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Abstract
We point out that neural networks are not black boxes, and their generalization
stems from the ability to dynamically map a dataset to the extrema of the model
function. We further prove that the number of extrema in a neural network is
positively correlated with the number of its parameters. We then propose a
new algorithm that is significantly different from back-propagation algorithm,
which mainly obtains the values of parameters by solving a system of linear
equations. Some difficult situations, such as gradient vanishing and overfitting,
can be simply explained and dealt with in this framework.
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Abstract
We argue that neural networks are not black boxes, and that their general-
ization capability stems from the ability to dynamically map a dataset to the
extrema of the model function. We further prove that the number of extrema in
a neural network is positively correlated with the number of its parameters. We
then propose a novel algorithm that differs significantly from back-propagation,
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which primarily obtains parameter values by solving a system of linear equa-
tions. Within this framework, challenging issues such as gradient vanishing and
overfitting can be explained and addressed in a straightforward manner.

Keywords: neural network, generalization, black box, extreme increment, ho-
mogeneous system of linear equations, large language model

1 Introduction
Although artificial intelligence models based on neural networks have been ex-
tensively studied and widely applied—achieving prediction accuracy in image
recognition, natural language processing, text processing, and question answer-
ing that far surpasses traditional machine learning algorithms—research on their
underlying principles remains limited, and they are still generally regarded as
black boxes. As model parameters have grown rapidly, from ANN to CNN,
RNN, and now to GPT and LLM [?, ?], system complexity has increased
sharply while stability has become more fragile. Without understanding the
internal logic, we cannot quickly identify root causes and solutions when mod-
els malfunction. While neural network algorithms can be confidently deployed
in domains with low real-time requirements, such as image classification and
AI-generated artwork, fields demanding high real-time performance and safety
—particularly autonomous driving [?, ?]—require deeper attention to the fun-
damental principles of neural networks and clear elucidation of the conditions
under which they succeed or fail, so that artificial intelligence can better serve
human society.

Despite the prohibitive complexity of modern neural network architectures,
scholars continue striving to explore their working principles. Buhrmester et
al. [?, ?] investigated recently popular explanation methods that attempt to
interpret neural networks by analyzing input-output connections. Black-box ex-
plainers, characterized by their ability to reveal model interaction details with-
out accessing internal structure, are divided into ante-hoc systems with global,
model-agnostic features [?, ?] and post-hoc systems with local, model-specific
features [?, ?]. Oh et al. [?, ?] analyzed neural networks through reverse engi-
neering, finding them extremely vulnerable to various attacks and noting that
the boundary between white-box and black-box models is not clearly defined.
Tishby and Zaslavsky [?, ?] proposed the Information Plane, arguing that neural
networks primarily optimize the Information Bottleneck between compression
and prediction at each layer, with Shwartz-Ziv and Tishby [?, ?] later proving
its effectiveness. While these works provide valuable references for foundational
neural network research, significant gaps remain.

Current researchers appear overly focused on engineering approaches to explain
neural network behavior, neglecting theoretical or mathematical perspectives.
Neural networks may seem complex, but their clear structure—composed essen-
tially of identical neurons—makes them particularly amenable to mathematical
analysis. It is necessary to revisit the pioneering work of Cybenko [?, ?] and
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Hornik et al. [?, ?], who proved that feedforward neural networks can approx-
imate any continuous function on a compact set. Specifically, a feedforward
neural network with a single hidden layer containing sufficient neurons and us-
ing the sigmoid activation function can approximate any complex function with
arbitrary accuracy, providing a fundamental mathematical principle for neural
networks. The limitation of this work is its lack of a method for finding the
specific function for a given dataset or determining whether that function is
optimal. Our work addresses these deficiencies.

Specifically, our contributions include: (1) We present the main characteristics
of an ideal machine learning model and derive general model training steps,
discussed primarily in Section 2. (2) We examine whether neural networks
satisfy these ideal characteristics, demonstrating mathematically that neural
networks achieve generalization primarily by mapping a dataset to local extrema
of the function. We introduce a novel training algorithm distinct from back-
propagation—the extremum-increment (EI) algorithm—discussed in Sections 3
and 4. (3) Based on the EI algorithm, we can readily explain the causes of
common problems such as vanishing/exploding gradients and overfitting, and
provide corresponding solutions, discussed in Section 5.

2 General Characteristics of an Ideal Model
Let us temporarily set aside the concept of neural networks and consider the
fundamental characteristics a model should possess to satisfy a dataset and
target task. The goal of machine learning training is to obtain a function curve
that precisely fits all sample inputs to their corresponding outputs. That is, the
model should clearly state the exact value for each input sample rather than
providing vague probabilistic answers. For classification problems, the model
should output “This is a cat”rather than “This is very likely a cat.”

2.1 Precise Mapping

Situations without identical-type samples. For visualization purposes, we
limit the sample size to three in this discussion. As shown in Figure 1 [Figure 1:
see original paper], let the dataset be 𝐷 = {(𝑥(𝑖), 𝑦(𝑖))|𝑖 ∈ [1, 3]}, where (𝑥(𝑖), 𝑦(𝑖))
represents the 𝑖-th sample, 𝑥(𝑖) is the surface representation of the sample, and
𝑦(𝑖) is the essence (label) to which 𝑥(𝑖) belongs. Our goal is to find a function 𝐹
for each 𝑥(𝑖) such that 𝑦(𝑖) = 𝐹(𝑥(𝑖)).
To reveal the true working principle of neural networks, we abandon the con-
ventional concepts of feature and label, instead using “surface”and “essence”
to refer to 𝑥(𝑖) and 𝑦(𝑖), respectively. To grasp the core problem and simplify it,
both surface and essence in Section 2 are represented as scalars. The function
𝐹 shown in Figure 1 is the ideal model we seek, as it can precisely map any
surface 𝑥(𝑖) to its corresponding essence 𝑦(𝑖).

Situations with identical-type samples. As shown in Figure 2 [Figure 2: see
original paper], if a new sample essentially identical to one in dataset 𝐷 is added
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—for instance, sample (𝑥(3,1), 𝑦(3))—the function curve 𝐹 must change shape so
the new sample falls exactly on the curve. At this point, a local maximum
appears on the function curve between samples (𝑥(3,1), 𝑦(3)) and (𝑥(3), 𝑦(3)).
Similarly, as shown in Figure 3 [Figure 3: see original paper], if additional
samples with essence 𝑦(3)—such as (𝑥(3,2), 𝑦(3)), (𝑥(3,3), 𝑦(3)), and (𝑥(3,4), 𝑦(3))—
are continuously added, the function curve must further deform to accommo-
date these samples, forming multiple local minima and maxima. If function 𝐹
can achieve such shape alteration, it possesses the ability to precisely map any
surface to its essence, meaning it has true generalization capability.

2.2 Weakened Mapping

Obtaining the aforementioned ideal function typically requires enormous com-
putation. For a function with limited parameters, the degree of curve shape
change is constrained, and the number of extreme values cannot increase arbi-
trarily. How then should we handle situations where a sample’s surface changes
slightly while its essence remains unchanged? A natural approach is to expand
the essence from a single point to an interval, allowing samples with slightly
different surfaces but identical essence to fall within this interval. As shown in
Figure 4 [Figure 4: see original paper], we add sample (𝑥(3,5), 𝑦(3)) where the
distance between 𝑥(3,5) and 𝑥(3) is sufficiently small. We adjust the precise map-
ping function 𝐹 to the approximate fitting function 𝐹 ∗, making the difference
between 𝐹 ∗(𝑥(3,5)) and 𝐹 ∗(𝑥(3)) as small as possible. When |𝐹 ∗(𝑥(3,5))−𝐹 ∗(𝑥(3))|
is sufficiently small, we can approximately consider that surfaces falling within
the interval [𝐹 ∗(𝑥(3,5)), 𝐹 ∗(𝑥(3))] all have essence 𝑦(3). We call function 𝐹 ∗ a
weakened model of function 𝐹 .

Interval partition. Each sample consists of both a surface and an essence. A
surface is typically a one-dimensional vector or multi-dimensional matrix. Once
the algorithm for generating the surface is determined—for example, using a two-
dimensional matrix to represent a grayscale image where each element ranges
from 0 to 255—the surface becomes fixed and cannot be further modified. How-
ever, the essence differs; it is usually an abstract concept that can be represented
by any scalar or vector. As shown in Figure 4, if the curve shape of function
𝐹 is restricted, each essence requires a tolerance interval. How is this interval
selected? One method divides the range of function 𝐹 into 𝑁 equal-length inter-
vals, where 𝑁 is the total number of essence types. Each interval is assigned to
an essence, and surfaces falling within the same interval share the same essence.
When dividing essences using this method, the objective function’s value range
should be finite.

2.3 From N-Classification to Binary Classification

The interval partition method faces a problem: when many essence types exist
and the function 𝐹’s value range is limited to a small interval—for example,
when each element in a neural network’s output layer is constrained to (0, 1)
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—overlap becomes likely. One solution reduces essence types to expand each
partition, but this introduces two new questions: to what extent should essence
types be reduced, and how should excluded essences be handled?

To address these issues, we can reduce essences to only one type. That is, the
target model transforms from an 𝑁 -classification function 𝐹 to 𝑁 binary classi-
fication functions {𝐹𝑗|𝑗 ∈ [1, 𝑁]}, where the 𝑗-th binary classification function
𝐹𝑗 only determines whether the input sample belongs to the 𝑗-th essence type.
For any given sample (𝑥(𝑖), 𝑦(𝑖)) where 𝑖 > 0, the ideal objective function 𝐹𝑗
satisfies:

𝐹𝑗(𝑥(𝑖)) = {max 𝑦(𝑖) = 𝑗
min 𝑦(𝑖) ≠ 𝑗

The weakened objective function 𝐹 ∗
𝑗 satisfies:

𝐹 ∗
𝑗 (𝑥(𝑖)) ∈ {[𝐿𝐵∗, 𝑈𝐵∗] 𝑦(𝑖) = 𝑗

[𝐿𝐵, 𝑈𝐵] 𝑦(𝑖) ≠ 𝑗

where 𝐿𝐵 and 𝑈𝐵 are the lower and upper limits of function 𝐹𝑗, and 𝐿𝐵∗ and
𝑈𝐵∗ are the lower and upper limits of function 𝐹 ∗

𝑗 . For the ideal function 𝐹𝑗,
each given sample is adjusted to be its extremum point. Figure 5 [Figure 5:
see original paper] presents an instance of binary classification function 𝐹3. We
adjust 𝐹3’s parameters so all third-essence samples reach the function’s upper
limit, while all other-essence samples reach the lower limit. Correspondingly, the
weakened function 𝐹 ∗

3 uses the midpoint of the value range as the dividing line.
The same parameter adjustment applies to other binary classification functions
(such as 𝐹1, 𝐹2).

2.4 General Training Process of an Ideal Model

In summary, the ideal training process for all machine learning models that are
essentially classification problems can be summarized as follows: (1) Transform
the 𝑁 -class objective function 𝐹 into a family of binary classification functions
{𝐹𝑗|𝑗 ∈ [1, 𝑁]} and initialize all parameters. (2) For each 𝐹𝑗, adjust parameters
so each training surface 𝑥(𝑖) becomes exactly one of the function’s extrema. (3)
For each 𝐹𝑗, adjust parameters so training samples of the 𝑗-th essence become
local maxima, and non-𝑗-th essence samples become local minima. (4) Adjust
parameters to make local maxima become global maxima and local minima
become global minima.

A model trained through these steps can accurately map inputs to outputs, en-
abling the machine to precisely answer“yes”or“no.”In Section 3, we demonstrate
that neural networks can be decomposed into binary classification functions,
with corresponding surfaces mapped to local extrema by finding the general
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solution of a homogeneous system of linear equations, thereby establishing the
validity of Steps 1 and 2. In Section 4, we present a method for mapping sur-
faces to global extrema by enumerating particular solutions of the homogeneous
system, thus confirming Steps 3 and 4.

3 Model Decomposition and Extreme Points
3.1 Model Decomposition

Any neural network type—whether traditional artificial neural networks, im-
proved convolutional neural networks, or recurrent neural networks—consists of
three components: an input vector with a fixed number of elements, an inter-
mediate processing layer with undetermined parameters, and an output vector
with elements equal to the number of essence types. To reduce computational
complexity and focus on the main working process, we conduct derivative anal-
ysis only on fully connected neural networks. Additionally, mainstream neural
networks often use the softmax function in the output layer, which is merely a
normalization operation added to the sigmoid function. To simplify operations,
we directly use the sigmoid function as the output layer, so both hidden and
output layers employ the sigmoid function.

Moreover, we remove biases as they are irrelevant to the model’s essential at-
tributes but make calculations lengthy and reduce readability. On this basis, we
analyze the structure of a fully connected neural network for an 𝑁 -classification
problem.

Figure 6 [Figure 6: see original paper] schematically illustrates a fully connected
neural network structure expressed through numerical relationships rather than
graphical representation. Each sample is denoted as (𝑥, 𝑦), where the surface 𝑥
is an 𝑚-dimensional column vector 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑚)𝑇 , and 𝑦 ∈ [1, 𝑙𝑛] is the
essence corresponding to 𝑥, with 𝑙𝑛 representing the number of elements in the
neural network’s output vector (the number of essence types).

The neural network has 𝑛 layers with identical processing methods, where the
first 𝑛−1 layers are hidden layers and the 𝑛-th layer is the output layer. The total
number of elements in the 𝑢-th layer (with the input vector as the 0-th layer)
is denoted 𝑙𝑢, and the 𝑣-th element in the 𝑢-th layer is denoted ℎ[𝑢]

𝑣 (𝑥), where
𝑣 ∈ [1, 𝑙𝑢]. As Figure 6 shows, disregarding the complex neuron connections, a
neural network is actually a set of 𝑙𝑛 composite functions {ℎ[𝑛]

𝑣 (𝑥)|𝑣 ∈ [1, 𝑙𝑛]},
with each composite function sharing the same hidden layers.

For samples belonging to the 𝑣-th essence where 𝑣 ∈ [1, 𝑙𝑛], the neural network’
s target output vector is (0, … , ℎ[𝑛]

𝑣 (𝑥) = 1, … , 0)𝑇 . For all other essence types,
the target output vector is (𝜔, … , ℎ[𝑛]

𝑣 (𝑥) = 0, … , 𝜔)𝑇 , where one 𝜔 is 1 and
the others are 0. In this simplified model, when the sigmoid function serves
as the output, the upper and lower limits of ℎ[𝑛]

𝑣 (𝑥) can only approach 1 and
0 asymptotically. When we transform the output layer from an 𝑙𝑛-dimensional
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vector into 𝑙𝑛 scalars, the entire model becomes clear: each composite function
ℎ[𝑛]

𝑣 (𝑥) is actually a binary classification problem for the 𝑣-th essence.

Therefore, a neural network with a multi-dimensional output vector can be re-
garded as a collection of multiple binary classification functions, as shown in
Figure 7 [Figure 7: see original paper]. We can analyze each function ℎ[𝑛]

𝑣 (𝑥)
separately and then integrate them to obtain the neural network’s characteris-
tics.

3.2 Extreme Points of the Model

Specifically, the function ℎ[𝑢]
𝑣 (𝑥) satisfies:

ℎ[𝑢]
𝑣 (𝑥) = 𝑆 ⎛⎜

⎝

𝑙𝑢−1

∑
𝑘=1

𝑤[𝑢]
𝑣,𝑘 ⋅ ℎ[𝑢−1]

𝑘 (𝑥)⎞⎟
⎠

, 𝑢 > 1

ℎ[1]
𝑣 (𝑥) = 𝑆 (

𝑚
∑
𝑘=1

𝑤[1]
𝑣,𝑘 ⋅ 𝑥𝑘) , 𝑢 = 1

where 𝑆(𝜃) = 1
1+𝑒−𝜃 is the sigmoid function, and 𝑤[𝑢]

𝑣,𝑘 represents the parameters
between the (𝑢 − 1)-th and 𝑢-th layers, identical to traditional neural network
parameters. For enhanced readability, let 𝑧[𝑢]

𝑣 (𝑥) = ∑𝑙𝑢−1
𝑘=1 𝑤[𝑢]

𝑣,𝑘 ⋅ℎ[𝑢−1]
𝑘 (𝑥). Taking

the partial derivative of ℎ[𝑢]
𝑣 (𝑥):

𝜕ℎ[𝑢]
𝑣 (𝑥)
𝜕𝑥𝑡

= 𝑆(𝑧[𝑢]
𝑣 (𝑥)) ⋅ (1 − 𝑆(𝑧[𝑢]

𝑣 (𝑥))) ⋅ 𝜕𝑧[𝑢]
𝑣 (𝑥)
𝜕𝑥𝑡

where 𝑡 ∈ [1, 𝑚], using the derivative property 𝑆′(𝜃) = 𝑆(𝜃) ⋅ (1 − 𝑆(𝜃)). Let
𝑐[𝑢]

𝑣 (𝑥) = 𝑆(𝑧[𝑢]
𝑣 (𝑥)) ⋅ (1 − 𝑆(𝑧[𝑢]

𝑣 (𝑥))), then:

𝜕ℎ[𝑢]
𝑣 (𝑥)
𝜕𝑥𝑡

= 𝑐[𝑢]
𝑣 (𝑥) ⋅

𝑙𝑢−1

∑
𝑘=1

𝑤[𝑢]
𝑣,𝑘 ⋅ 𝜕ℎ[𝑢−1]

𝑘 (𝑥)
𝜕𝑥𝑡

For extreme points, 𝜕ℎ[𝑢]
𝑣 (𝑥)

𝜕𝑥𝑡
= 0. Since 𝑐[𝑢]

𝑣 (𝑥) > 0, we have ∑𝑙𝑢−1
𝑘=1 𝑤[𝑢]

𝑣,𝑘 ⋅
𝜕ℎ[𝑢−1]

𝑘 (𝑥)
𝜕𝑥𝑡

= 0. Starting from the output layer (𝑢 = 𝑛) and taking partial deriva-
tives of all components of 𝑥, we obtain the system:
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𝐿(𝑛, 𝑣) =

⎧{{{
⎨{{{⎩

∑𝑙𝑛−1
𝑘=1 𝑤[𝑛]

𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]
𝑘 (𝑥)
𝜕𝑥1

= 0
∑𝑙𝑛−1

𝑘=1 𝑤[𝑛]
𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]

𝑘 (𝑥)
𝜕𝑥2

= 0
⋮
∑𝑙𝑛−1

𝑘=1 𝑤[𝑛]
𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]

𝑘 (𝑥)
𝜕𝑥𝑚

= 0

When a surface 𝑥 is given, this system constitutes a homogeneous linear system
of 𝑚 equations with 𝑙𝑛−1 independent variables {𝑤[𝑛]

𝑣,𝑘|𝑘 ∈ [1, 𝑙𝑛−1]} and 𝑚 ⋅ 𝑙𝑛−1

coefficients { 𝜕ℎ[𝑛−1]
𝑘 (𝑥)
𝜕𝑥𝑡

|𝑘 ∈ [1, 𝑙𝑛−1], 𝑡 ∈ [1, 𝑚]}. Let the coefficient matrix rank
be 𝑟(𝑛, 𝑣). When 𝑟(𝑛, 𝑣) < 𝑙𝑛−1, the system has infinitely many solutions. Since
𝑟(𝑛, 𝑣) ≤ 𝑚, as long as the last hidden layer’s neuron count 𝑙𝑛−1 exceeds 𝑚
during network design, we can always find infinitely many parameter combi-
nations making surface 𝑥 an extremum point of binary classification function
ℎ[𝑛]

𝑣 (𝑥) for any 𝑣 ∈ [1, 𝑙𝑛]. This is the primary reason for neural networks’strong
generalization ability, and where the black box begins to be unveiled.

The curves of other binary classification functions can be adjusted simultane-
ously. Let:

𝐿(𝑛, −) = 𝐿(𝑛, 1) ⊕ 𝐿(𝑛, 2) ⊕ ⋯ ⊕ 𝐿(𝑛, 𝑙𝑛)

When given a surface 𝑥, 𝐿(𝑛, −) forms a homogeneous linear system of 𝑚 ⋅ 𝑙𝑛
equations with 𝑙𝑛 ⋅ 𝑙𝑛−1 variables {𝑤[𝑛]

𝑣,𝑘|𝑣 ∈ [1, 𝑙𝑛], 𝑘 ∈ [1, 𝑙𝑛−1]} and 𝑚 ⋅ 𝑙𝑛−1

coefficients { 𝜕ℎ[𝑛−1]
𝑘 (𝑥)
𝜕𝑥𝑡

|𝑘 ∈ [1, 𝑙𝑛−1], 𝑡 ∈ [1, 𝑚]}. Any solution of 𝐿(𝑛, −) makes
surface 𝑥 an extremum point of each binary classification function. We can then
select a particular solution where, when surface 𝑥 belongs to the 𝑣-th essence, the
corresponding extremum is a maximum, and when 𝑥 belongs to other essences,
the extremum is a minimum. That is, ℎ[𝑛]

𝑣 (𝑥) satisfies the ideal termination
condition:

ℎ[𝑛]
𝑣 (𝑥) = {max 𝑦 = 𝑣

min 𝑦 ≠ 𝑣 , 𝑦 ∈ [1, 𝑙𝑛]

If finding this particular solution proves difficult, constraints can be relaxed by
adopting a weakened termination condition:

ℎ[𝑛]
𝑣 (𝑥) ∈ {(0.5, 1] 𝑦 = 𝑣

[0, 0.5) 𝑦 ≠ 𝑣 , 𝑦 ∈ [1, 𝑙𝑛]
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3.3 Continuous Optimization of Parameter Combinations

The above discussion covers only the case with a single training sample. When
sample count increases, let:

𝐿(𝑛, 𝑣, 𝑥(𝑖)) =

⎧{{{{{
⎨{{{{{⎩

∑𝑙𝑛−1
𝑘=1 𝑤[𝑛]

𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]
𝑘 (𝑥)
𝜕𝑥1

∣
𝑥=𝑥(𝑖)

= 0

∑𝑙𝑛−1
𝑘=1 𝑤[𝑛]

𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]
𝑘 (𝑥)
𝜕𝑥2

∣
𝑥=𝑥(𝑖)

= 0

⋮
∑𝑙𝑛−1

𝑘=1 𝑤[𝑛]
𝑣,𝑘 ⋅ 𝜕ℎ[𝑛−1]

𝑘 (𝑥)
𝜕𝑥𝑚

∣
𝑥=𝑥(𝑖)

= 0

Then:

𝐿(𝑛, −, 𝑥(𝑖)) = 𝐿(𝑛, 1, 𝑥(𝑖)) ⊕ 𝐿(𝑛, 2, 𝑥(𝑖)) ⊕ ⋯ ⊕ 𝐿(𝑛, 𝑙𝑛, 𝑥(𝑖))

When training the neural network with dataset Φ = {(𝑥(𝑖), 𝑦(𝑖))|𝑖 ∈ [1, 𝜙]}, we
solve the homogeneous linear system:

𝐿(𝑛, −, Φ) = 𝐿(𝑛, −, 𝑥(1)) ⊕ 𝐿(𝑛, −, 𝑥(2)) ⊕ ⋯ ⊕ 𝐿(𝑛, −, 𝑥(𝜙))

If 𝐿(𝑛, −, Φ) has infinitely many solutions, a particular solution meeting the
conditions can be found from the general solution. Otherwise, parameters
between the (𝑛 − 2)-th and (𝑛 − 1)-th layers must be introduced, requiring
expansion of partial derivatives in system 𝐿(𝑛, 𝑣). Substituting 𝜕ℎ[𝑛−1]

𝑘 (𝑥)
𝜕𝑥𝑡

=
𝑐[𝑛−1]

𝑘 (𝑥) ⋅ ∑𝑙𝑛−2
𝑝=1 𝑤[𝑛−1]

𝑘,𝑝 ⋅ 𝜕ℎ[𝑛−2]
𝑝 (𝑥)
𝜕𝑥𝑡

into 𝐿(𝑛, 𝑣) and simplifying yields:

𝐿(𝑛 − 1, 𝑣) =

⎧{{{
⎨{{{⎩

∑𝑙𝑛−1
𝑘=1 𝑤[𝑛]

𝑣,𝑘 ⋅ 𝑐[𝑛−1]
𝑘 (𝑥) ⋅ ∑𝑙𝑛−2

𝑝=1 𝑤[𝑛−1]
𝑘,𝑝 ⋅ 𝜕ℎ[𝑛−2]

𝑝 (𝑥)
𝜕𝑥1

= 0
∑𝑙𝑛−1

𝑘=1 𝑤[𝑛]
𝑣,𝑘 ⋅ 𝑐[𝑛−1]

𝑘 (𝑥) ⋅ ∑𝑙𝑛−2
𝑝=1 𝑤[𝑛−1]

𝑘,𝑝 ⋅ 𝜕ℎ[𝑛−2]
𝑝 (𝑥)
𝜕𝑥2

= 0
⋮
∑𝑙𝑛−1

𝑘=1 𝑤[𝑛]
𝑣,𝑘 ⋅ 𝑐[𝑛−1]

𝑘 (𝑥) ⋅ ∑𝑙𝑛−2
𝑝=1 𝑤[𝑛−1]

𝑘,𝑝 ⋅ 𝜕ℎ[𝑛−2]
𝑝 (𝑥)
𝜕𝑥𝑚

= 0

Similarly, we obtain system 𝐿(𝑛−1, −), which can be viewed as a homogeneous
nonlinear system of 𝑚⋅𝑙𝑛 equations with 𝑙𝑛−1⋅𝑙𝑛+𝑙𝑛−2⋅𝑙𝑛−1 independent variables
{𝑤[𝑛]

𝑣,𝑘|𝑣 ∈ [1, 𝑙𝑛], 𝑘 ∈ [1, 𝑙𝑛−1]} and {𝑤[𝑛−1]
𝑘,𝑝 |𝑘 ∈ [1, 𝑙𝑛−1], 𝑝 ∈ [1, 𝑙𝑛−2]}. Although

𝐿(𝑛−1, −) appears nonlinear, its regular structure allows treating 𝑤[𝑛]
𝑣,𝑘 ⋅𝑤[𝑛−1]

𝑘,𝑝 as
a whole, enabling solution methods for homogeneous linear equations. We then
find the particular solution of system 𝐿(𝑛 − 1, −, Φ) that meets requirements.
By solving homogeneous equations layer by layer, the dataset can be mapped
to the neural network.
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4 General Training Method
4.1 The EI Algorithm Framework

From the above discussion, we obtain a preliminary model training framework
called the EI algorithm, whose main steps differ significantly from current meth-
ods like the BP algorithm. First, the BP algorithm uses gradient updates to
approximate ideal parameter values, while the EI algorithm attempts to directly
obtain parameter values by solving equation systems. Second, the BP algorithm
updates all parameters each iteration, whereas the EI algorithm updates only
some parameters. Debugging all training samples to the model’s extremum
points is the framework’s key. This subsection discusses algorithm details more
deeply.

Table 1 shows neural network parameter states under the EI algorithm at each
round, where 𝑊 [𝑢] = {𝑤[𝑢]

𝑣,𝑘|𝑣 ∈ [1, 𝑙𝑢], 𝑘 ∈ [1, 𝑙𝑢−1]},“init”indicates parameters
remain at initial values, and “update”indicates parameters are updated in the
current round. In the first round, we solve system 𝐿(𝑛, −, Φ). If a solution
exists, only parameters 𝑊 [𝑛] need updating. Otherwise, in the second round,
we solve 𝐿(𝑛−1, −, Φ). If a solution exists, parameters 𝑊 [𝑛] and 𝑊 [𝑛−1] require
updating. Otherwise, we solve 𝐿(𝑛 − 2, −, Φ), and so on.

Algorithm 4.1 presents the main steps for precisely mapping a dataset to the
neural network model. Symbols retain their previous meanings unless otherwise
specified. Initially, we manually label sample set Φ. If sample (𝑥(𝑖), 𝑦(𝑖)) belongs
to the 𝑗-th essence where 𝑗 ∈ [1, 𝑙𝑛], then (𝑥(𝑖), 𝑦(𝑖)) = (𝑥(𝑖), 𝑗). We then initialize
parameter set 𝑊 to non-zero real numbers.

Algorithm 1 Precise Mapping from Input to Output
Input: Φ = {(𝑥(𝑖), 𝑦(𝑖))|𝑖 ∈ [1, 𝜙]}
Output: 𝑊 = {𝑤[𝑢]

𝑣,𝑘|𝑢 ∈ [1, 𝑛], 𝑣 ∈ [1, 𝑙𝑢], 𝑘 ∈ [1, 𝑙𝑢−1]}
function FittingCurve()

Init(W)
for u � [1, n-1], v � [1, l_u], t � [1, m], i � [1, $\phi$] do

Calculate(�h^{[u]}_v(x)/�x_t|_{x=x^{(i)}})
end for
for u � [1, n-1], v � [1, l_u], i � [1, $\phi$] do

Calculate(h^{[u]}_v(x^{(i)}))
end for
u $\leftarrow$ n
while u $\geq$ 1 do

W^{[u:n]} $\leftarrow$ L(u, -, Φ) // the general solution, equals {W^{[j]}|j � [u, n]}
W_{[u:n]} $\leftarrow$ Polarize({h^{[n]}_v(x)|v � [1, l_n]}, W^{[u:n]}, Φ) // the particular solution
if W^{[u:n]} $\neq$ {} � W^{[u:n]} $\neq$ {0} then

W $\leftarrow$ Update(W_{[u:n]})
break

end if
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u $\leftarrow$ u - 1
end while
if u $\geq$ 1 then

return W
else

return Error()
end if

end function

Like the BP algorithm, parameter updates execute layer by layer from the last
hidden layer to the first. We first calculate values and partial derivatives of
all hidden layer neurons, then solve for the general solution 𝑊 [𝑢∶𝑛] = {𝑊 [𝑗]|𝑗 ∈
[𝑢, 𝑛]} of system 𝐿(𝑢, −, Φ). Next, we select a particular solution 𝑊[𝑢∶𝑛] satisfy-
ing the termination condition from 𝑊 [𝑢∶𝑛]—an operation we call“polarize.”If a
particular solution 𝑊[𝑢∶𝑛] is found, parameters 𝑊 are updated. If no particular
solution is found, it indicates that parameter set 𝑊 [𝑢∶𝑛] cannot precisely map
sample set Φ to the neural network, requiring introduction of parameters 𝑊 [𝑢−1]

to find particular solution 𝑊[𝑢−1∶𝑛] of system 𝐿(𝑢 − 1, −, Φ). If no particular
solution meeting requirements is found after traversing all parameters, we must
consider adjusting the network structure (e.g., increasing hidden layers or nodes
per layer).

4.2 Reducing Computational Complexity

In Algorithm 4.1, the polarization time for selecting particular solution 𝑊[𝑢∶𝑛]
from general solution 𝑊 [𝑢∶𝑛] is uncertain because we do not know the particular
solution’s characteristics and must verify each general solution instance through
enumeration. To reduce training time, we can relax the model training termina-
tion condition. That is, when sample (𝑥(𝑖), 𝑦(𝑖)) belongs to the 𝑣-th essence, the
𝑣-th binary classification function value ℎ[𝑛]

𝑣 (𝑥(𝑖)) need only be much larger than
any other binary classification function value ℎ[𝑛]

𝑞 (𝑥(𝑖)), without requiring these
values to be maxima or minima. This is equivalent to the weakened condition:

1 − ℎ[𝑛]
𝑣 (𝑥(𝑖))

∑𝑙𝑛
𝑗=1 ℎ[𝑛]

𝑗 (𝑥(𝑖))
< 𝛼, 𝑣 ∈ [1, 𝑙𝑛], 𝑦(𝑖) = 𝑣

ℎ[𝑛]
𝑞 (𝑥(𝑖))

∑𝑙𝑛
𝑗=1 ℎ[𝑛]

𝑗 (𝑥(𝑖))
< 𝛽, any 𝑞 ∈ [1, 𝑙𝑛], 𝑞 ≠ 𝑣

where 𝛼 and 𝛽 are sufficiently small positive real numbers. This corresponds to
using the softmax function as the output layer. Thus, a neural network with
softmax output can be viewed as a weakened version of an ideal model.
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4.3 Reducing Computational Scale

If each training sample corresponds to an extreme point on the model curve
—by adding equation set 𝐿(𝑛, −, 𝑥(𝑖))—the required network parameter scale
becomes extremely large and training time increases significantly. Can we reduce
the number of equation sets? To this end, we propose the concept of surface
neighborhood. In a further weakened neural network, only a portion of samples
need to be extreme points; others need only satisfy the weakened termination
condition. Which samples can have relaxed restrictions? An intuitive idea is
that only representatives of adjacent samples need to satisfy strict conditions.

Let 𝐴 = (𝑥(𝑎), 𝑦(𝑎)) and 𝐵 = (𝑥(𝑏), 𝑦(𝑏)) be two samples in dataset
Φ = {(𝑥(𝑖), 𝑦(𝑖))|𝑖 ∈ [1, 𝜙]} where 𝑎, 𝑏 ∈ [1, 𝜙]. The distance between
these samples is defined as:

𝐷𝑠(𝐴, 𝐵) =
√√√
⎷

2
dim(𝑥)

dim(𝑥)
∑
𝑗=1

(𝑥(𝑎)
𝑗 − 𝑥(𝑏)

𝑗 )2

If 𝐴 and 𝐵 are samples of the same essence (𝑦(𝑎) = 𝑦(𝑏)) and satisfy the proximity
criterion:

𝐷𝑠(𝐴, 𝐵) < 𝛾

where dim(𝑥) represents sample surface dimension and 𝛾 is a sufficiently small
positive real number, then samples 𝐴 and 𝐵 of the same essence are located
within each other’s neighborhood. Due to function continuity, sample 𝐴 and 𝐵
values are close on each binary classification function. Thus, one sample need
not be sent to the training algorithm but only requires function value verifica-
tion. A further weakened training algorithm adjusts as follows: (1) Manually
classify the training sample set and designate it as the major category. (2) Use
a numerical algorithm (e.g., clustering) to divide samples of each major category
into minor categories, each with a central sample. (3) Train the model on all
central samples. (4) After training, verify whether predicted values of all non-
central samples on the neural network meet specified accuracy requirements.
If requirements are satisfied, the algorithm ends; otherwise, mark non-central
samples that fail verification as central samples and repeat steps 3 and 4.

5 Analysis of Common Problems
5.1 Gradient Vanishing/Explosion

Gradient vanishing/explosion is a common and challenging issue in neural net-
work training, particularly in deep networks. Scholars have proposed various
mitigation methods, such as batch normalization [?, ?] and LSTM architecture
[?, ?]. In the BP algorithm, gradient vanishing/explosion is typically regarded
as an abnormal issue to avoid.
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Regarding gradient vanishing, as discussed in Sections 3 and 4, after network
parameter initialization, the number of parameter updates required varies with
sample size. If particular solution 𝑊[𝑢∶𝑛] can be found from general solution
𝑊 [𝑢∶𝑛], parameters 𝑊 [1∶𝑢−1] of earlier hidden layers can remain at initial values.
According to the neural network characteristics revealed by the EI algorithm,
gradient vanishing is an inevitable result. Gradient explosion is similar. In the
EI algorithm, when solving system 𝐿(1, −, Φ), cases may exist where no solution
exists—that is, the solution value is infinite, corresponding to gradient explosion
in the BP algorithm. If the EI algorithm is adopted, simply increasing hidden
layers or parameters per layer suffices.

5.2 Overfitting

The overfitting problem [?, ?] appears different from gradient vanish-
ing/explosion but is essentially caused by the same operational process. In the
EI algorithm, if system 𝐿(1, −, Φ) has solutions, but when increasing samples,
system 𝐿(1, −, ΦΔ) may have no solution where Φ ⊂ ΦΔ. That is, the neural
network with current parameter scale can only accommodate a limited number
of samples Φ, manifesting as the overfitting phenomenon in the BP algorithm.
This is an inherent characteristic: neural networks have only a limited number
of extreme values under parameter constraints. Rather than overfitting, we
might say it fits just right.

The BP algorithm reduces model dependence on training samples by adding
noise to samples and network parameters [?, ?]. This method resembles the
clustering operation in Section 4.3, enabling a fixed-structure neural network to
accommodate more samples, but often at the cost of model accuracy. Another
approach increases hidden layers or parameters per layer—that is, increases inde-
pendent variables in system 𝐿(1, −, ΦΔ)—thereby accommodating more samples
without sacrificing accuracy, at the cost of increased training time.

5.3 Adding Noise

During neural network training, we often enhance robustness by adding noise
to existing samples and retraining [?, ?]. We observe that after adding noise,
even when humans perceive minimal difference between original and modified
samples, machine prediction accuracy drops sharply. This phenomenon can
be explained by the neighborhood concept. Let initial sample be 𝐴 = (𝑥, 𝑦)
where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑚)𝑇 , and noisy sample be 𝐴Δ = (𝑥Δ, 𝑦Δ) where 𝑥Δ =
(𝑥1 + Δ𝑥1, 𝑥2 + Δ𝑥2, … , 𝑥𝑚 + Δ𝑥𝑚)𝑇 . Then:

𝐷𝑠(𝐴, 𝐴Δ) =
√√√
⎷

2
dim(𝑥)

dim(𝑥)
∑
𝑗=1

(Δ𝑥𝑗)2

The noisy sample may significantly deviate from the original sample’s neigh-
borhood. If it also falls outside neighborhoods of other same-essence samples,
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the neural network cannot correctly process it (𝑦Δ ≠ 𝑦). With too many noisy
samples, model convergence becomes difficult because we can add random noise
arbitrarily. This is why we call the neural network input vector a “surface”—
there is a significant difference between what a neural network perceives and
what humans see.

5.4 Shallow vs. Deep Networks

From Sections 3 and 4, we conclude that the number of samples a neural network
can precisely fit is primarily positively correlated with total network parameters,
not necessarily with network depth. If sample count is limited, we can directly
adopt a single-hidden-layer network structure. According to homogeneous lin-
ear equation solution conditions, a single-hidden-layer network’s parameters
should exceed the product of sample number, surface dimension, and essence
types. If sample count is large and can dynamically increase, we can adopt
a “tilted trapezoidal”network structure where the last hidden layer has the
most parameters, decreasing successively toward the first hidden layer. This
minimizes calculation of invalid equation sets in the EI algorithm.

5.5 Probability

The traditional view holds that a neural network’s output layer provides prob-
abilities that an input surface belongs to different essences. We argue this view
is not entirely accurate, at least not in the strict statistical sense. In statistics,
random event probability is defined as the ratio of certain output to total output.
No matter how large our training set, we cannot exhaust or nearly exhaust the
entire sample space, and no clear relationship exists between finite sample sets
and infinite sample space. For instance, we can expand the sample set several
times or even infinitely by adding various noises to existing samples. Addition-
ally, as shown in Figure 8 [Figure 8: see original paper], the training sample set
does not necessarily occupy all extreme points of trained binary classification
function ℎ[𝑛]

𝑣 (𝑥). Unoccupied maximum points are not necessarily occupied by
𝑣-th essence samples, and minimum points are not necessarily occupied by non-
𝑣-th essence samples. In extreme cases, even if a sample makes ℎ[𝑛]

𝑣 (𝑥) = 1 hold,
it may still be a non-𝑣-th essence sample, though this is rare.

6 Discussion
6.1 Polarization

Beyond enumeration, we have not yet proposed an efficient algorithm to find a
particular solution from a general solution. This is key to practical EI algorithm
application. Polarization can be summarized as follows:

Problem 1: Given a set of binary classification functions {ℎ[𝑛]
𝑣 (𝑥)|𝑣 ∈ [1, 𝑙𝑛]}

with known local extreme points, how can we flip their values arbitrarily? For
example, for parabolic function 𝑦 = 𝑎(𝑥−𝑏)2, changing parameter 𝑎’s sign flips
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its extreme point, and increasing |𝑎| increases the extreme value. Furthermore,
apart from 𝐿(𝑛, −, Φ), systems 𝐿(𝑢, −, Φ) with 𝑢 ∈ [1, 𝑛 − 1] are atypical homo-
geneous linear equations. Whether their unique structure facilitates obtaining
particular solutions warrants further discussion.

6.2 The Output Layer

For calculation and demonstration convenience, we adopted the sigmoid function
as the output layer processing unit. Although Section 4.2 demonstrated that
using softmax as the output layer corresponds to a weakened model, complete
partial differential analysis of the softmax function remains worth discussing.

6.3 Activation Functions

Our analysis assumes neural networks are continuous functions—that is, hidden
layer neurons use continuous sigmoid functions. How should analysis proceed if
other functions are adopted, particularly non-differentiable functions like ReLU?

6.4 Saddle Points

Our discussion assumes samples satisfying the system { 𝜕ℎ[𝑛]
𝑣 (𝑥)

𝜕𝑥𝑡
= 0|𝑡 ∈ [1, 𝑚]}

are extreme points of binary classification functions. For multivariate functions,
zero first-order partial derivatives do not necessarily indicate extreme points;
they could be saddle points. This is not problematic if polarization algorithms
can find global maxima or minima, but otherwise remains a topic worthy of
discussion.

6.5 Alternative Functions

Our analysis shows that neural networks’strong generalization ability depends
on dynamic function curve variability, especially dynamic extreme point ad-
justment. Can other functions with similar properties provide equally strong
generalization? For example, the sine function has infinitely many extreme
points with range limited to a finite interval, and a polynomial’s extreme point
count is positively correlated with its degree. These seemingly simple functions
may possess unexpected generalization ability.

7 Summary
From a mathematical perspective, we explain why neural networks have strong
generalization capabilities, supplementing the limitations in Cybenko [?, ?] and
Hornik et al. [?, ?]. We also present the corresponding EI algorithm, which
differs from the BP algorithm. Without an effective polarization method, the
EI algorithm can at least serve as an important submodule of the BP algo-
rithm—that is, we can first initialize parameters using an EI algorithm general
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solution instance, then train using the BP algorithm. If an efficient polariza-
tion algorithm is found, the EI algorithm could become a strong BP algorithm
competitor, particularly when the most ideal model is required.
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