomial derivatives [14]. The smooth-
ness indicator 𝛽𝑘 for substencil 𝑆𝑘 is defined as 𝛽𝑘 = (ℎ𝑝′

𝑘)2 + (ℎ2𝑝″
𝑘)2 for

𝑘 = 0, 1, 2, while the smoothness indicator 𝛽3 for global stencil 𝑆 is defined as
𝛽3 = (ℎ𝑝′)2 + (ℎ2𝑝″)2 + (ℎ3𝑝(3))2 + (ℎ4𝑝(4))2. The explicit expressions are:

𝛽0 = 1
4(𝑤𝑖−2 − 4𝑤𝑖−1 + 3𝑤𝑖)2 + (𝑤𝑖−2 − 2𝑤𝑖−1 + 𝑤𝑖)2

𝛽1 = 1
4(𝑤𝑖−1 − 𝑤𝑖+1)2 + (𝑤𝑖−1 − 2𝑤𝑖 + 𝑤𝑖+1)2

𝛽2 = 1
4(3𝑤𝑖 − 4𝑤𝑖+1 + 𝑤𝑖+2)2 + (𝑤𝑖 − 2𝑤𝑖+1 + 𝑤𝑖+2)2
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𝛽3 = 1
144(𝑤𝑖−2−8𝑤𝑖−1+8𝑤𝑖+1−𝑤𝑖+2)2+ 1

144(−𝑤𝑖−2+16𝑤𝑖−1−20𝑤𝑖+16𝑤𝑖+1−𝑤𝑖+2)2+1
4(−𝑤𝑖−2+2𝑤𝑖−1−2𝑤𝑖+1+𝑤𝑖+2)2+(𝑤𝑖−2−4𝑤𝑖−1+6𝑤𝑖−4𝑤𝑖+1+𝑤𝑖+2)2

The global smoothness indicator 𝜏 is defined as:

𝜏 = (|𝛽3 − 𝛽0| + |𝛽3 − 𝛽1| + |𝛽3 − 𝛽2|)3

The Z-type weights from [5] are adopted to compute nonlinear weights 𝜔𝑘:

𝛼𝑘 = 𝑑𝑘 (1 + 𝜏
𝛽𝑘 + 𝜖)

2
, 𝜔𝑘 = 𝛼𝑘

∑3
𝑗=0 𝛼𝑗

Replacing linear weights 𝑑𝑘 in Eq. (12) with nonlinear weights 𝜔𝑘 yields the
WCNS-AO scheme, where the nonlinear interpolation formula for numerical flux
𝑤𝑖+1/2 becomes:

𝑤𝑖+1/2 = 𝜔3𝑤(4)
𝑖+1/2 +

2
∑
𝑘=0

𝜔𝑘𝑤𝑖+1/2,𝑘

Taylor expansions of the smoothness indicators at point 𝑥𝑖 give:

𝛽𝑘 = ℎ2(𝑤′
𝑖)2 [1 + 𝑂(ℎ2)] , 𝜏 = 𝑂(ℎ4) when 𝑤′

𝑖 ≠ 0

𝛽𝑘 = ℎ4(𝑤″
𝑖 )2 [1 + 𝑂(ℎ2)] , 𝜏 = 𝑂(ℎ4) when 𝑤′

𝑖 = 0

Substituting these into Eq. (15) yields 𝜔𝑘 = 𝑑𝑘 + 𝑂(ℎ4). The nonlinear inter-
polation formula can be rewritten as:

𝑤𝑖+1/2 = 𝜔3𝑤(4)
𝑖+1/2+

2
∑
𝑘=0

𝜔𝑘𝑤𝑖+1/2,𝑘 = 𝑤𝑖+1/2+𝐴(ℎ5)+𝑂(ℎ6)+(𝜔3−𝑑3)[𝐴(ℎ5)+𝑂(ℎ6)]−(𝜔3−𝑑3)
2

∑
𝑘=0

[𝐵𝑘(ℎ3)+𝑂(ℎ4)]+
2

∑
𝑘=0

(𝜔𝑘−𝑑𝑘)[𝐵𝑘(ℎ3)+𝑂(ℎ4)]

where 𝐴 and 𝐵𝑘 are constants. Combining these results proves that the nonlin-
ear interpolation formulation achieves fifth-order accuracy.
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1.4 Time Discretization

After spatial discretization of the Euler equations using the WCNS-AO scheme,
a system of ordinary differential equations in time is obtained:

𝑑𝑈
𝑑𝑡 = 𝐿(𝑈)

where 𝐿 represents the spatial discretization operator. The third-order explicit
TVD Runge-Kutta method is employed to solve Eq. (22):

𝑈 (1) = 𝑈𝑛 + Δ𝑡𝐿(𝑈𝑛)

𝑈 (2) = 3
4𝑈𝑛 + 1

4𝑈 (1) + 1
4Δ𝑡𝐿(𝑈 (1))

𝑈𝑛+1 = 1
3𝑈𝑛 + 2

3𝑈 (2) + 2
3Δ𝑡𝐿(𝑈 (2))

where Δ𝑡 is the time step size.

2 Numerical Experiments
This section validates the performance of the fifth-order WCNS-AO scheme
through several numerical experiments and compares it with the fifth-order
WCNS scheme [28] and fifth-order WENO-AO scheme [12].

2.1 Accuracy Test Case

Consider the one-dimensional Euler equations with initial conditions 𝜌(𝑥, 0) =
2 + sin[𝑥 − sin(𝑥)], 𝑢 = 1, and 𝑝 = 1. The exact solution is 𝜌(𝑥, 𝑡) = 2 +
sin[(𝑥 − 𝑡) − sin(𝑥 − 𝑡)]. The computational domain is [0, 2𝜋] with periodic
boundary conditions, and the final simulation time is 𝑡 = 2.0 s. To eliminate
the influence of time discretization on spatial accuracy, the time step is set as
Δ𝑡 = (Δ𝑥)5/3. presents the 𝐿1 and 𝐿∞ numerical errors, convergence rates,
and CPU time 𝑇CPU for both WCNS-AO and WENO-AO schemes. The results
show that WCNS-AO exhibits better convergence than WENO-AO for this case
and achieves fifth-order accuracy in smooth regions.

For the two-dimensional Euler equations, initial conditions are set as 𝜌(𝑥, 𝑦, 0) =
1 + 0.2 sin(𝑥 + 𝑦), 𝑢 = 𝑣 = 1, and 𝑝 = 1. The exact solution is 𝜌(𝑥, 𝑦, 𝑡) =
1 + 0.2 sin(𝑥 + 𝑦 − 2𝑡). The computational domain is [0, 2𝜋]2 with periodic
boundaries, and the final time is 𝑡 = 2.0 s. provides the 𝐿1 and 𝐿∞ errors,
convergence rates, and CPU time for both schemes. Both achieve fifth-order
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accuracy in smooth regions, with WCNS-AO producing smaller numerical errors
than WENO-AO. [FIGURE:1] shows the relationship between 𝐿1 errors and
CPU time for both schemes. The results indicate comparable computational
efficiency for the one-dimensional case, while WCNS-AO is slightly more efficient
than WENO-AO for the two-dimensional problem.

2.2 Lax Problem

This classical one-dimensional Riemann problem, featuring rarefaction waves
and shocks, is commonly used to test shock-capturing capability. The initial
conditions are

(𝜌, 𝑢, 𝑝) = {(0.445, 0.698, 3.528), −0.5 < 𝑥 ≤ 0
(0.5, 0.0, 0.571), 0 < 𝑥 < 0.5

The computational domain is [−0.5, 0.5] with compact boundary conditions,
using 𝑁 = 201 grid points and final time 𝑡 = 0.13 s.

compares numerical results from the fifth-order WCNS, WENO-AO, and WCNS-
AO schemes against a reference solution obtained with a fine grid (𝑁 = 5000)
using WENO. Both WCNS and WENO-AO produce noticeable numerical oscil-
lations near the shock, while WCNS-AO performs best by effectively suppressing
oscillations and demonstrating stronger shock-capturing capability.

2.3 Sod Problem

This classical one-dimensional Riemann problem is commonly used to test
scheme stability. The initial conditions are

(𝜌, 𝑢, 𝑝) = {(1.0, 0.0, 1.0), −0.5 < 𝑥 ≤ 0
(0.125, 0.0, 0.1), 0 < 𝑥 < 0.5

The computational domain is [−0.5, 0.5] with compact boundary conditions,
using 𝑁 = 201 grid points and final time 𝑡 = 0.13 s.

compares numerical results from the three schemes against a reference solution.
All three schemes demonstrate good stability, with WCNS-AO showing optimal
shock-capturing performance and better stability.

2.4 Osher-Shu Problem

This problem exhibits high-frequency oscillatory characteristics and is often used
to test scheme accuracy and dissipative errors. The initial conditions are

(𝜌, 𝑢, 𝑝) = {(3.857143, 2.699369, 10.33333), −5 < 𝑥 ≤ −4
(1 + 0.2 sin(5𝑥), 0.0, 1.0), −4 < 𝑥 < 5
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Figure 1: Figure 2
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Figure 2: Figure 3
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The computational domain is [−0.5, 0.5] with compact boundary conditions,
using 201 × 201 grid points and final time 𝑡 = 1.8 s. [FIGURE:4] presents
numerical results from the three schemes compared with a reference solution.
The results show that WCNS-AO performs better than WCNS and WENO-
AO at acoustic-entropy wave interfaces, demonstrating stronger high-frequency
wave-capturing capability and higher resolution.

2.5 Two-Dimensional Riemann Problem

This problem contains numerous flow structures and serves as a comprehensive
test for stability, dissipation, resolution, and shock-capturing capability. The
initial conditions in domain [0, 1]2 are [7]:

(𝜌, 𝑢, 𝑣, 𝑝) =

⎧{{
⎨{{⎩

(1.5, 0.0, 0.0, 1.5), 𝑥 ≥ 0.8, 𝑦 ≥ 0.8
(0.5323, 1.203, 0.0, 0.3), 𝑥 < 0.8, 𝑦 ≥ 0.8
(0.138, 1.206, 1.206, 0.029), 𝑥 < 0.8, 𝑦 < 0.8
(0.5323, 0.0, 1.206, 0.3), 𝑥 ≥ 0.8, 𝑦 < 0.8

Dirichlet boundary conditions are applied on a 401 × 401 grid with final time
𝑡 = 0.8 s. [FIGURE:5] shows density distributions from the three schemes with
30 contour lines ranging from 0.1 to 1.8. All schemes capture most vortex struc-
tures, but WCNS-AO performs better by resolving finer vortical structures with
reduced dissipation and improved resolution compared to WCNS and WENO-
AO.

2.6 Double Mach Reflection Problem

This problem describes a Mach 10 oblique shock impinging on an inviscid wall
at a 60∘ angle, creating complex flow phenomena involving shock reflection and
vortical structures. It is commonly used to test shock and small-scale structure
capturing capabilities. The computational domain is [0, 3] × [0, 1] with initial
conditions [30]:

(𝜌, 𝑢, 𝑣, 𝑝) = {(8.0, 8.25 cos(𝜋/6), −8.25 sin(𝜋/6), 116.5), 𝑥 < 1/6 + 𝑦/
√

3
(1.4, 0.0, 0.0, 1.0), 𝑥 ≥ 1/6 + 𝑦/

√
3

Inflow boundary conditions are applied on the left and bottom (0 < 𝑥 ≤ 1/6)
boundaries; reflection conditions on the bottom (𝑥 > 1/6); outflow conditions
on the right; and exact solution on the top boundary. The grid size is 961 × 241
with final time 𝑡 = 0.2 s. [FIGURE:6] presents density distributions with 30
contour lines from 1.4 to 21.6711. All three schemes capture shock information
in the flow field, but WCNS-AO resolves finer vortical structures in the roll-up
region with smaller numerical dissipation and better resolution compared to
WCNS and WENO-AO.
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2.7 Rayleigh-Taylor Instability Problem

This problem involves instability at the interface between two fluids of different
densities. The computational domain is [0, 0.25] × [0, 1] with initial conditions
[31]:

(𝜌, 𝑢, 𝑣, 𝑝) = {(2.0, 0.0, −0.025𝑎 cos(8𝜋𝑥), 2𝑦 + 1), 0 ≤ 𝑦 < 0.5
(1.0, 0.0, −0.025𝑎 cos(8𝜋𝑥), 𝑦 + 1.5), 0.5 < 𝑦 ≤ 1

where 𝑎 = 0.5. The specific heat ratio is 𝛾 = 5/3. Reflective boundary condi-
tions are applied on left and right boundaries, with top conditions (𝜌, 𝑢, 𝑣, 𝑝) =
(1.0, 0.0, 0.0, 2.5) and bottom conditions (𝜌, 𝑢, 𝑣, 𝑝) = (2.0, 0.0, 0.0, 1.0). The
grid size is 241 × 961 with final time 𝑡 = 1.95 s. [FIGURE:7] shows density
distributions from the three schemes. WCNS-AO outperforms WCNS by cap-
turing small vortices induced by RT instability at the density interface. In this
case, WENO-AO produces slightly better results than WCNS-AO with mini-
mal numerical dissipation, but WCNS-AO still shows improved performance
over WCNS.

Conclusion
This study constructs a WCNS-AO scheme based on adaptive-order interpola-
tion for solving Euler equations. The scheme combines a hybrid cell-edge and
cell-node sixth-order central differencing scheme for computing spatial deriva-
tives of fluxes at cell nodes with an adaptive-order nonlinear interpolation
method for numerical fluxes at half-nodes. Flux splitting techniques and charac-
teristic projection are employed to enhance scheme stability and effectively elim-
inate non-physical oscillations near discontinuities. Combined with third-order
TVD Runge-Kutta time discretization, the newly designed fifth-order WCNS-
AO scheme is applied to one- and two-dimensional Euler equations and com-
pared with classical fifth-order WCNS and fifth-order WENO-AO schemes.

Numerical results demonstrate that WCNS-AO achieves the designed fifth-order
accuracy in smooth regions with computational efficiency slightly higher than
WENO-AO. One-dimensional test cases (Lax and Sod problems) verify that
WCNS-AO exhibits optimal shock-capturing capability and better stability com-
pared to WCNS and WENO-AO schemes of the same order. Two-dimensional
Riemann and double Mach reflection problems confirm that WCNS-AO outper-
forms WCNS and WENO-AO by capturing finer flow structures with reduced
numerical dissipation and improved resolution. For the Rayleigh-Taylor instabil-
ity problem, while WENO-AO performs slightly better than WCNS-AO, WCNS-
AO still shows superior performance compared to WCNS, thereby improving the
dissipative characteristics of the original scheme.
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